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THE TAME AUTOMORPHISM GROUP OF AN AFFINE
QUADRIC THREEFOLD ACTING ON A SQUARE
COMPLEX

BY Cinzia Bist, JEaN-Pminiepe FURTER & STEPHIANE LaMy

Asstract. — We study the group Tame(SL2) of tame automorphisms of a smooth affine 3-
dimensional quadric, which we can view as the underlying variety of SL2(C). We construct a
square complex on which the group admits a natural cocompact action, and we prove that the
complex is CAT(0) and hyperbolic. We propose two applications of this construction: We show
that any finite subgroup in Tame(SL2) is linearizable, and that Tame(SL2) satisfies the Tits
alternative.

Resume (Action du groupe modéré d’une quadrique affine de dimension 3 sur un complexe carré)

Nous étudions le groupe Tame(SL2) des automorphismes modérés d’une quadrique affine
lisse de dimension 3, que ’on peut choisir comme étant la variété sous-jacente & SLa(C). Nous
construisons un complexe carré sur lequel ce groupe agit naturellement de fagon cocompacte,
et nous montrons que ce complexe est CAT(0) et hyperbolique. Nous proposons ensuite deux
applications de cette construction : nous montrons que tout sous-groupe fini de Tame(SL2) est
linéarisable, et que Tame(SL2) satisfait l’alternative de Tits.
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INTRODUCTTION

The structure of transformation groups of rational surfaces is quite well understood.
By contrast, the higher dimensional case is still essentially a terra incognita. This
paper is an attempt to explore some aspects of transformation groups of rational
3-folds.

The ultimate goal would be to understand the structure of the whole Cremona
group Bir(P?3). Since this seems quite a formidable task, it is natural to break down the
study by looking at some natural subgroups of Bir(P3), with the hope that this gives
an idea of the properties to expect in general. We now list a few of these subgroups,
in order to give a feeling about where our modest subgroup Tame(SLs) fits into the
bigger picture. A first natural subgroup is the monomial group GL3(Z), where a
matrix (a;;) is identified to a birational map of C3 by taking

ai1,,a12 ,013 Qaz21,,a22 ,023 asz1,,a32 ,0a33
(,y,2) ——» (TWry 2Lt gyt 028 ey ae22053),

Another natural subgroup is the group of polynomial automorphisms of C3. These
two examples seem at first glance quite different in nature, nevertheless it turns out
that both are contained in the subgroup Birg(P?) of birational transformations of
genus 0, which are characterized by the fact that they admit a resolution by blowing-
up points and rational curves (see [Fru73, Lam13]). On the other hand, it is known
(see [Pan99]) that given a smooth curve C of arbitrary genus, there exists an element f
of Bir(P?) with the property that any resolution of f must involve the blow-up of a
curve isomorphic to C'. So we must be aware that even if a full understanding of the
group Aut(C?) still seems far out of reach, this group Aut(C?) might be such a small
subgroup of Bir(P?) that it might turn out not to be a good representative of the
wealth of properties of the whole group Bir(P?).

9 GL3 (Z)

Bir(P?) D Birg(P?) > Aut(C?®) D Tame(C?)
Y Aut(SL;) O Tame(SLy)

Ficure 0.1. A few subgroups of Bir(P?).

The group Aut(C3) is just a special instance of the following construction: given
a rational affine 3-fold V, the group Aut(V) can be identified with a subgroup of
Bir(P3). Apart from V = C2, another interesting example is when V' C C* is an
affine quadric 3-fold, say V is the underlying variety of SLs. In this case the group
Aut(V) still seems quite redoubtably difficult to study. We are lead to make a further
restriction and to consider only the smaller group of tame automorphisms, either in
the context of V = C3 or SLs.
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THE TAME AUTOMORPHISM GROUP OF AN AFFINE QUADRIC THREEFOLD 163

The definition of the tame subgroup for Aut(C™) is classical. Let us recall it in
dimension 3. The tame subgroup Tame(C?) is the subgroup of Aut(C3) generated
by the affine group Az = GLs xC? and by elementary automorphisms of the form
(z,y,2) = (x+P(y, 2),y, z). A natural analogue in the case of an affine quadric 3-fold
was given recently in [LV13]. This is the group Tame(SLz), which will be the main
object of our study in this paper.

When we consider the 2-dimensional analogues of the groups in Figure 0.1, we ob-
tain in particular the Cremona group Bir(IP?), the monomial group GLz(Z) and the
group of polynomial automorphisms Aut(C?). A remarkable feature of these groups
is that they all admit natural actions on some sort of hyperbolic spaces. For instance
the group SL2(Z) acts on the hyperbolic half-plane H?, since PSLy(Z) C PSLy(R) ~
Isom (H?). But SL(Z) also acts on the Bass-Serre tree associated with the structure
of amalgamated product SLy(Z) ~ Z/4 7,5 Z/6. A tree, or the hyperbolic plane H?,
are both archetypal examples of spaces which are hyperbolic in the sense of Gromov.
The group Aut(C?) also admits a structure of amalgamated product. This is the clas-
sical theorem of Jung and van der Kulk, which states that Aut(C?) = Ay *4,np, o,
where Ay and Es are respectively the subgroups of affine and triangular automor-
phisms. So Aut(C?) also admits an action on a Bass-Serre tree, and we know since
the work of Danilov and Gizatullin [GD77] that the same is true for many other affine
rational surfaces. Finally, it was recently realized that the whole group Bir(IP?) also
acts on a hyperbolic space, via a completely different construction: By simultane-
ously considering all possible blow-ups over P?, it is possible to produce an infinite
dimensional analogue of H? on which the Cremona group acts by isometries (see
[Canll, CL13)).

With these facts in mind, given a 3-dimensional transformation group it is natural
to look for an action of this group on some spaces with non-positive curvature, in a
sense to be made precise. Considering the case of monomial maps, we have a natural
action of SLg(Z) on the symmetric space SLg(R)/ SO3(R), see [BH99, I1.10]. The later
space is a basic example of a CAT(0) symmetric space. Recall that a CAT(0) space is
a geodesic metric space where all triangles are thinner than their comparison triangles
in the Euclidean plane. We take this as a hint that Bir(IP?) or some of its subgroups
should act on spaces of non-positive curvature. At the moment it is not clear how to
imitate the construction by inductive limits of blow-ups to obtain a space say with the
CAT(0) property, so we try to generalize instead the more combinatorial approach
of the action on a Bass-Serre tree. The group Tame(C?) does not possess an obvious
structure of amalgamated product over two of its subgroups. We should mention here
that it was recently observed in [Wril3] that the group Tame(C?) can be described
as the amalgamation of three of its subgroups along pairwise intersections; in fact a
similar structure exists for the Cremona group Bir(IP?) as was noted again by Wright a
long time ago (see [Wri92]). Such an algebraic structure yields an action of Tame(C?)
on a natural simply connected 2-dimensional simplicial complex. However it is still
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164 C. Bist, J.-P. Furter & S. Lamy

not clear if this complex has good geometric properties, and so it is not immediate to
answer the following:

Question A. — Is there a natural action of Tame(C?) on some hyperbolic and/or
CAT(0) space?

Of course, this question is rather vague. In our mind an action on some hyperbolic
space would qualify as a “good answer” to Question A if it allows to answer the
following questions, which we consider to be basic tests about our understanding of
the group:

Question B. — Is any finite subgroup in Tame(C?) linearizable?
Question C. — Does Tame(C?) satisfy the Tits alternative?

To put this into a historical context, let us review briefly the similar questions in
dimension 2. The fact that any finite subgroup in Aut(C?) is linearizable is classical
(see for instance [Kam79, Fur83]). The Tits alternative for Aut(C?) and Bir(P?) were
proved respectively in [Lam01] and [Canll], and the proofs involve the actions on the
hyperbolic spaces previously mentioned.

Now we come to the group Tame(SLy). We define it as the restriction to SLs of the
subgroup Tame,(C*) of Aut(C*) generated by O4 and E?, where Oy is the complex
orthogonal group associated with the quadratic form given by the determinant ¢ =
r1T4 — Tox3, and

g {(m) o (2 o) g )

T3 T4 3 x4 + x3P(21,73)

One possible generalization of simplicial trees are CAT(0) cube complexes (see
[Wis12]). We briefly explain how we construct a square complex on which this group
acts cocompactly (but certainly not properly!). Each element of Tame(SLs) can be
written as f = (2 ﬁ) Modulo some identifications that we will make precise in
Section 2, we associate vertices to each component f;, to each row or column (f1, f2),
(fs, fa), (f1,f3), (f2, fs) and to the whole automorphism f. On the other hand,
(undirected) edges correspond to inclusion of a component inside a row or column,
or of a row or column inside an automorphism. This yields a graph, on which we
glue squares to fill each loop of four edges (see Figure 2.2), to finally obtain a square
complex % .

In this paper we answer analogues of Questions A to C in the context of the group
Tame(SLz). The main ingredient in our proofs is a natural action by isometries on
the complex %, which admits good geometric properties:

Tueorem A. — The square complex € is CAT(0) and hyperbolic.
As a sample of possible applications of such a construction we obtain:

Tueorem B. — Any finite subgroup in Tame(SLy) is linearizable, that is, conjugate
to a subgroup of the orthogonal group Oy.
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Tueorem C. The group Tame(SLs) satisfies the Tits alternative, that is, for any
subgroup G C Tame(SLy) we have:

(1) either G contains a solvable subgroup of finite index;
(2) or G contains a free subgroup of rank 2.

The paper is organized as follows. In Section 1 we gather some definitions and
facts about the groups Tame(SLy) and O4. The square complex is constructed in
Section 2, and some of its basic properties are established. Then in Section 3 we
study its geometry: links of vertices, non-positive curvature, simple connectedness,
hyperbolicity. In particular, we obtain a proof of Theorem A. In studying the geometry
of the square complex one realizes that some simplicial trees naturally appear as
substructures, for instances in the link of some vertices, or as hyperplanes of the
complex. At the algebraic level this translates into the existence of many amalgamated
product structures for subgroups of Tame(SLg). In Section 4 we study in details some
of these products, which are reminiscent of Russian nesting dolls (see Figure 4.1).
Groups acting on CAT(0) spaces satisfy nice properties: for instance any such finite
group admits a fixed point. In Section 5 we exploit such geometric properties to give a
proof of Theorems B and C. In Section 6 we give some examples of elliptic, parabolic
and loxodromic subgroups, which appear in the proof of the Tits alternative. We also
briefly discuss the case of Tame(C3?), comment on the recent related work [Wril3], and
propose some open questions. Finally we gather in an annex some reworked results
from [LV13] about the theory of elementary reductions on the groups Tame(SLy) and
Tame, (C*).

1. PRELIMINARIES

We identify C* with the space of 2 x 2 complex matrices. So a polynomial auto-
morphism f of C* is denoted by

f: <$1 CU2) NN (fl f2>7
T3 T4 f3 fa
where f; € Clz1,x2,x3,24] for 1 < i < 4, or simply by f = (j% ﬁ) We choose to work
with the smooth affine quadric given by the equation ¢ = 1, where ¢ = x1x4 — 223

SL2 = {(l’l ZUQ) ; 1Ty — T2X3 = 1} .
T3 T4

We insist that we use this point of view for notational convenience, but we are inter-
ested only in the underlying variety of SLs. In particular Aut(SL9) is the group of
automorphism of SLsy as an affine variety, and not as an algebraic group.

is the determinant:

We denote by Aut,(C*) the subgroup of Aut(C*) of automorphisms preserving the
quadratic form q:

Aut,(C*) = {f € Aut(C*h); qo f = q}.
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We will often denote an element f € Aut,(C?) in an abbreviated form such as f =
(2, f2 ): Here the dots should be replaced by the unique polynomial f; such that
fifs — fofs = z124 — x223. We call Tame,(C*) the subgroup of Aut,(C?*) generated
by O4 and E%, where O4 = Aut,(C*)NGLy is the complex orthogonal group associated

with ¢, and E? is the group defined as

+$1P($1 .’133)

E2: Tl T2 9 . p (C ]
4 {(xg x4+ x3P(x1,73) )’ € Clay, 2]
)

We denote by p: Aut,(C*) — Aut(SLz) the natural restriction map, and we define
the tame group of SLa, denoted by Tame(SLs), to be the image of Tame,(C*) by p. We
also define STame,(C*) as the subgroup of index 2 in Tame,(C*) of automorphisms
with linear part in SO4, and the special tame group STame(SL2) = p(STame, (C*)).

Remark 1.1. — The morphism p is clearly injective in restriction to O4 and to E%:
This justifies that we will consider O4 and E? as subgroups of Tame(SLz). On the other
hand it is less clear if p induces an isomorphism between Tame,(C*) and Tame(SLz):
It turns out to be true, but we shall need quite a lot of machinery before being
in position to prove it (see Proposition 4.19). Nevertheless by abuse of notation if
f= (ch; ;Z) is an element of Tame,(C*) we will also consider f as an element of
Tame(SL2), the morphism p being implicit. See also Section 6.2.2 for other questions
around the restriction morphism p.

The Klein four-group V4 will be considered as the following subgroup of Oy:

vt () () G-
T3 T T2 T4 T2 Ty

In particular V4 contains the transpose automorphism 7 = (i; pis )

1.1. Tame(Slp). — We now review some results which are essentially contained in
[LV13]. However, we adopt some slightly different notations and definitions. For the
convenience of the reader, we give self-contained proofs of all needed results in an
annex.

We define a degree function on C[x1, 22, 73, 24] with value in N*U {—oo} by taking

degeaz1 = (2,1,1,0) degea z2 = (1,2,0,1)
deg@; T3 = (17072, 1) degc4 Ty = (0,1,172)
and by convention degrs 0 = —oo. We use the graded lexicographic order on N* to

compare degrees. We obtain a degree function on the algebra
(C[SLQ] = (C[:vl, To,X3, .1'4]/((] — 1)
by setting

degp = min{degcs 7; 7 = pmod (¢ — 1)}.

JE.P. — M., 2014, tome1
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We define two notions of degree for an automorphism f = (Jff; ﬁ) € Tame(SLy):
degsum f = Z deg fi;

1<i<4

degmax f = 113?§4deg fi-

Lemva 1.2 — Let f be an element in Tame(SLy).

(1) For any u € Oy, we have degmax f = degmaxwu o f.
(2) We have f € Oy if and only if degmax f = (2,1,1,0).

Proof’
(1) Clearly degmaxu o f < degmax f, and similarly we get
degmax f = degmaxu ™' o (uo f) < degmaxwu o f.

(2) This follows from the fact that if P € C[z1, x2, ©3, z4] with deges P = (4, 4, k, 1),
then the ordinary degree of P is the average §(i + j + k + ). O

The degree degsum was the one used in [LV13], with a different choice of weights
with value in N3. Because of the nice properties in Lemma 1.2 we prefer to use degmax,
together with the above choice of weights. The choice to use a degree function with
value in N* is mainly for aesthetic reasons, on the other hand the property that the
ordinary degree is recovered by taking mean was the main impulse to change the initial
choice. From now on we will never use degsum, and we simply denote deg = degmax.

An elementary automorphism (resp. a generalized elementary automorphism) is an
element e € Tame(SLy) of the form

-~ <$1 T + I1P($17I3)) -1
e=u u
T3 x4 +x3P(21,73)
where P € Clz1, 23], u € V4 (resp. u € O4). Note that any elementary automorphism
belongs to (at least) one of the four subgroups E'%, Es4, Fi, E? of Tame(SLy) re-
spectively defined as the set of elements of the form

(an + 23Q(x3,4) x2+x4Q(x3,x4)> < T T >

z3 T4 3+ 21Q(21,22) 24 + 22Q(21,72)

<JU1 + 22Q(w2, 74) $2> (331 Ty + 331@(901,3?3))
w3+ 24Q(w2,24) x4) \T3 T4+ 23Q(71,23)
where @ is any polynomial in two indeterminates.

We say that f € Tame(SLy) admits an elementary reduction if there exists an
elementary automorphism e such that dege o f < deg f. In [LV13], the definition of
an elementary automorphism is slightly different. However all these changes — new
weights, new degree, new elementary reduction — do not affect the formulation of the
main theorem; in fact it simplifies the proof:

Tueorewm 1.3 (see Theorem A.1). — Any non-linear element of Tame(SLs) admits an
elementary reduction.

JE.P. — M., 2014, tome 1



168 C. Brst, J.-P. Furter & S. Lamy

Since the graded lexicographic order of N* is a well-ordering, Theorem 1.3 implies
that any element f of Tame(SLs) admits a finite sequence of elementary reductions

f—eof —ey0eg0f — - —e,0--0e10f

such that the last automorphism is an element of Oy.

An important technical ingredient of the proof is the following lemma, which tells
that under an elementary reduction, the degree of both affected components decreases
strictly.

Leviva 1.4 (see Lemma A.8). — Let f = (g }CZ) € Tame(SLy). If e € E3 and

o f— fffz)
col (f§f4 ’

degeo fadeg f < deg fi<tdeg f1 <= deg fi< deg f3

then

for any relation < among <, >, <, > and =.
A useful immediate corollary is:

Cororrary 1.5. Let f = (;:; ;z) € STame(SLy) be an automorphism such that
fi = x1. Then f is a composition of elementary automorphisms preserving xi. In
particular, fo and f3 do not depend on x4 and we can view (f2, f3) as defining an
element of the subgroup of Autc(y,) Clz1][2o, x3] generated by (x3,22) and automor-
phisms of the form (axe + x1P(x1,73),a  23). In particular, if f3 = x3, there exists
some polynomial P such that fo = xo + x1P(21,23).

Remark 1.6. — We obtain the following justification for the definition of the
group E3%: Any automorphism f = (ﬁ ﬁ) in Tame(SLs) such that f; = z; and
f3 = x3 belongs to E?.

Levmma 1.7 (see Lemma A.12). Let f € Tame(SLy), and assume there exist two
elementary automorphisms

_(m + 23Q(x3,x4) x2 + 21Q(T3,24) c B2
T3 Ty ’

’r I +’I‘2P(IL’2,I‘4) X2 1
‘- <$3+5E4P($2,$4) T4 € B,
such that degeo f < deg f and dege’ o f < deg f.
Then we are in one of the following cases:
(1) @ = Q(x4) € Clza);
(2) P= P(Z‘4) S (C[J?4 ;
(3) There exists R(x4) € Clay] such that deg(fz + faR(f4)) < deg fa;
(4) There exists R(x4) € Claa] such that deg(fs + faR(f4)) < deg fs.
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1.2. ORTHOGONAL GROUP

1.2.1. Definitions. — Recall that we denote by O4 the orthogonal group of C* as-
sociated with the quadratic form ¢ = zy24 — 2923. We have Oy = (SOy, 7), where
7= (71 %) denotes the involution given by the transposition. The 2: 1 morphism of
groups

SL2 X SLQ — SO4

(A,B) —A- <x1 $2> - B
T3 T4
is the universal cover of SO4. Here the product A - (ﬁ; ﬁi) - Bt actually denotes the
usual product of matrices. However, if f = (2 ﬁ) and g = (92 9?) are elements
of Oy, their composition is

oo — Jiog faoyg
f g_<f309 f40g)eo4

which must not be confused with the product of the 2 x 2 matrices (2_ ﬁ) and
(95 22)! (see also Remark 1.8 below).

1.2.2. Dual quadratic form. — We now study the totally isotropic spaces of a qua-
dratic form on the dual of C* in order to understand the geometry of the group Oy.
In this section we set V = C* and we denote by V* the dual of V. We denote
respectively by ej,es, e3,e4 and 1,9, 3, x4 the canonical basis of V' and the dual
basis of V*. Since ¢(x) = z1x4 — x93 is a non degenerate quadratic form on V,
there is a non degenerate quadratic form ¢* on V* corresponding to g. Moreover,
any endomorphism f of V belongs to the orthogonal group O(V,q) if and only if
its transpose f! belongs to the orthogonal group O(V*, ¢*). In other words, we have
go f = ¢ if and only if ¢* o f* = ¢*. Since the matrix of ¢ in the canonical basis is

00 01
a_L|oo 1o}
2{0-1 00
10 00

00 01

00 —-10
Al =2

0-1 0 0

10 00

We denote by (-, -} the bilinear pairing V* x V* — C associated with 1¢* (so that
its matrix in the dual basis is 247! = A).

Remark 1.8. — In this paper, each element of O4 is denoted in a rather unusual way
as a 2 X 2 matrix of the form f = (;; ﬁ), where each f; =} fijz;, fij € C, is an

JE.P. — M., 2014, tome 1



170 C. Brst, J.-P. Furter & S. Lamy

element of V*. The corresponding more familiar 4 x 4 matrix is M := (fi j)1<ij<4 €
M,(C) and it satisfies the usual equality M*AM = A.

Lemma 1.9, — Consider f = (ch; ;z), where the elements fi belong to V*. Then, the

following assertions are equivalent:
(1) f S 04;
(2) (fi, f5) = (@i, xj) foralli,je{1,2,3,4}.

Proof. — Observe first that fi(x;) = fi(x1,...,24) for i = 1,...,4. Then, we have
seen that f € Oy if and only if f! belongs to the orthogonal group O(V*, %q*)7 ie.,
if and only if for any z,y € V*, we have (f*(z), f!(y)) = (x,y). This last equality is
satisfied for all z,y € V* if and only if it is satisfied for any z,y € {x1,x92,x3,24}. O

Recall that a subspace W C V* is totally isotropic (with respect to ¢*) if for all
z,y €W, (z,y) =0.

Lemva 1.10. — Let f1, fo be linearly independent elements of V*. The following as-
sertions are equivalent:

(1) Vect(f1, f2) is totally isotropic ;

(2) There exist fs, f4 € V* such that (g ;j) € Oy4.
Proof. If (}2 ﬁ) € Oy, then by Lemma 1.9 for any ¢,j € {1,2} we have (f;, f;) =
<£Ci, £Cj> =0.

Conversely, if (f;, f;) = (z;,x;) = 0 for any ¢,j € {1,2}, by Witt’s Theorem
(see e.g. [Ser77b, p.58]) we can extend the map z1 — fi, x2 — fo as an isometry
V* — V*. Then denoting by f3, f4 the images of xs, x4, we have (f;, f;) = (z;, x;) for
all 7,5 € {1,2,3,4}. We conclude by Lemma 1.9. |

If (2 ;z) € Oy, the planes Vect(f1, f2), Vect(fs, f1), Vect(f1, f3) and Vect(fa, f1)
are totally isotropic. Moreover the following decompositions hold:

V* = Vect(f1, f2) ® Vect(fs, fa) and V™ = Vect(f1, f3) ® Vect(fs, f1).

We have the following reciprocal result.

Lemma 1.11. — Let W and W’ be two totally isotropic planes of V* such that V* =
W @ W'. Then for any basis (f1, f2) of W, there exists a unique basis (fs, f1) of W’
such that (ﬁ ;i) € Oy4.

Proof

Lxistence. By Witt’s Theorem, we may assume that f; = 7 and fy = zo. Let
/3, f2 be a basis of W'. If we express them in the basis x1,xs, 23,24, we get f3 =
a1x1 + asxs + azrs + agxy and fy = byxy + boxo + b3xs + byxy. Since x1, xo, f3, fa 1S

a basis of V*, we get det (‘gg Z:) # 0. Therefore, up to replacing f3 and f4 by some
linear combinations, we may assume that (Z; ‘;j) = ((1) (1)), ie., f3 = a1x1 +asxe+x3

and f4 = bz + baxs + x4.
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Since <f3,f3> = —a2 and <f4,f4> = bl, we get as = b1 = 0. Finally, <f3,f4> =
1(ay — ba), so that ay = by, f3 = 23+ a121 and fi = x4 + ay22.
Now it is clear that (., a,z; zytcrzs) € O

Unicity. Let (f3, f1) and (f3, f1) be two bases of W' such that (g ;z) and (fé j;i)

belong to 04. From f1f4—f2f3 = f1f4 —f2f3, we get fg (fg—f3) = fl(f4 if4) Since f1
and fg are coprime, we get the existence of a polynomial A such that f3 — f3 = Af;
and f4 —fa=2A f2 Since the fl and f7 are linear forms, we see that A is a constant.
This proves that fs — f3 and fu — fu are elements in W N W' = {0}, and we obtain

(f3, f1) = (f3, fa). O

Lemva 1.12. — For any nonzero isotropic vector fi of V*, there exist exactly two
totally isotropic planes of V* containing f1. Furthermore, they are of the form
Vect(f1, f2) and Vect(f1, f3), where (jﬁ; fz) is an element of Oy.

Proof. — By Witt’s theorem, we may assume that f; = z;. Any totally isotropic
subspace W in V* containing z; is included into zi = Vect(xy, 22, 23). There-
fore, there exist az,as € C such that W = Vect(z1, a2 + azxsz). Finally, since
q*(azx2 + agxrs) = —4agas = 0 (recall that ¢*(u) = 4(u,u) for any v € V*), W is
equal to Vect(zq,x2) or Vect(xy,z3). O

Levma 1.13. Let W and W' be two totally isotropic planes of V*. Then there
exists f € Oy such that f(W) = Vect(zs,x4) and f(W') is one of the following three
possibilities:

(1) f(W') = Vect(zs, 74);

(2) f(W') = Vect(z1,22);

(3) f(W') = Vect(za,x4).

Proof. — By Witt’s theorem there exists f € Oy such that f(W) = Vect(zs, z4). If
W’ =W we are in Case (1), and if W N W’ = {0} then we can apply Lemma 1.11
to get Case (2). Assume now that W N W’ is a line. Again by Witt’s theorem we can
assume that W N W’ = Vect(z4), and then we conclude by Lemma 1.12 that we are
in Case (3). O

We can reinterpret the last two lemmas in geometric terms.

Remark 1.14. — The isotropic cone of ¢* is given by ajay — asaz = 0, where f =
a1x1 + - - -+ agzy € V*. In particular this is a cone over a smooth quadric surface S
in P(V*) ~ P3. Totally isotropic planes correspond to cones over a line in S, but S is
isomorphic to P! x P!, and lines in S correspond to horizontal or vertical ruling. From
this point of view Lemma 1.12 is just the obvious geometric fact that any point in S
belongs to exactly two lines, one vertical and the other horizontal. Similarly, Lemma
1.13 is the fact that O4 acts transitively on pairs of disjoint lines, and on pairs of
intersecting lines.
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Cororrary 1.15. Let e, e’ be two generalized elementary automorphisms. Then, up
to conjugation by an element of Oy, we may assume that ¢ € Ei and that e belongs
to either Ei, E% or E12.

Proof. — Each generalized elementary automorphism e fixes pointwise (at least) a
totally isotropic plane of V* (note that e acts naturally on Clxy,za, 3, x4]). Ob-
serve furthermore that the plane Vect(xs,r4) is fixed if and only if e belongs to E'2.
Therefore, the result follows from Lemma 1.13. |

In the next definition, the quadric S is identified to P! x P! via the isomorphism
P! x P! — S sending ((a: ), (v:9)) to C (ayry + Bywa + adxs + Boxy).

Derinirion 1.16. A totally isotropic plane of V* is said to be horizontal
(resp. vertical), if it corresponds to a horizontal (resp. vertical) line of P* x P*.

The map sending (a : b) € P! to Vect(axy + bxs,axs + bxy) (respectively to
Vect(azy + bxa, axs + bxy)) is a parametrization of the horizontal (resp. vertical) to-
tally isotropic planes of V*. Let f be any element of Oy and let Vect(u,v) be any
totally isotropic plane of V*. The group O4 acts on the set of totally isotropic planes
via the following formula

f. Vect(u,v) = Vect(uo f~1 vo f71).

Lemva 1.17. — Any element of SOy sends a horizontal totally isotropic plane to a
horizontal totally isotropic plane, and a vertical totally isotropic plane to a wvertical
totally isotropic plane. Any element of O4 SOy exchanges the horizontal and the
vertical totally isotropic planes.

Proof. — The set of totally isotropic planes of V* is parametrized by the dis-
joint union of two copies of P'. The group SO, being connected, it must preserve
each P!. The element 7 of O4~ SO, exchanges the horizontal totally isotropic
plane Vect(z1,x2) and the vertical totally isotropic plane Vect(x1,x3). The result
follows. g

Remark 1.18. — Let A := {(z,z), z € P!} denote the diagonal of P! x P!. Identify
the set of horizontal totally isotropic planes to P'. Remark that the map

SO, — (P x P\ A

f= (f 1 f2) s (Vect(fr. fa), Veet(fa, £1))
f3 fa

is a fiber bundle, whose fiber is isomorphic to GLs. Indeed, by Lemma 1.11, any
element g = (91 52) of SOy satisfying Vect(g1, g2) = Vect(f1, f2) and Vect(gs, g4) =
Vect(f3, f4) is uniquely determined by the basis (g1, g2) of Vect(f1, f2)-
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In the same way, we obtain a fiber bundle

O4\SO4 — (Pl X ]P)l) \A,

(? fz) — (Vect(f1, f3), Vect(fz2, fa))-
3 fa

2. SQUARE COMPLEX

We now define a square complex %, which will be our main tool in the study of
Tame(SLs), and we state some of its basic properties.

2.1. Derinitions. — A function fi € C[SLg] = C[z1,x2, x3,24]/(q — 1) is said to
be a component if it can be completed to an element f = (2 ﬁ) of Tame(SLy).
The vertices of our 2-dimensional complex are defined in terms of orbits of tuples of
components, as we now explain. For any element f = (ﬁ ;j ) of Tame(SLs), we define

the three vertices [f1], [f1, f2] and [ﬁ ;i] as the following sets:

e [il =C* - fi={afi; a € C};
o [f1, fo] == GLa-(f1, fo) = {(afl +bfa, cfi +df2); (Z Z) € GLz};

fi fz}
. :O ]
{f:& fa af
Each bracket [fi] (resp. [f1, f2], resp. Hﬁ; ﬁ]) denotes an orbit under the left ac-
tion of the group C* (resp. GLo, resp. O4). Vertices of the form [f1] (resp. [f1, f2],

resp. [;; ;z]) are said to be of type 1 (resp. 2, resp. 3). Remark that our notation

distinguishes between:

. (jﬁl ;2> which denotes an element of Tame(SLs);
3 Ja

{f 1 f2
f3 fa
The set of the vertices of the complex € is the disjoint union of the three types of

} which denotes a vertex of type 3.

vertices that we have just defined.

We now define the edges of €, which reflect the inclusion of a component inside a
row or column, or of a row or column inside an automorphism. Precisely the set of
the edges is the disjoint union of the following two types of edges:

. Edges that link a vertex [f1] of type 1 with a vertex [f1, f2] of type 2;

. Edges that link a vertex [f, f2] of type 2 with a vertex [2 ;i] of type 3.

The set of the squares of € consists in filling the loop of four edges associated with
the classes [f1], [f1, f2], [f1, f3] and [ﬁ j:i] for any f = (2 ﬁ) € Tame(SLy) (see
Figure 2.1). The square associated with the classes [x1], [z1, %], [1, 23] and [} 2]
will be called the standard square.

Observe that to an automorphism f = (}2 ;i) we can associate (by applying the

above definitions to o o f with o in the Klein group V,):
« Four vertices of type 1: [f1], [fz], [f3] and [f4];
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« Four vertices of type 2: [f1, fo], [f1, f3], [f2, fa] and [f3, fa];
« One vertex of type 3: [f];

. Twelve edges and four squares (see Figure 2.2).

We call such a figure the big square associated with f. For any integers m,n > 1, we
call m x n grid any subcomplex of € isometric to a rectangle of R? of size m x n. So
a big square is a particular type of 2 x 2 grid.

We adopt the following convention for the pictures (see for instance Figures 2.1,
2.2 and 2.3): Vertices of type 1 are depicted with a o, vertices of type 2 are depicted
with a e, vertices of type 3 are depicted with a m.

[f1] [f1,f2] [z1] [z1,22]
o— "o o— o
. .

[f1,f3] [}2 ﬁi] [z1,23] [ié ii]

Iicure 2.1. Generic square & standard square.

[f1] [f1,f2] [f2] [z1] [z1,22] [z2]
o o o o
[f1.f3] 2ofal fa1,aa] . [e2,24]
= g
o o o o
[f3] [f3,f4] [fa] [z3] [x3,24] [w4]

Ficure 2.2. Generic big square & standard big square.

The group Tame(SLs) acts naturally on the complex %. The action on the vertices
of type 1, of type 2 and of type 3 is given respectively by the following three formulas:

g-[fi):=1fiog™'];
g-[fisfo] i=[friog ", faog™;
g-[fl:=1fog7"].

It is an action by isometries, where % is endowed with the natural metric obtained
by identifying each square to an euclidean square with edges of length 1.
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[961—583] [331—333,352—304] [582—:84]
O ® O

1o |

[z1—x2 77770[$1+CE2]

[w1—22,25—74] g | "\ elr1tze,r3tas)

[933] Y [wa+x4]

[wa—aa] L T [mites] [I1+$3a;2+$4] e

Clastad)
Ficure 2.3. A few other squares...

2.2, TRANSITIVITY AND STABILIZERS. We show that the action of Tame(SLy) is tran-
sitive on many natural subsets of €, and we also compute some related stabilizers.

Lemva 2.1. The action of Tame(SLs) is transitive on vertices of type 1, 2 and 3
respectively. The action of STame(SLy) is transitive on vertices of type 1 and 3 respec-
tively, but admits two distinct orbits of vertices of type 2.

Proof. Let vy (resp. vg, v3) be a vertex of type 1 (resp. 2, 3). There exists f =

(}c; ﬁ) € Tame(SLy) such that v1 = [f1] (resp. va = [f1, f2], v3 = [f]). Then [z1] =

[fiof~Y = f-[f1] (vesp. [x1,22] = f-[f1, fo], [id] = f-[f]). If f is not in STame(SLy)
then g =70 f = (}2 ﬁ) is in STame(SLy). We also have [z1] = g - [f1] and [id] =
[] =g-[f], but g-[f1, fo] = [z1, 23]

It remains to prove that [z1, 23] and [z1, 23] are not in the same orbit under the
action of STame(SLy). Assume that g € Tame(SLy) sends [x1, z3] on [z1, 23], and let
h € Oy4 be the linear part of g. We still have h- [z, x3] = [z1, 23], and by Lemma 1.17
we deduce that h € O4 \ SOy, hence g € Tame(SLy) \ STame(SLy). O

DeriNtTION 2.2

(1) We say that a vertex of type 2 is horizontal (resp. vertical) if it lies in the same
orbit as [r1,x2] (resp. [z1,x3]) under the action of STame(SL3).

(2) We say that an edge is horizontal (resp. vertical) if it lies in the same orbit
as the edges between [x1] and [z1, 23] or between [z1, 23] and [id] (resp. between [z1]
and [x1,x3) or between [z1,x2] and [id]) under the action of STame(SLs).

We will study in §4.1 the structure of the stabilizer Stab([z1]). In particular we
will show that it admits a structure of amalgamated product.
Of course by definition the stabilizer of the vertex [id] of type 3 is the group Oy.
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Lemva 2.3. The stabilizer in Tame(SLs) of the vertex [z1,x3] of type 2 is the
semi-direct product Stab([z1, x3]) = E7 x GLa, where

GL, — { (am +bxs a'xzo + b’x4> ;

cx1 +dxs xo+dxy

d —b\ [ab 10
ropr g _
a,b,c,d,a’,b,c,d €C, (—c’ a’) (cd) = (O 1)}

Proof. — Let g = (92 9?) € Stab([z1,23]). We have [g1,93] = g7 - [z1,23] =
[x1,23). Hence g1, g3 are linear polynomials in x1,z3 that define an automorphism
of Vect(z1,x3), in other words we can view g1, g3 as an element of GLs. By compos-
ing g with a linear automorphism of the form

ax1 +bxs ad'xe +b x4
cx1 +drs dxo+dzy)’

we can assume ¢g; = x1, g3 = 3. Then, the result follows from Remark 1.6. O
We now turn to the action of Tame(SLy) and STame(SLs) on edges.

Lemva 2.4. The action of Tame(SLy) is transitive respectively on edges between
vertices of type 1 and 2, and on edges between vertices of type 2 and 3. The action
of STame(SLy) on edges admits four orbits, corresponding to the four edges of the
standard square.

Proof. — 1If there is an edge between v; a vertex of type 1 and v a vertex of type 2,
then there exists f = (ﬁ ﬁ) € Tame(SLy) such that vy = [f1] and v2 = [f1, fa].

Then f-v; = [z1] and f - ve = [21, 22].
Similarly if there is an edge between vz a vertex of type 3 and vy a vertex of type 2,

then there exists f = (jﬁ; ;j) € Tame(SLo) such that v3 = [f] and va = [f1, f2]. Then

frvs=[id] and f - vy = [w1, 22].
In both cases, if f ¢ STame(SLs), we change f by g = 7o f and we obtain
g-v1=[z1], g-v2 = [z1,23], g vz = [id]. O

Levma 2.5
(1) The stabilizer of the edge between [x1] and [x1,x3] is the semi-direct product

-1
Efx{( ar d= s );a,c,dEC,ad#O}.

drs +cr1 a tzg +ca 'd tas

(2) The stabilizer of the edge between [x1,x2] and [id] is the following subgroup
Of SO4

{A~ (xl z2> -B%: A,B € SLy, A is lower tm’angular} .
I3 Ty

Proof’
(1) This follows from Lemma 2.3.
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(2) Recall that Stab([id]) =04. By Lemma 2.1 we have Stab([z1, z2]) C STame(SLy).
Therefore, the stabilizer of the edge between [z1,z2] and [id] is included into SOy.
By 1.2.1, any element of SOy is of the form

f=A- (”31 “) -B', where A, B € SLs.
T3 T4

A direct computation shows that f belongs to Stab([z1,x2], [id]) if and only if A is

lower triangular. O

Levmva 2.6. — Let vy = [f1, f2] be a vertex of type 2, and & be the path of length 2
through the vertices [f1], [f1, f2], [f2]. Then :

(1) The pointwise stabilizer Stab & is isomorphic to

b~z
E2 axry 2 . * )
4N{<bx3 0tz ) a,beC

(2) The group Stab & acts transitively on the set of vertices of type 3 at distance 1
from vs.

(3) If [f], lg] are two vertices of type 3 at distance 1 from va, then there exists a
generalized elementary automorphism h such that [g] = [h o f].

Proof. — Without loss in generality we can assume f; = x1, fo = x3. Then (1) follows
from Lemma 2.5. By definition of the complex, if v3 is at distance 1 from ve = |21, z3],
then v3 = [e] with e = (7} ¢2) € Tame(SLz). By Remark 1.6 we get ¢ € E and (2)
follows. Now if [f], [g] are two vertices of type 3 at distance 1 from ve = [z1, 23], we
can assume [f] = [id] and [g] = [e] for some e € E3. Thus there exist a,b € O, such
that g = ae and f = b. Then

l9] = [ae] = [be] = [beb™" f]
and h = beb~ ! is a generalized elementary automorphism. O

Levma 2.7. The group Tame(SLy) acts transitively on squares. The pointwise sta-
bilizer of the standard square is the following subgroup of SOg4:

!/ /
S = {(Z a91> . (i; ij) . (% a’b_1> ; a,a’ € CHbb € C}

_ ary b(xg +cr1)\
_{(b_l(x3+dx1) ),a,bm,de(c, ab;«éO}.

Proof. — By definition, a square corresponds to vertices vy = [f1], v2a = [f1, f2],
vy = [f] and vh = [f1, f3] where f = (}2 chj) € Tame(SLg). Then f - vy = [2q],
vy =[x1,22], f-v3 =[id] and f - v} = [z, z3]. The computation of the stabilizer

of the standard square is left to the reader. O

Remark 2.8 The squares containing [id] are naturally parametrized by P* x P!,
i.e., by points of the quadric S in Remark 1.14: see Figure 2.4. In the same vein,
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one can remark that the set of vertices of type 1 connected to an arbitrary vertex
ve = [f1, f2] of type 2 is parametrized by P!; explicitly they are of the form [af; +bf2].

[id] oz + B2, axs+ Bx4]
N
-
[vz1+dx3, yx2 + 0 24] [ayz1 + By 2+ ad x3 + B6 x4]

Ficure 2.4. The square containing [id] corresponding to ((« : 3), (v : 4)) € P! x P
We have seen that any element f of Tame(SLy) defines a big square centered at [f]
(see Figure 2.2). We have the following converse result:

Lemva 2.9, — Any 2x2 grid centered at a vertex of type 3 is the big square associated
with some element of Tame(SLz).

Proof. By Lemma 2.7, we may reduce to the case where the 2 x 2 grid contains
the standard square. By Remark 2.8, there exist elements (a : b) and (a’ : V') in P!
such that the grid is as depicted on Figure 2.5.

[z1] [x1,22] laz1+bzs]
[e] o)

laz1+bxa, axs+bra)

['7“17'7"3]

(€] O
[@'z1+b'xs]  [a'w1+b w3, a'zo+b 24] (U]
Ficure 2.5. A 2 x 2 grid containing the standard square.

Note that u = a’(ax; + bxa) + V' (axs + bxy) = a(a’zy + V'x3) + b(d'ze + Vzy).
Since the vertices [axz; + bxo] and [a’zq + b'x3] are distinct from [x1], we have bb’ # 0.
We may therefore assume that b0’ = 1. If we set f1 = z1, fo = axy + bxa, f3 =
a'xy + bz, f4 =u, we have fify — fofs = bV (2124 — x223) = 2124 — 2223, S0 that

f= (}2 chj) € Q4. Finally, our 2 x 2 grid is the big square associated with f. O

Cororrary 2.10. — The action of Tame(SLy) on the set of 2 x 2 grids centered at a
vertex of type 3 is transitive.
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Proof. By Lemma 2.9, any 2 x 2 grid centered at a vertex of type 3 is associated
with an element f of Tame(SLy). Therefore, by applying f to this big square, we
obtain the standard big square. O

The following lemma is obvious.

Lemma 2.11. — The (point by point) stabilizer of the standard big square is the group

ary bra \ N
{(b‘lxg, _x) abeC }

2.3. Isomerries. — If f is an isometry of a CAT(0) space X, we define Min(f) to be
the set of points realizing the infimum inf d(x, f(x)). The set Min(f) is a closed convex
subset of X (see [BH99, p.229]). If X is a CAT(0) cube complex of finite dimension,
then for any f € Isom(X), the set Min(f) is non empty ([BH99, I1.6, 6.6.(2), p. 231]).

We say that f is elliptic if infd(x, f(x)) = 0 (there exists a fixed point for f),
and that f is hyperbolic otherwise. The number ¢(f) = infd(z, f(z)) is called the
translation length of f. Note that in the elliptic case, Min(f) is the fixed locus of f.

In a CAT(0) space, an isometry is elliptic if and only if one of its orbits is bounded,
or equivalently if any of its orbits is bounded (see [BH99, Prop.I1.6.7]). Recall also
that for any isometry f, £(f*) = |k| x £(f) for each integer k.

For subgroups, we introduce a similar terminology. Let X be a CAT(0) cube com-
plex, and denote by X(co) the natural boundary of X (see [BH99, Ch.II.8]). Let
I' C Isom(X) be a subgroup of isometries acting without inversion on edges.

o ' is elliptic if there exists a vertex v € X that is fixed by all elements in T';

« ' is parabolic if all elements of I" are elliptic, there is no global fixed vertex in X
and there is a fixed point in X (00);

o ' is loxodromic if T contains at least one hyperbolic isometry and there is a fixed
pair of points in X (c0).
We will also use the following less standard terminology: We say that an isometry f
is hyperelliptic if f is elliptic with Min(f) unbounded. Here is a simple criterion to
produce hyperelliptic elements.

Levma 2.12. Any elliptic isometry of a CAT(0) space commuting with a hyperbolic
isometry is hyperelliptic.

Proof. Assume that f is such an elliptic isometry commuting with an hyperbolic
isometry g. By [BH99, I1.6.2], the set Min(f) is globally invariant by g. Since g is
hyperbolic, this set is unbounded. O

The following criterion is useful in identifying hyperbolic isometries.

Leywva 2.13. Let X be a CAT(0) space, x € X a point, and g € Isom(X). Then
x € Min(g) if and only if g(x) is the middle point of x and g*(x).
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Proof. — If z € Min(g), it is clear that g(z) is the middle point of z and g¢*(x).
Conversely, assume that g(x) is the middle point of z and g?(x). We may assume
furthermore that z is different from g(x). The orbit of the segment [z, g(z)] forms

a geodesic invariant under g, on which g acts by translation. Then, one can apply
[BH99, 11.6.2(4)]. O

2.4. First proPERTIES. — Section 1.2 on the orthogonal group yields some basic facts
on the square complex:

Lemma 2.14. — Assume v and v’ are opposite vertices of a same square in €. Then
the square containing v and v’ is unique.

Proof. — There are two cases to consider (up to exchanging v and v'):

(1) v is of type 1 and v’ is of type 3;
(2) v and v’ are both of type 2.

In Case (1), we can assume v’ = [5! 52]. Then v = [f1] with f; € V* an isotropic
vector, and by Witt’s Theorem we can assume f; = x;. We conclude by Lemma 1.12
that the unique square containing v and v’ is the standard square.

In Case (2), let v" a vertex of type 3 that is at distance 1 from v and v’. We can
assume that v/ = [} 72 ]. Then, there exist linear forms I, lo, I}, I} in V* such that
v = [l1,12] and v" = [I},15]. In particular v” is the unique vertex of type 3 that is at
distance 1 from v and v’. Then v and v’ correspond to two totally isotropic planes
in V*, with a 1-dimensional intersection. Let f; € V* be a generator for this line.
By Witt’s Theorem we can assume f; = x1, and the standard square is the unique
square containing both v and v’. O

Cororrary 2.15. — The standard square (hence any square) is embedded in the com-
plex €, and the intersection of two distinct squares is either:

(1) empty;

(2) a single vertex;

(3) a single edge (with its two vertices).

Proof. — The first assertion is just the obvious remark that [x1, zo] # [21, 23], hence
the corresponding vertices are distinct in % .

Assume that two squares have an intersection different from the three stated cases.
Then the intersection contains two opposite vertices of a square, hence the two squares
are the same by Lemma 2.14. O

2.5. Tame(A%) ACTING ON A SIMPLICIAL COMPLEX. Let K be a field. In this section
we construct a simplicial complex on which the group of tame automorphisms of A%
acts. Our motivation here is twofold. On the one hand we shall need the definition for
n =2, K = C(z) in the study of link of vertices of type 1 in ©. On the other hand
the construction for n = 3, K = C is very similar in nature to the construction of %,
and gives rise to interesting questions about the tame group of C3 (see Section 6.2.1).
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2.5.1. A general construction. For any 1 < r < n, we call r-tuple of components a
map
K" — K"
x=(x1,...,25) — (f1(x),..., fr(x))
that can be extended as a tame automorphism f = (fi,..., f,) of A%. One defines n

distinct types of vertices, by considering r-tuple of components modulo composition
by an affine automorphism on the range, r =1,...,n:

[fl,...,fr} I:Ar(fl,...,fr):{G,O(fl,...,fr); CLEA,«}

where A, = GL,.(K) x K" is the r-dimensional affine group.

Now for any tame automorphism (fi,..., f,) we glue a (n — 1)-simplex on the
vertices [f1], [f1, fel,-- -, [f1,- - -, fn]. This definition is independent of a choice of repre-
sentatives and produces a (n — 1)-dimensional simplicial complex on which the tame
group acts by isometries.

2.5.2. Dimension 2. Let K be a field. The previous construction yields a graph T .
In this section we show that Jj is isomorphic to the classical Bass-Serre tree of
Aut(AZ). We use the affine groups:

Ay ={t—at+b; ac K* be K};

ab

Ag = {(tl,tg) = (aty + bty + ¢, a’ty + 'ty + ¢); (a’ v

) GGLQ,C,C’EK}.

The vertices of our graph Jx are of two types: classes A; f; where fi: K? — K is
a component of an automorphism, and classes Az (f1, f2) where (f1, f2) € Aut(A%).
For each automorphism (fi, f2) € Aut(A%), we attach an edge between A;f; and
As(f1, f2). Note that As(f1, f2) = Aa2(f2, f1), so there is also an edge between the
vertices As(f1, f2) and A fo.

Recall that Aut(AZ) is the amalgamated product of Ay and Es along their inter-
section, where Fs is the elementary group defined as:

Ey = {(z,y) — (ax + P(y),by + ¢); a,b€ K*,c € K}.

The Bass-Serre tree associated with this structure consists in taking cosets As(f1, f2),
Es(f1, f2) as vertices, and cosets (As N Ea)(f1, f2) as edges (we use right cosets for
consistency with the convention for J, the classical construction with left cosets is
similar).

Prorosition 2.16. — The graph Jx is isomorphic to the Bass-Serre tree associated
with the structure of amalgamated product of Aut(A%).

Proof. — We define a map ¢ from the set of vertices of the Bass-Serre tree to the
graph Jk by taking

As(f1, f2) = Aa(f1, f2),
Es(f1, f2) — Aifo.
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Clearly ¢ is a local isometry. Moreover ¢ is bijective, since we can define ¢ ~1(A; f2)
to be Ea(f1, f2) where (f1, f2) is an automorphism. Indeed any other way to extend fo
is of the form (af; + P(f2), f2), and so the class Es(f1, f2) does not depend on the
extension we choose. (|

Remark 2.17. — If two vertices A; f1 and A, fo are at distance 2 in Ik, then (f1, f2) €
Aut(AZ). Indeed, by transitivity of the action we may assume that the central vertex
is Ay(x,y). Then for i = 1,2 we can write f; = a;x + b;y + ¢;. Observe that (f1, f2) is
invertible if and only if det (“1 bl) # 0. This is equivalent to Ay f1 # Ay fo.

az bz

3. GEOMETRY OF THE COMPLEX

In this section we establish Theorem A, which says that the complex ¢ is CAT(0)

and hyperbolic. First we study the local curvature of the complex by studying the
links of its vertices.
3.1. LLINKS OF VERTICES. Let v be a vertex (of any type) in €. The link around v
is denoted by Z(v). By definition this is the graph whose vertices are the vertices
in € at distance exactly 1 from v, and endowed with the standard angular metric:
vy and vg are joined by an edge of length /2 if they are opposite vertices of a same
square, which necessarily has v as a vertex (see [BH99, §1.7.15, p. 103] for details).

A path & in £ (v) is a simplicial map [0, n7/2] — Z(v) which is locally injective
(“no backtrack”). We call n the length of &, and we denote & = vy, ..., v, where vy
is the vertex image of k7 /2. We say that & is a loop if vg = v,. By a slight abuse of

notation we will often identify & with its image in 2 (v).

Remarx 3.1. Note that any loop in .Z(v) has length at least 3. Indeed a loop
v, v1, Vg of length 2 in #(v) should correspond to two distinct squares sharing v, vg
and vy as vertices. This would contradict Corollary 2.15. Similarly there is no self-loop

in Z(v).

3.1.1. Vertex of type 1. — We study the link of a vertex of type 1, and show that its
geometry is closely related to the geometry of a simplicial tree.

Recall that in §2.5.2 we constructed a tree Jx on which Aut(A%) acts. We use
this construction in the case K = C(f1), where f; is a component. Without loss in
generality we can assume f; = x1. We note £ (x1) instead of £ ([x1]).

Lemma 3.2, — The graph £ (x1) is connected.

Proof. — Any vertex of Z(z1) is of the form v = [z1, fa], where f = (fc; ;i) €
Tame(SLs). Note that the vertices [z1, f2] and [z1, f3] are joined by one edge in
Z(x1). By Corollary 1.5, f can be written as a composition of elements which are
either equal to the transpose 7 or which are of the form

( 1 axg—l—le(xl,mg))
a
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Since we have

x1  axy+ x1P(x1,23) 1 a "z,
T T= ,
a txs ars + x1P(x1,22) ...

it follows that f or 7f is a composition of automorphisms of the form

x1  axs + x1P(x1,23) 1 a " tay
1 or .
a txs ars + x1P(x1,22) ...

This gives a path in .Z(z1) from v to either [z1,x2] or [x1,z3]. O

Recall that vertices of type 2 are called horizontal or vertical depending if they lie
in the orbit of [z1,x2] or [x1,z3] under the action of STame(SLsy).

Lemma 3.3. — Any loop in £ (x1) has even length.

Proof. — This follows from the simple remark that the vertices of the loop must be
alternatively horizontal and vertical. O

Let Z(x1)" be the first barycentric subdivision of £ (x1), that is, the graph ob-
tained from Z(z1) by subdividing each edge v,v’ in two edges v,v” and v v/,

where v is the middle point of v,v’. If (a]f;l f2) € Tame(SLy), it is natural to iden-

tify [af?’l fz] with the vertex of .Z(x;)’ that is the middle point in .Z(z1) of the edge
between [z1, fo] and [x1, f3]. Indeed, recall from [BH99, §1.7.15, p. 103] that the link
Z(x1) may be seen as the set of directions at ;.

Now we define a simplicial map

T f(l’l)/ — %(11)'

First we send each vertex [z1, fo] € Z(21)" to the vertex Ay fa € J(s,). This makes
sense because of Corollary 1.5: fo is a component of a polynomial automorphism
in 23,3 with coefficients in C(z1). Second we send each vertex ! ﬁ] € L(x1)
to the vertex Aa(f2, f3) € Jr(s,)- Observe that since we start from the barycentric
subdivision #(x1)" we obtain a map 7 which is simplicial: If (“}* 2} € Stab([21]),
then A;fo and A; f3 are at distance 2 in the image of .

Levma 3.4

(1) The action of Stab([x1]) on Z(x1) admits the edge between [x1,x2] and [id)
as a fundamental domain. In particular, the action is transitive on vertices of type 2
of L(x1).

(2) Let v,v" be two vertices of £ (x1) and let h be an element of Stab([z1]). Then,
the equality 7(v) = w(v") implies the equality w(h(v)) = w(h(v")).

Proof’

(1) This is again a direct consequence of Corollary 1.5.
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(2) We can assume v = [z1, Z2], and so v' = [x1, z2 + 21 P(x1)] for some polynomial

P S C[.’E]]. \/Ve can Write
h;i - ( T a*xlx > <x )
3 4 f3 .f4

where (f2, f3) EAut(A(QC(xl)). Then h(v)=[ax1, fo] and h(v") =[az1, fo + ax1 P(az)],
0
w(h(v)) = A1f2 = Al(fg + a:z:lP(azl)) = W(h(’l}/)). O
Point (2) of the last lemma means that the natural action of Stab([z1]) on .Z(x1)
induces an action on w(.Z(z1)) such that 7: Z(z1) = 7(Z (1)) is equivariant.

Lemma 3.5

(1) The set m(ZL(x1)) is a subtree of Tp(q,)-

(2) Let w = Ay fy and w' = A; f3 be two vertices at distance 2 in the image of .
Then the preimage by w of the segment between w and w' is a complete bipartite graph
between w1 (w) and 7~ (w').

Proof

(1) This follows from the fact that .Z(z;) is connected (see Lemma 3.2), and the
fact that 7: Z(x1)" = J(e,) is a simplicial map.

(2) By transitivity of the action of Tame(SLy) on squares we can assume f = o
and f3 = x3. Then any vertex in 7~ !(w) has the form v = [z1, z2+21 P(x1)]. Similarly
any vertex in 7~ !(w’) has the form v’ = [z, 3 + 71Q(z1)]. But then for any choices
of P, we remark that

g= ( I .’£2+.’E1P((£1) )
z3+21Q(71) w4+ 23P(21) + 22Q(21) + 21 P(21)Q(21)
is a tame automorphism, hence v, v’ are linked by an edge in .Z(x1), with midpoint [g].
O

3.1.2. Vertex of type 20r 3. — The link of a vertex of type 1 projects surjectively to an
unbounded tree (the fact that 7(£(z1)) is unbounded follows from Proposition 4.1
below and its proof), in particular this is an unbounded graph. This is completely
different for the link of a vertex of type 2 or 3: We show that both are complete
bipartite graphs.

Prorosirion 3.6. — Let va be a vertezx of type 2. Then any vertex of type 1 in L (vq) is
linked to any vertex of type 3 in £ (va). In other words £ (ve) is a complete bipartite
graph.

Proof. — Let vy (resp. vs) be a vertex of type 1 (resp. 3) in £ (v3). By transitivity
on edges, we can assume that ve = [z1,z2] and v = [ﬁ fﬁi] Then if vy = [f1], we
complete fi in a basis (f1, f2) of Vect(z1,z2). By Lemma 1.11, there exists a unique
basis (f3, f4) of Vect(zs,z4) such that f = (;; ;‘2) belongs to Oy4. It is then clear
that v; and vs are linked in .Z(vs2): v1,v2,v3 belong to a same square, as illustrated

in Figure 3.1. |
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v1 = [f1] ve = [z1,22] = [f1,f2]
—_—

[fr:fa] 4y = [921 zz] _ [f1 fz]

T3 T4 fs fa

Ficure 3.1. The square containing vy, vs, vs3.

Prorosttion 3.7. — Let vg be a vertex of type 3, and let v, vh € £ (v3) be two distinct
vertices (necessarily of type 2). Then d(ve,vh) = /2 or w in £ (vs), and precisely:

o either va, vl belong to a same square (which is unique);

o or for any v in L (vs) such that d(ve,vy) = 7/2 in L (v3), then ve, v, vh is a
path in L (vs).
In particular £ (vs) is a complete bipartite graph.

Proof. — Without loss in generality we can assume v3 = [} 52 ]. Then vy and v} cor-

respond to totally isotropic planes W, W’ in V*, and by Remark 1.14 they correspond
to lines in a smooth quadric surface in P3.
There are two possibilities:

(i) The two lines intersect in one point, meaning that the corresponding totally
isotropic planes intersect along a one dimensional space Vect(f1), and then by Lemma
1.12 we can write v = [f1, f2], v4 = [f1, f5] with (g fz) € Oy.

(ii) The two lines belong to the same ruling, and taking a third line in the other
ruling, which corresponds to a vertex v € Z(z1), we can apply twice the previous
observation: first to vy, v4, and then to v}, v}. O

In the second case of the proposition, the vertices va, v, v3 are part of a unique
“big square” (see Figure 2.2): This follows from Lemma 1.11.

3.1.3. Negative curvature. — As a consequence of our study of links we obtain:

Prorosition 3.8. — Let v € € be a vertex. Then any (locally injective) loop in the
link £ (v) has length at least 4. In particular the square complex € has non positive
local curvature.

Proof. — By Remark 3.1 we know that any loop has length at least 3. So we only
have to exclude loops of length 3. Clearly such a loop cannot exist in the link of a
vertex of type 2 or 3, since by Propositions 3.6 and 3.7 these are complete bipartite
graphs: Any loop in .Z(v) has even length for such a vertex. This leaves the case of
a vertex of type 1, and this was covered by Lemma 3.3.

For the last assertion see [BH99, I1.5.20 and I1.5.24]. O
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3.4, Faithfulness. — As a side remark, we can now show that the action of
Tame(SLs) on the square complex % is faithful. In fact, we have the following more
precise result:

Lemma 3.9. —  The action of Tame(SLy) on the set of vertices of type 1 (resp. 2,
resp. 3) of € is faithful.

Proof. If ¢ € Tame(SLs) acts trivially on vertices of type 3, then by unicity of
the middle point of a segment in a CAT(0) space, it also acts trivially on vertices of
type 2.

Similarly, if g € Tame(SL2) acts trivially on vertices of type 2, then it also acts
trivially on vertices of type 1 (which are realized as middle point of vertices of type 2).

So it is sufficient to consider the case of g € Tame(SLs) acting trivially on vertices of
type 1. Since [z1], [x2] and [z1 + 2] are such vertices, g must act by homothety on the
corresponding lines Vect(z1), Vect(x2) and Vect(z1 + x2). This implies that g acts by
homothety on the plane Vect(z1, z2). Similarly, g acts by homothety on Vect(zs, 23)
and Vect(zs,x4). Therefore, there exists a nonzero complex number A such that g =
A(52 22). Finally, since [z1 + #3] is a vertex of type 1, g acts by homothety on the
line Vect(z1 + 23). We get A =1 and g = id. O

3.2. SIMPLE CONNECTEDNESS

Prorosition 3.10. — The complex € is simply connected.

Proof. — Let v be a loop in ¥. We want to show that it is homotopic to a trivial
loop. Without loss in generality, we can assume that the image of -y is contained in the
1-skeleton of the square complex, that v is locally injective, and that v(0) = [51 52 ]
is the vertex of type 3 associated with the identity.

A priori (the image of) 7 is a sequence of arbitrary edges. By Lemma 3.2, we can
perform a homotopy to avoid each vertex of type 1. So now we assume that vertices
in 7 are alternatively of type 2 and 3: Precisely for each i, v(2i) has type 3 and
~(2i + 1) has type 2.

For each vertex v = [f] of type 3 of €, we define deg v := deg f. This definition is
not ambiguous, since by Lemma 1.2 we know that deg v does not depend on the choice
of representative f. Let i be the greatest integer such that degv(2i) = max; degy(25).
In particular, we have

degv(2i +2) < degv(2i) and deg~y(2i —2) < deg~(21).
Let f = (g ;i) be such that v(2i) = [f].

By Lemma 2.6 there exist generalized elementary automorphisms e, e’ such that
v(2i — 2) = [eo f] and (2 4+ 2) = [¢’ o f]. Observe that for any element a € O4 we
have [f] = [ao f], [eo f] =[aceoatoao fland [¢/o f] = [ace’ ca toao f]. In
consequence, by Corollary 1.15 we can assume that

G + 22 P(z2,74) T2
3+ x4 P(xa,24) w4

and e is of one of the three forms given in the corollary.
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Observe that
. (331 + 22Q(72, 74) 332)
T3 + 24Q(T2,74) T4
would contradict that the loop is locally injective, since the vertex of type 2 just after
and just before [f] would be [fa, f4]. The case
_ <x1 T2 + x1Q(ﬂ$1,m3)>
C\@3 4+ 33Q(w1, x3)
is also impossible: Since P is not constant, by Lemma 1.4 we would get deg f; > deg fo,
deg f3 > deg f4 and finally dege o f > deg f, a contradiction. So we are left with the
third possibility
B <331 +23Q(w3,74) T2 + $4Q($3,$4))

T3 T4
In particular the vertices of type 2 before and after v(2¢) belong to a same square, as
shown on Figure 3.2; and we are in the setting of Lemma 1.7.

[ f
1) =11= 17 1) () e -lon

f.
[f3;f4]"—[4] ———O[f3+f1P(f2,f1),fa]

¥(2i—2) =[eof]" (Fot f1Q(f3,f2),f4]

Ficure 3.2. Initial situation around the maximal vertex [f].

In each one of the four cases of Lemma 1.7, we now explain how to perform a local
homotopy around [f4] such that the path avoids the vertex of maximal degree v(21).
Consider first Case (1), that is to say @ € C[z4] (see Figure 3.3). Then

Ty + JU4Q(x4)) .

eoe = < ’
3 + x4 P(xa,24) T4

Remark that e o e’ = € o e, where

e,, _ ( ‘e .732)
w3 + 24 P(x2 — 24Q(24),74) 74
is elementary. Thus we can make a local homotopy in a 2 x 2 grid around [f4] such that
the new path goes through [eoe’ o f] instead of [f]. Since deg(f2 + f1Q(f1)) < deg fa,
we have degeoe’ o f < dege’ o f. Recall also that dege’ o f < deg f. So we get

degle o ¢’ o f] < degle’ o f] < deglf].
Case (2) is analogous to Case (1) (see Figure 3.4).
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[€/of] = [f1+f2P(f27f4) fz]

_[5 S
=15 2] s Fat faP(Fafa) fa

[f3,fa]$———————O0—————O[fs+fsP(f2.f4),f4]

[eof] =

[f1+f3Q(f4) f2+f4Q(f4)} . [ece’of] =[e" ceof]
fs fa [f2+f1Q(fa), f4]

_ [ f2+f4Q(f4)]
fa+faP(f2,fa) fa

Figure 3.3. Local homotopy in Case (1): Q € C[f4].

f2,fa] le'of]

n=[3 £l
[f4i
[f3,fa)¢—————————O0————9[f3+faP(f1),fa]

[fo+faQ(f3,f4),fa] f2+f4Q(f3,f4)}

[f3+f.4“P(f4) fa
Frcure 3.4. Local homotopy in Case (2): P € C[f4].

Consider Case (3): see Figure 3.5. There exists R(xz4) € Clz4] such that
deg(f2 + faR(f1)) < deg fa. Set

_ (71+3R(za) w2+ 4R (xa)

T3 L4

We have:

[3 fa
By Lemma A.8, the inequality deg(f2 + f4R(f1)) < deg f> is equivalent to any of the
following ones: deg(f1 + f3R(f4)) < deg f1 and degeo f < deg f. So we get

degle o f] < deg]f].

We conclude by applying Case (1) to the path from [€o f] to [¢’o f] passing through [f].
Case (4) is analogous to Case (3) (see Figure 3.6).
The result follows by double induction on the maximal degree and on the number

o f = (f1 + f3R(fs) [+ f4R(f4)) _

of vertices realizing this maximal degree. O
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[¢of] = [f1+f2P(f27f4) f2]

[£] [f2.7f4] fa+faP(f2,fa) fa
[f3,fa], [fa] st FaP(f2,14),fa)
[eof] = [€o f] Eoe/of] =
[f1+f3Q(f37f4) f2+f4Q(f37f4)] [f2+faR(fa),f4] [ f2+f4R(f4)]
f3 fa L fa+faP(f2,f1) fa

[f2+f1Q(f3,fa),f4]

Ficure 3.5. Local homotopy in Case (3).

(1] [f2,fa] [e’of]
. .

f.
[fa.fa] [Fal (ot faP(f2,f2).fi]

e o]

[eof],
(fa+faR(fa),fa]

[ f2+f4Q(f3,f4)}
fat+faR(fa) fa

Ficure 3.6. Local homotopy in Case (4).

We obtain the first part of Theorem A:
Cororrary 3.11. — € is a CAT(0) square complez.

Proof. — Using Propositions 3.8 and 3.10, this is a consequence of the Cartan-Hada-
mard Theorem: see [BH99, Th. 5.4(4), p. 206]. |

3.3. HyperBOLICITY. We investigate whether the complex € contains large n x n
grid, that is, large isometrically embedded euclidean squares. We start with the fol-
lowing result, that shows that 4 x 4 grids do exist but are rather constrained.

Lemva 3.12. — If N, S, E,W are polynomials in one variable, then we can construct
a4 x4 grid in € as depicted on Figure 3.7. Moreover, up to the action of Tame(SLa),
any 4 x 4 grid in € centered on a vertex of type 3 is of this form.
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[ zotzT1 W ] [ T1 T2 ]
w3+w1N zat+wo N+zsW+z NW z3+z1N(z2) Tatz2N(22)
_ [ Ty fa ]
z3+21 N fa+faN
[x1] [x2]
—— S )
[z1,22]

[zl wz-‘rle(wl)] _ [zl f2] [11+22E(I4) Iz]

xs3 +I4E(Z]Z4) x4

z3 xatz3W(z1) z3 fa [z1,23] [asl wz] [x2,24]
xr3 T4
) [3,74] \
Tlws] [oa]]

'Il+135 13) 12+m45(m3)]
Ficure 3.7. 4 x 4 grid associated with polynomials N, S, W and E.

Proof. — Consider a 4 x 4 grid centered on a vertex of type 3. By Corollary 2.10,
we may assume that the 2 x 2 subgrid with same center is the standard big square
(Figure 2.2). By Lemma 2.6 the upper central vertex of type 3 is of the form [f],
where

o I i) E

a (333 +x1N(z1,22) T4+ ng(wl,x2)> € B34
for some polynomial N - for North - in C[zy,zs]. Similarly there exist elementary
automorphisms of other types associated with polynomials S, E, W, which a priori
are polynomials in 2 variables, as depicted on Figure 3.7. But now the upper left
square in Figure 3.7 exists if and only if

( T $2+JJ1W($1,$3)>
T3 + IlN(l‘l, 172)

is an automorphism. In particular, the Jacobian determinant must be equal to 1,
so that (OW/0x3)(ON/dx3) = 0, i.e., W or N is in C[z1]. Up to exchanging xo
and x3 (that is, up to conjugating by the transpose automorphism), we can

assume W € C[z1]. Then by using the same argument in the three other corners we
obtain S € Clzg], E € C[zy4] and N € Clzs]. O

Now we show that arbitrary large grids do not exist. In particular flat disks em-
bedded in € are uniformly bounded.

Prorosition 3.13. — The complex € does not contain any 6 x 6 grid centered on a
vertex of type 1.
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Proof. Suppose now that we have such a 6 x 6 grid. By Lemma 3.12 we can
assume that the lower right 4 x 4 subgrid has the form given on Figure 3.7. Then we
z1 f2

would have a lower left 4 x 4 subgrid centered on the vertex [wg i ] , where we denote
fo=xa+x1W(x1) and fy = x4+ 23W (21). With the same notation, the center of the
upper left 4 x 4 subgrid can be rewritten as [z3f;1N f4—'f§"2N]' Then again by Lemma
3.12 we should have N € Clz1] or N € C|[f3], in contradiction with N € Clxs]. O

We obtain the last part of Theorem A:
Corovrrary 3.14. — The complex € is hyperbolic.

Proof. — Since the embedding of the 1-skeleton of ¢ into € is a quasi-isometry,
it is sufficient to prove that the 1-skeleton is hyperbolic (see [BH99, Th.III1.H.1.9]).
Cousider z, y two vertices, and define the interval [z, y] to be the union of all edge-path
geodesics from x to y. Then [z,y] embeds as a subcomplex of Z? (J[AOS12, Th. 3.5]).
Since there is no large flat grid in the complex &, it follows that the 1-skeleton of &
satisfies the “thin bigon criterion” for hyperbolicity of graphs (see [Wisl12, page 111],
[Pap95]). O

4. AMALGAMATED PRODUCT STRUCTURES

There are several trees involved in the geometry of the complex %. We have already
encountered in §3.1.1 the tree associated with the link of a vertex of type 1. We will see
shortly in §4.2 that there are trees associated with hyperplanes in the complex, and
also with the connected components of the complements of two families of hyperplanes.
At the algebraic level this translates into amalgamated product structures for several
subgroups of Tame(SLsy): see Figure 4.1 for a diagrammatic summary of the products
studied in this section.

4.1. StABILIZER OF [z1]. In this section we study in details the structure of
Stab([z1]). First we show that it admits a structure of amalgamated product. Then
we describe the two factors of the amalgam: the group H; in Proposition 4.5 and Hs
in Proposition 4.9. We will show in Lemma 4.8 that H; is itself the amalgamated
product of two of its subgroups K; and K, (see Definition 4.7) along their inter-
section. It turns out that H; N Hy = Ks. Therefore, the amalgamated structure of
Stab([z1]) given in Proposition 4.1 can be “simplified by K2”. This is Lemma 4.11.

4.1.1. A first product. — Recall from §3.1.1 that there is a map 7 from Z(z1)’ to a
simplicial tree. In this context it is natural to introduce the following two subgroups
of Stab([z1]):

« The stabilizer H; of the fiber of 7 containing [id].
« The stabilizer Hs of the fiber of 7 containing [z1, z3].

Prorosition 4.1. — The group Stab([z1]) is the amalgamated product of Hy and Hy
along their intersection:

Stab([wl]) = H1 *HlﬂHg HQ‘
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Proof. — Consider the action of Stab([x1]) on the image of 7, which is a connected
tree by Lemma 3.5. By Lemma 3.4, the fundamental domain is the edge As(x2,x3),
Ajxs3. By a classical result (e.g. [Ser77a, 1.4.1, Th. 6, p. 48]) Stab([x;]) is the amalga-
mated product of the stabilizers of these two vertices along their intersection: This is
precisely our definition of Hy and Hs. O

4.1.2. Structure of Hy. — If R is a commutative ring, we put

B(R) = ((’; :) N GLa(R) = {(g 2) La,d € R, beR}.

For example B(Clz1]) = {(& 4); a,d € C*, b € Clzy]}.
We also introduce the following three subgroups of GL2(Clx1]):
« The group M; of matrices (8 [?,1) and (bo,l 8), b e C
« The group M, of matrices (8 wlf,(fl)), be C*, PeClx;
o The group M generated by M; and Ms.

The following result is classical (see [Ser77a, Th.6, p.118]).

Tueorewm 4.2 (Nagao). — The group GLo(Clz4]) is the amalgamated product of the
subgroups GLa(C) and B(Clz1]) along their intersection B(C):

GLQ(C[Q?lD = GLQ(C) *B(C) B((C[Il])

M, 1 B(C) = {(8 bol) : be(C*}

is independent of 4, the following result is a consequence of [Ser77a, Prop. 3, p. 14]:

Since

CorovrrAry 4.3. — The group M is the amalgamated product of My and My along
their intersection:

M = M1 >l<1\/[1ﬁ]\/[2 Mg.

Remark 4.4. — We did not find any simpler definition of M. Let ev: GLo(Clz1]) —
GL2(C) be the evaluation at the origin. One can check that M is strictly included
into ev—1(My).

Prorosrition 4.5. The group H; is the set of automorphisms f = (ﬁ f2) such that
there exist a € C*, A € M and Py, Py € Clx1] satisfying:

hmen (B)=a(2) e (Cni)

In particular Hy is generated by the matrices

( ar, bxro+x1P(x1) 23 + le(x1)>

bl ,a,beC*, P,Q eClzy] and 7= (xl :”3) :
3

T2 T4
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Proof. — By definition, H; is the set of elements f = (ﬁ ﬁ) of Stab([z1]) such that
(f2, f3) induces an affine automorphism of Aé(ml). By Corollary 1.5, (fa, f3) defines
an automorphism of A%[l_l]. The linear part of this automorphism corresponds to the
matrix A. The form of the translation part comes from the fact that any element of
Tame(SLy) is the restriction of an automorphism of C* fixing the origin.

Conversely, we must check that any element f = (;; E) of the given form defines
an element of Tame(SLz). This follows from the definition of M. O

The following lemma gives a condition under which the amalgamated structure of
a group G' = G1 ¥4 G2 is extendable to a semi-direct product G' <, H.

Lemva 4.6. — Let G = G x4 G2 be an amalgamated product, where G1,Go and A
are subgroups of G such that A = G1 N Gs. Assume that p: H — Aut G is an action
of a group H on G, which globally preserves the subgroups G1,G2 and A, then we
have:

G><1H=(G1>4H)*A>4H (GQNH).

Proof. — We may assume that all the groups involved in the statement are subgroups
of the group K := G x H and that H acts on G by conjugation, i.e.,

VYhe H Vge G, oh)(g)=hgh*.

Set K1 = G1H, Ky = GoH and B = AH (since G1,G2 and A are normalized by H,
the sets K1, Ko and B are subgroups of K).

We want to prove that K = K7 xg Ks.

For this, we must first check that K is generated by K; and K. This is obvious.

Secondly, we must check that if w = wjus...u, is a word such that uq,...,u,
belong alternatively to K1 \ Ky and Ky ~\ K7, then w # 1.

Assume by contradiction that w = 1. Write u; = g;h;, where g; belongs to G1 UGy
and h; belongs to H. Set ¢§ = g1, g, = (h1 ... hi—1)gi(h1 ... hi—1) " for 2 <i < r and
h=hi...h,, then we have

w=(g1...9,)h.
Since ¢} ...g. = h™ € GNH = {1}, we get ¢} ...¢g. = 1. We have obtained a
contradiction. Indeed w’ := g} ...g. is a reduced expression of Gy x4 G5 (meaning
that the g; alternatively belong to G1 \ G2 and G2 \ G1), so that we cannot have
w' = 1. O
Derinition 4.7. — We introduce the following two subgroups of Hj:
« The group Kj of automorphisms of the form
ary brg + 21 P(x1) or axy brs + x1P(x1)
b=tes + 21Q(1) b~ lwy + 21Q(x1)

where a,b € C*, P,Q € Clxy];
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« The group K> of automorphisms of the form
< ary bz +$1P(131)333+$1Q($1)>
b~les + 21 R(z1)
where a,b € C*, P,Q, R € Clx4].
The intersection K1 N K5 is a subgroup of index 2 in K7, and precisely
K = (K1 NK)UT(K;NKy).

Lemvia 4.8. — The group Hy is the amalgamated product of K1 and Ko along their
intersection:
Hy = Ky *k,nk, Ka.

Proof. — Since H; is the semi-direct product of

G:=<3h= i hy € Hy, hy =21 and H := ar _xf ,aeCr 3,
h3h4 T3 a4 “T4

it is enough, by Lemma 4.6, to show that G is the amalgamated product of G; :=
K1 NG and Gy := K5 N G along their intersection.

Now consider the normal subgroup of GG, whose elements are the “translations”:

T T2 —|—x1P(x1)) }
= , P,Q e Clay] p.
{<$3+3’]1Q(.’E1) Q [ 1]

Note that G; and G5 both contain T. It is enough to show that G/T is the amalga-
mated product of G1/T and G3/T along their intersection.

This follows from Corollary 4.3. Indeed, the natural isomorphism from G/T to M

sends G;/T to M;. |
4.1.3. Structure of Ho
Prorosition 4.9. — The group Hs is the set of automorphisms of the form
axy bxa + J;lP(xl,xg)> .
,a,beC*, PeClxy,z3], Q € Clxy].
(b_ll‘3 + le(ﬂfl) [ 1 3] Q [ 1]

Proof. — The proof is analogous to the one of Proposition 4.5. The element f =
(2 ﬁ) of Stab([z1]) belongs to Hs if and only if (f2, f3) induces a triangular auto-
morphism of Aé(m). This implies the existence of a € C*, a,7,6 € C[zy1] and

B € Clxy,x3] such that
fi=axy, fo=ava+p, fz3=7yw3+0.

Since (fa, f3) defines an automorphism of A?C[xﬂ, its Jacobian determinant avy is a
nonzero complex number. This shows that a and v are nonzero complex numbers.
Replacing 1 by 0 in the equation fif1 — fofs = z1x4 — 2223, We get:

(azxe + B(0,23))(yzs + 6(0)) = zox3.

Therefore, there exists b€ C* such that a=b, y=b""! and we have 3(0,z3)=4(0)=0.
The result follows. O
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As a direct corollary from Propositions 4.5 and 4.9 we get:

Cororrary 4.10. The group Ko is equal to the intersection Hy N Hs. In particular
KiNKy=K;NH,.

4.1.4. A simplified product. — Finally we get the following alternative amalgamated
structure for Stab([z1]):

Prorosrriox 4.11. The group Stab([x1]) is the amalgamated product of K1 and Hy
along their intersection:

Stab([z1]) = K1 *k,nm, Ho.

Proof. — By Proposition 4.1, Lemma 4.8 and Corollary 4.10, the groups K; and H,
clearly generate Stab([z1]). To obtain the amalgamated product structure it is enough
(using conjugation) to show that any word

(41) w:albl...arb,«,

with a; € K7\ Hy and b; € Ho \ K is not the identity. Set I := {i € [1,r]; b; € H1}.
Write I (which may be empty) as the disjoint union of intervals

I= [[ilajl]] u---u [[is>js]]a
where j1 +2 < ig, ..., js—1 + 2 < is. Then, for each interval [i, ji], set
(42) a; = azkblk e ajkbjkajk+1,

where we possibly take a,;1 = 1 in case a,y; appears in the formula. Since the
irs -+ -5 05, belong to Hy N Hy = Ko, they also belong to Ky \ K. Since
the elements a;,,...,a; belong to K1 \ Hy = K; \ Ky and aj, 41 € K;, we get
aj, € Hy \ Ky by Lemma 4.8. Since Hy \ Ky = Hy \ Hy, it follows that a}, € Hy \ H».
For 1 < k < s, make the substitution given by (4.2) in (4.1). Then, observe that
all letters appearing in this new expression of w successively belong to Hi ~\ Hs
(the letters a; or a}) or to Hs ~ Hy (the letters b;, i ¢ I). We obtain w # 1 by
Proposition 4.1. (|

elements b

Alternatively, Proposition 4.11 follows from the following remark. Let A, By, B
and C be four groups and assume that we are given three morphisms of groups:
C — A, C — By and B; — Bs. Then, we have a natural isomorphism

(A *C Bl) *B; BQ ~ A *o BQ.

This isomorphism is a direct consequence of the universal property of the amalga-
mated product (e.g. [Ser77a, I1.1.1]).
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4.2. Propucr or TREES. Following [BS99] we construct a product of trees in which
the complex € embeds.

Recall that a hyperplane in a CAT(0) cube complex is an equivalence class of
edges, for the equivalence relation generated by declaring two edges equivalent if they
are opposite edges of a same 2-dimensional cube. We identify a hyperplane with its
geometric realization as a convex subcomplex of the first barycentric subdivision of the
ambient complex: consider geodesic segments between the middle points of any two
edges in a given equivalence class. See [Wis12, §2.4] or [BS99, §3] (where hyperplanes
are named hyperspaces) for alternative equivalent definitions.

In the case of the complex %, hyperplanes are 1-dimensional CAT(0) cube com-
plexes, in other words they are trees. The action of STame(SLs) on the hyperplanes
of ¥ has two orbits, whose representatives are the two hyperplanes through the center
of the standard square. We call them horizontal or vertical hyperplanes, in accordance
with our convention for edges (see Definition 2.2). We define the vertical tree F as
follows. We call vertical region a connected component of € minus all vertical hyper-
planes. The vertices of 7, correspond to such vertical regions, and we put an edge
when two regions admit a common hyperplane in their closures. The classical fact that
the complement of a hyperplane has exactly 2 connected components translates into
the fact that the complement of each edge in the graph .73, is disconnected, so J is
indeed a tree. The horizontal tree Ty is defined similarly.

The product Z3, x Jy has a structure of square complex, and we put a metric on
this complex by identifying each square with a Euclidean square with edges of length
one. Moreover there is a natural embedding ¢’ C 73, x g, which is a quasi-isometry
on its image (see [BS99, Prop. 3.4]). We denote by my: € — P and 7g: € — T
the two natural projections. Any element f € STame(SLy) induces an isometry on
and on Jy, which we denote respectively by 7y (f) and wg (f).

Lemma 4.12. Let f be an element in STame(SLy). Then f is elliptic on € if and
only if f is elliptic on both factors Gy and Ty .

Proof. — If x € € is fixed, then 7y (x) and wp(z) are fixed points for the induced
isometries on trees.

Conversely, assume that zy € 9y and gy € Ty are fixed points for the action of f.
Then x = (zv,zH) € Jv X Ty is a fixed point in the product of trees. Consider d > 0
the distance from z to ¥, and consider B C % the set of points realizing this distance.
This is a bounded set (because the embedding € C 9 x Jy is a quasi-isometry),
hence it admits a circumcenter which must be fixed by f. |

Levma 4.13. — Let f be an elliptic element in STame(SLs). Then f is hyperelliptic
on € if and only if f is hyperelliptic on at least one of the factors Fy or Jy.

Proof. — Assume f hyperelliptic, and let (y;);>0 be a sequence of fixed points of f,
such that lim;_, d(yo,¥y;) = oo. Then one of the sequences d(my (o), mv (y;)) or
d(mr(yo), 7 (y;)) must also be unbounded.
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Conversely, assume that f is hyperelliptic on one of the factors, say on 2. Let
(21)i>0 be an unbounded sequence of fixed points in Z,. Then for each 4, m;,' (2;) €
is a non-empty convex subset invariant under f. In particular it contains a fixed
point y; of the elliptic isometry f. The sequence (y;);>0 is unbounded, hence f is
hyperelliptic. (|

Derinition 4.14. — The vertical elementary group Ey is the stabilizer of the vertical
region containing [x1]. The vertical linear group Ly is the stabilizer of the vertical
region containing [id]. We can similarly define horizontal groups Fy and Ly, by
considering the stabilizers of horizontal regions containing the same vertices.

Prorosition 4.15. — The group STame(SLs) is the amalgamated product of Ev
and Ly along their intersection Eyv N Ly . The same result holds for Exy and Ly :

STame(SL2) = Ev *gynry Lv = Ex *Egynny L.

Proof. An edge in 93, corresponds to a vertical hyperplane. Observe that vertical
regions are of two types, depending whether they contain vertices of type 1 and 2, or of
type 2 and 3. In particular two vertical regions of different type cannot be in the same
orbit under the action of STame(SLy). Since STame(SLs) acts transitively on vertical
hyperplanes, we obtain that STame(SLs) acts without inversion, with fundamental
domain an edge, on the tree Z3,. Hence STame(SLz) is the amalgamated product
of the stabilizers of the vertices of an edge, which is exactly our definition of Ey
and Ly . O

We denote by SStab([z1]) the group Stab([x1]) N STame(SLs). Remark that
Stab([z1,x2]) and Stab([z1, z3]) are already subgroups of STame(SL3).

Prorosition 4.16. — The group Ey is the amalgamated product of SStab([x1]) and
Stab([z1,x3]) along their intersection Stab([x1], [z1, z3]).

The group Ly is the amalgamated product of Stab([z1,22]) and SO4 along their
intersection.

Similar structures hold for Eg and Ly .

Proof. — Let Z be the vertical region containing [x1]. To prove the assertion for Ey,
it is sufficient to show that Ey acts transitively on vertical edges contained in %
(clearly it acts without inversion). But this is clear, since STame(SLs) acts transitively
on vertical edges between vertices of type 1 and 2.

The proofs of the other assertions are similar. O

In turn, the group Ey N Ly admits a structure of amalgamated product.

Prorosition 4.17. The group Evv N Ly is the amalgamated product of the stabilizers
of edges Stab([z1], [z1,x2]) and Stab([z1,x3], [id]) along their intersection S.
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Proof. The group Ey N Ly acts on the vertical hyperplane through the standard
square, which is a tree. Since STame(SLy) acts transitively on squares, the fundamen-
tal domain of the action is the standard square, and Ey N Ly is the amalgamated
product of the stabilizers of the horizontal edges. |

On Figure 4.1 we try to represent all the amalgamated product structures that we
found in this section. By a diagram of the form

A/G\B
N%

with the four edges of the same color we mean that G is the amalgamated product of
its subgroups A and B along their intersection C' = AN B.

For example, on the left hand side of Figure 4.1, we see that Stab([z;]) admits two
structures of amalgamated products: Hy *g,ng, He and K; *x, g, Ha (see Proposi-
tions 4.1 and 4.11).

We are now in position to prove that the groups Tame,(C*) and Tame(SL2) are
isomorphic. We use the following general lemma.

Lemma 4.18. — Let G = A xanp B be an amalgamated product and ¢: G' — G be
a morphism. Assume there exist subgroups A', B" in G’ such that G' = (A’, B’) and
such that ¢ induces isomorphisms A’ = A, B’ = B and AN B’ = AN B. Then
p s an isomorphism.

Proof. — By the universal property of the amalgamated product, the natural mor-
phisms ¥4: A — G’ and ¥p: B — G’ give us a morphism : G — G’ such that
p o =idg. It is clear that 1 is an isomorphism, so that ¢ also. O

Recall that we have a natural morphism of restriction p: Aut,(C*) — Aut(SLz).
We denote by 7 the induced morphism on Tame,(C*).

Provosition 4.19. — The map m: Tame,(C*) — Tame(SLs) is an isomorphism.

Proof. — Clearly the group Tame,(C?) contains subgroups isomorphic (via the re-
striction map) to Ha, Ki, K2, E? and O4. By Lemma 4.18 applied to the vari-
ous amalgamated products showed in Figure 4.1, we obtain the existence of sub-
groups in Tame,(C?*) isomorphic to Stab([z1]), Ev, Ly and finally Tame,(C*) ~
Tame(SLs). O

Remark 4.20. By [LV13], any non-linear element of Tame(SLy) admits an ele-
mentary reduction (see Theorem 1.3). However, even if the groups Tame(SL3) and
Tameq((C4) are naturally isomorphic, we cannot deduce at once that an analogous
result holds for Tame,(C?). Such a result is the aim of the Annex (see Theorem A.1).
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We recall that an element f; of C[SLs] is called a component if it can be completed
to an element f = (2 ﬁ) of Tame(SLz) (see §2.1). In the same way, an element f;
of Clxy,za,x3,x4] will be called a component if it can be completed to an element
of Tame,(C*). In the same spirit as Proposition 4.19, we show the following stronger

result.

Prorosition 4.21. The canonical surjection
Clz1, z2, 23, 24] — C[SLy] = Clx1, 72,73, 74]/(q — 1)
induces a bijection between the corresponding subsets of components.

Proof. — We can associate a square complex % to the group Tame, (C*) in exactly
the same way we associated a complex € to Tame(SL5) in §2.1. The canonical sur-
jection, alias the restriction map, defines a continuous map p: % — €. One would
easily check that p is a covering (the verification is local), so that the simple connect-
edness of € (Proposition 3.10) and the obvious connectedness of ‘gimplies that pis a
homeomorphism. In particular, p induces a bijection between vertices of type 1 of ¢
and €. Assume now that u,v € Clxy, za, 23, 4] are two components such that u = v
mod (g — 1). The vertices [u mod (¢ —1)] and [v mod (¢ — 1)] of € being equal, the
vertices [u] and [v] of € are also equal. This implies that v = Au for some nonzero
complex number A. Since v and v induce the same (nonzero) function on the quadric,
we get A=1,1ie., u=nv. O

5. APPLICATIONS

In this section we apply the previous machinery to obtain two basic results about
the group Tame(SLs): the linearizability of finite subgroups and the Tits alternative.

5.1. LiNEARIZABILITY. This section is devoted to the proof of Theorem B from the
introduction, which states that any finite subgroup of Tame(SLy) is linearizable. This
is a first nice application of the action of Tame(SL2) on the CAT(0) square complex €.

The following lemma will be used several times in the proof. The idea comes
from [Fur83, Prop.4]. In the statement and in the proof, we use the natural struc-
ture of vector space on the semi-group of self-maps of a vector space V', given by
Af+9)(w) =Af(v)+g) forany f,g: V=V, AeC,veV.

Lemma 5.1. — Let G be a group of transformations of a vector space V' that admits
a semi-direct product structure G = M x L. Assume that M is stable by mean (i.e.,
for any finite sequence my,...,m, in M, the mean %ZI m; s in M) and that L is
linear (i.e., L C GL(V)). Then any finite subgroup in G is conjugate by an element
of M to a subgroup of L.

Proof. — Consider the morphism of groups
p:G=MxL—1L
g=mol+——/{
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For any g € G we have p(g)"tog € M. Given a finite group I' C G, define m =
ﬁ der ¢(g9)~tog. By the mean property, m € M. Then, for each f € T', we compute:

m0f=%2s0(g)‘1090f

ger

- ﬁ S e o le(f) Lo plg) Jogo f

gel’
=¢(f)om.

Hence mI'm ™1 is equal to o(I"), which is a subgroup of L. O

As a first application, we solve the problem of linearization for finite subgroups in
the triangular group of Aut(C™). Recall that f = (f1,..., fn) € Aut(C") is triangular
if for each i, f; = a;x; + P; where P; € (C[l‘H_l, e ,J)n].

Cororrary 5.2. — Let T C Aut(C") be a finite group. Assume that T lies in the
triangular group of Aut(C™). Then T is diagonalizable inside the triangular group.

Proof. — Apply Lemma 5.1 by taking G the triangular group, L the group of diagonal
matrices and M the group of unipotent triangular automorphisms, that is to say with
all a; = 1. O

Proofof Theorem B. — Let T be a finite subgroup of Tame(SL5). The circumcenter
of any orbit is a fixed point under the action of I'. We claim that I' also fixes a
vertex of €. Indeed, let . be the support of x, that is, the cell of minimal dimension
containing z. If . is a vertex, there is nothing to prove. If .¥ is an edge, then since
its two vertices are not of the same type, .7 is fixed pointwise and its vertices also.
If . is a square, its two vertices of type 1 and 3 are necessarily fixed by ' (but its
two vertices of type 2 may be interchanged).

Up to conjugation, we may assume that I fixes [id], [z1, z3] or [z1].

If T fixes [id], this means that I" is included into O4: There is nothing more to
prove.

If T fixes [21, x3], recall that Stab([z1, 23]) = E7 x GLy (Lemma 2.3). We conclude
by Lemma 5.1, using the natural embedding Stab([z1, z3]) — Aut(C*).

Finally, assume that I" fixes [z1]. The group Stab([z1]) being the amalgamated
product of its two subgroups K; and Hs along their intersection (see Lemma 4.11),
we may assume, up to conjugation in Stab([z1]), that I" is included into K; or Hs
(e.g. [SerT7a, 1.4.3, Th.8, p.53]).

By forgetting the fourth coordinate, the group K; may be identified with the
subgroup K of Aut(A3) whose elements are of the form

(axy,bro+ax, P(xy), b as+ar1Q(x1)) or (azy, b 'zz+aziQ(xy), bry+ax P(zy)).
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Then we can apply Lemma 5.1, using the embedding K, — Aut(C3) and the semi-
direct product K1 = M x L, where

M = {(z1, 22 + 21 P(21), 23 + 21Q(21)) ; P,Q € Cla1]};
L= {(aml, bxg,b_lxg) or (aml,b_lxg” bxg) s a,b e (C*} .

Similarly, the group Hs may be identified with the subgroup of triangular auto-
morphisms of Aut(C?) whose elements are of the form

(z1, 23, 2) — (az1, b wg + 21Q(21), bas + 21 Pz, 23)) .

Then we can apply Corollary 5.2. ]

5.2. Tirs aLTERNATIVE. — A group satisfies the Tits alternative (resp. the weak Tits
alternative) if each of its subgroups (resp. finitely generated subgroups) H satisfies the
following alternative: Either H is virtually solvable (i.e., contains a solvable subgroup
of finite index), or H contains a free subgroup of rank 2.

It is known that Aut(C?) satisfies the Tits alternative ([Lam01]), and that Bir(IP?)
satisfies the weak Tits alternative ([Canll]). One common ingredient to obtain the
Tits alternative for Tame(SLy) or for Bir(P?) is the following result (see [Dinl2,
Lem. 5.5]) asserting that groups satisfying the Tits alternative are stable by extension:

Lemva 5.3. — Assume that we have a short exact sequence of groups:
1—A—B—C—1,

where A and C are virtually solvable (resp. satisfy the Tits alternative), then B is
also virtually solvable (resp. also satisfies the Tits alternative).

We shall also use the following elementary lemma about behavior of solvability
under taking Zariski closure.

Levma 5.4. Let A D B be subgroups of SLs.
(1) We have [A: B] < [A: B);

(2) We have D (A) C D(A), where we denote D(G) the derived subgroup of the
group G;
(3) If A is solvable, then A is also;

(4) If A is virtually solvable, then A is also.

Proof’

(1) If [A : B] = 400, there is nothing to show. If [A : B] is an integer n, there
exist elements a1, ..., a, of A such that A = (], a;B. By taking the closure, we obtain
A =J,; a;B and the result follows.

(2) The preimage of the closed subset D(A) C SLy under the commutator mor-
phism is closed in SLg x SLs.

(3) There exists a sequence of subgroups of SLy such that

A= AO D) A1 DD An = {1} and D(AZ) - Ai+1 for each 1.
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By the last point, we immediately obtain
Z = ZO > Zl DD Z” = {1} and D (Zz) - Zi+1 for each 1.
(4) This is a direct consequence of points (1) and (3). O

We now want to apply a general theorem by Ballmann and Swi@tkowski. In order
to state their result we recall basic notions related to cubical complexes, which are
cell complexes in which every cell is combinatorially equivalent to a cube. We say
that X has dimension d if the maximal dimension of cells is d. A d-dimensional
cubical complex X is foldable if there exists a combinatorial map of X onto an d-cube
which is injective on each cell of X. We say that X is gallery connected if any two
top-dimensional d-cells are linked by a sequence of d-cells where any two consecutive
cells have a (d — 1)-cell in common.

Tueorem 5.5 ([BS99, Th. 2]). Let X be a d-dimensional CAT(0), foldable, gallery
connected cubical complex and T' C Aut(X) a subgroup. Suppose that T' does not con-
tain a free nonabelian subgroup acting freely on X. Then up to passing to a subgroup
of finite index, there is a surjective homomorphism h: T — Z* for some k € {0,...,d}
such that the kernel A of h consists precisely of the elliptic elements of T' and, fur-
thermore, precisely one of the following three possibilities occurs:

(1) T fizes a point in X (then k =0).

(2) K = 1 and there is a T-invariant convex subset E C X isometric to k-
dimensional Fuclidean space such that A fixes E pointwise and such that T'/A acts
on E as a cocompact lattice of translations. In particular, T' fixes each point of
E(00) C X(00).

(3) T fizes a point of X(00), but A does not fix a point in X. There is a sequence
(zm) in X which converges to a fized point of T' in X (c0) and such that the groups
A, = AN Stab(x,) form a strictly increasing filtration of A, i.e., A, ; Ani1 and
Ua, =A.

In our situation, the result translates as

Cororrary 5.6. — Let T' C Tame(SLy) be a subgroup which does not contain a free
subgroup of rank 2, and consider the derived group D(T'). Then one of the following
possibilities occurs:

(1) D(T) is elliptic.

(2) There is a morphism h: D(I') — Z such that the kernel of h is elliptic or
parabolic.

(3) D(T") is parabolic.

Proof. By Lemma 2.1 the complex ¢ admits four orbits of vertices under the action
of STame(SLs), which are represented by the four vertices of the standard square. This
implies that % is foldable. Thus % satisfies the hypothesis of Theorem 5.5 with d = 2.
Furthermore, since by Proposition 3.13 %" does not contain a Euclidean plane, we must
have k = 1 in case (2). Now we review the proof of the theorem in order to see where

JE.P. — M., 2014, tome 1



204 C. Bist, J.-P. Furter & S. Lamy

it was necessary to pass to a subgroup of finite index. The argument is to project the
action of D(I") on each factor, and to use the classical fact that a group that does
not contain a free group of rank 2 and that acts on a tree is elliptic, parabolic or
loxodromic [PV91]. In the loxodromic case, in order to be sure that the pair of ends
is pointwise fixed, in general we need to take a subgroup of order 2. But in our case
D(T) is a derived subgroup hence this condition is automatically satisfied. a

Now we are essentially reduced to the study of elliptic and parabolic subgroups in
Tame(SLy).

Prorosition 5.7. — Let A C Tame(SLa) be an elliptic subgroup. Then A satisfies the
Tits alternative.

Proof. If the globally fixed vertex v is of type 1, we may assume that v = [z1].
The stabilizer Stab([x1]) of v is equal to the set of automorphisms f = (;; ﬁ) such
that f; = ax; for some a € C*. The natural morphism of groups:

Stab([z1]) — C*, <“Jf;1 ﬁ) —a

is surjective. By Corollary 1.5, its kernel is a subgroup of Autc(,,) C(z1)[x2, z3]. By
[LamO01], Autc Clz2, 3] satisfies the Tits alternative, but the proof would be analogous
for Auty K[xq,x3] for any field K of characteristic zero. Therefore, Lemma 5.3 shows
us that Stab([z1]), hence also A, satisfies the Tits alternative.

If the vertex v is of type 2, we may assume that v = [z,23]. The stabilizer
Stab([z1,x3]) of v is equal to the set of automorphisms f = (ﬁ ﬁ) such that
Vect(f1, f3) = Vect(x1,x3). By Lemma 2.3, the natural morphism

f3 fa

is surjective, and its kernel is the group E7. The group GLj is linear, hence satisfies
the Tits alternative ([dIH83]) and the group E? is abelian. Therefore, by Lemma 5.3
the group Stab([z1, z3]) satisfies the Tits alternative.

If the vertex v is of type 3, we may assume that v = [71 72 ]|. The stabilizer of v is
the orthogonal group Oy4, which is linear hence satisfies the Tits alternative. O

Stab([z1, 23]) — Aut(Vect(x1,23)) ~ GLo, <f1 f2) — (f1, f3)

Prorosirion 5.8. — Let A C Tame(SLy) be a parabolic subgroup. Then A is virtually
solvable.

Proof. — The case of a parabolic subgroup A corresponds to Case (3) in Theorem 5.5,
from which we keep the notations. We may assume that all points x,,, are vertices of ¢
(replace x,, by one of the vertices of the cell containing x,,). For each m, consider
the geodesic segment S, joining x,, to x,,+1. Let U, be the union of the cells of ¥
intersecting S,,. Take S/, an edge-path geodesic segment of € joining x,, t0 Zymi1
included into U,,, such that S;, C Sy, ., for all m. By considering the sequences of
vertices on the successive S/, we obtain a sequence of vertices y;, ¢ > 0 such that:

. The sequence z,, is a subsequence of y;;
« For each i > 0, d(y;,yi+1) = 1.

JE.P. — M., 2014, tome1



THE TAME AUTOMORPHISM GROUP OF AN AFFINE QUADRIC THREEFOLD 205

For each m > 0 we set
Al =AnN () Stab(y;).

i=>m

By construction the A/ form an increasing filtration of A. For 1 < j < 3, let X
be the set of integers i such that y; is a vertex of type j. One of the three following
cases is satisfied:

(a) Xy and X3 are infinite;

(b) X is infinite and X3 is finite;

(c) X; is finite and X3 is infinite.

In case (a), there exists an infinite subset A of N such that for all a € A, the vertices
Yas Ya+1, Yat2 are of type 1,2,3 respectively. Note that the group (,<;<q42 Stab(y:)
is conjugate to the group

S = Stab([z1]) N Stab([z1, x2]) N Stab([id]),

which is the stabilizer of the standard square. Recall from Lemma 2.7 that
ary b(xa + cz1)
S = b,e,deC, ab#0
{(b_l(m?,'i‘dx]) )7@; 7Ca S 70, 7é }
and so the second derived subgroup of S is trivial: D3(S) = {1}. Therefore,
Do (Af,) = {1} for each a € A and since A = |J,c 4 AL, we get Da(A) = 1.

In case (b), changing the first vertex we may assume that X3 = &, that the
vertices yo; of even indices are of type 2 and that the vertices y2;41 of odd indices are
of type 1. Note that the group [y, ;<;coq11 Stab(y;) is conjugate to the group

E? = Stab([z1]) N Stab([z1, 3]) N Stab([z3)).

By Lemma 2.6 we have

s { (axl b=lwy + aw P(x1, x3)
£y =

;a,beC*,PeC
bxs a_1x4—|—bx3P($17x3)>’ a,b < ) € [-TLIL'S]}

and thus Do (EZ) = {1}. Therefore AL, ; =1 and finally Dy(A) = 1.

In case (c), we may assume that X; = &, that the vertices yo; of even indices are
of type 2 and that the vertices 32,41 of odd indices are of type 3. Note that the group
ﬂ2a<i<2a+2 Stab(y;) is conjugate to the group

Stab([z1,x2]) N Stab([id]) N Stab([xs, z4]) ~ GL2.

Up to passing again to the derived subgroup, we can assume that all A,, are conjugate
to subgroups of SLa, where SLy is identified to a subgroup of SO4 via the natural
b
SLy — SOy, (“ ) —

injection
ab 71 w2
cd cd T3 Ta/)

Since SLo satisfies the Tits alternative, all A,,, which by hypothesis do not contain
free subgroups of rank 2, are virtually solvable. By Lemma 5.4, the Zariski closure A,,
is again virtually solvable.
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If A, is finite for all n, since there is only a finite list of finite subgroups of SLy
which are not cyclic or binary dihedral, we conclude that all A, are contained in
binary dihedral groups hence solvable of index at most 3.

Now if dimA,, > 1 for n sufficiently large, then up to conjugacy the identity
component (A,)° of A, is equal to one of the following three groups:

{0 ree} o= {(2)-ned

A .
orB—{<0)\1>,)\€C,u€C}.

Therefore, A,, is contained in the normalizer in SLs of these groups. Since

v {2 0) e} o (05 aee)

and Ngr,, (A) = Ngi,, (B) = B are solvable of index 2, we conclude that A,, is solvable
of index at most 2.
Finally in all cases A = JA,, is solvable of index at most 3. g

We are now ready to prove Theorem C from the introduction, that is, the Tits
alternative for Tame(SLs).

Proofof Theorem C. — Let I' be a subgroup of Tame(SL3), and assume that I' does
not contain a free subgroup of rank 2. We want to prove that I' is virtually solvable.
By Lemma 5.3, without loss in generality we can replace I' by its derived subgroup.
By Corollary 5.6 we have a short exact sequence

1—A—T —7ZF 51

with £ = 0 or 1. By Lemma 5.3, it is enough to prove that A is virtually solvable.
When A is elliptic the result follows from Proposition 5.7, and when A is parabolic
this is Proposition 5.8. ]

6. COMPLEMENTS

In this section we first provide examples of hyperbolic or hyperelliptic elements in
Tame(SL2), and also an example of parabolic subgroup. Then we discuss several ques-
tions about the usual tame group of the affine space, the relation between Autq(C4)
and Aut(SLs), and finally the property of infinite transitivity.

6.1. ExampLES

6.1.1. Hyperbolic elements. — The following lemma allows us to produce some hyper-
bolic elements in Tame(SLs), which are very similar to generalized Hénon mapping
on C? from an algebraic point of view.
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Lemma 6.1. Let Py,...,P. € Clxa,x4] be polynomials of degree at least 2, and
a1,b1,...,a.,b. € C* be nonzero constants. Set
gi = ( b;le a;r1 + ail'gpi(1'2,$4) )
’ —a; vy —biwy — by Pi(z2,24)
Then the composition g, o ---o g1 is a hyperbolic element of Tame(SLs).

Proof. — We have

gim bilzs  aimy + amaP(xo, )\ [ b 'z aian . 1 + 22 Pi(22,x4) 2
gt —a; 'my —bizs) \xs+zaPi(x2,74) 74)

Ty —bi.’L'g — bi$4P(1‘2, {L‘4)
Since
( b;ll'z ;1 ) ((El + $2P1($2,£U4) [L'Q)
_1 and
—a; T4 —b;x3 $3+$4P¢($2,£L’4) T4

preserve respectively the edges between [x1, 2] and [id] and between [x2] and [z, 24],
we get that g; preserves the hyperplane # associated with these two edges (see
Figure 6.1).

Recall that . is a one-dimensional convex subcomplex of (the first barycentric
subdivision of) ¢, in particular 7 is a tree. By [BH99, I1.6.2(4)], since .7 is invariant
under g;, the translation length of g; on % is equal to the translation length of its
restriction g;| s, which is 2. Indeed Stab() is the amalgamated product of the
stabilizers of the edges between |21, z2] and [id] and between [z3] and [z2, 4], and g;
is a word of length 2 in this product. Similarly, g,.o---0g; € Stab(.%) has length 2r in
the amalgamated product, hence is hyperbolic with translation length equal to 2r. [

[x1] [z1,22] [z2] [z1+22Pi,x2] [r1+22P;]
O @ O

[z1,23] [id] [z2,74] l9i] [z1+z2Pix3+x4Pi]

Ficure 6.1. Part of the hyperplane associated with the edge [x2], [x2, z4].

The previous examples induce hyperbolic isometries on the vertical tree .73, but
they project as elliptic isometries on the factor Jy. Here is an example which is
hyperbolic on both factors:

Examere 6.2. — Consider the following automorphism g of Tame(SLs):

(a4 2323 4 202} + 2} 10 + 23
xr3 + x‘;’ xr1

Its inverse g~ is:

gl = ( x4 x9 — 3 )
r3 — a3 x1 —ah — 23 (x2 — 23) — (w3 — 23)2?
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N
o 1] [x2] .
N
N
AN
AN [£]
h [I277;4]
N
AN
N
[z3] ooma] [904? N [z3—a3]
N
N
N
AN
D
(] o1
N
N
AN
o . . S)
[z2—a3] N
N
Ficure 6.2. Geodesic through [z1], g - [#1] = [24] and ¢? - [x1] = g - [24].

The automorphism g is hyperbolic, as a consequence of Lemma 2.13: If we compute
the geodesic through [z1], ¢ - [z1] and ¢? - [z1] we find the segment [z1], [24], 9 - [24]
(see Figure 6.2) on which g acts as a translation of length 2v/2.

6.1.2. Two classes of examples of hyperelliptic elements. — Recall that an elliptic ele-
ment of Tame(SLy) is said to be hyperelliptic if Min(f) is unbounded. In this section
we gives some examples of hyperelliptic elements.

Derinition 6.3. — We say that two numbers a,b € C* are resonant if they satisfy a
relation a?b? = 1 for some p,q € Z ~ {0}. We say that a polynomial R € C[z,y] is
resonant in a and b if R is not constant and abR(ax, by) = R(x,y).

Remark 6.4

(1) A polynomial R is resonant in a and b if and only if it is resonant in a~!
and b~!. On the other hand, the condition R resonant in a and b is not equivalent
to R resonant in b and a.

(2) If R = >_r; a'y’, the condition abR(ax,by) = R(z,y) is equivalent to the
implication r; ; # 0 = a'T1p/ 1 = 1.

(3) There exist some polynomials that are not resonant in a and b for any (a,b) €
(C*)%2 < {(1,1)}. For instance P(x,y) = 2% + 23 + y? + y> is such a polynomial.
azry b tzs

1 ) is hyperelliptic.

Lemma 6.5. If a,b € C* are resonant, then f = < _
brs a1y

Proof. — By Lemma 2.12, to prove that f is hyperelliptic it is sufficient to show that f
commutes with some hyperbolic element. By assumption there exist p,q € Z ~ {0}
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such that a?b? = 1. We can assume that p, ¢ have the same sign, by considering 7 f7
instead of f if necessary, where 7 is the transpose automorphism. Moreover, up to
replacing f by f~!, hence a and b by their inverses, we can assume p,q > 1. We set

g= —x9 —x1 — T2 P(x2,24)
ry a3+ xaP(xo,24) )

where P € Clzg,x4] is a polynomial of degree at least 2 that is resonant in b and a.
Denote

— - ~ p! -~

o= < 3 $4> ., f=oflo= ( _15E1 a:vg) and g = ogo.
—x1 X a” ‘x3 bry

We compute

of— —blwy —axy — b taaP (b wy, 0 tay)
g T \alzy brs+alz,P (b_lxg, a_1x4)

—b7lzy —ax; — argP(xa,14) ~
- -1 =fog.
a”txy  brs+ bxyP(xa,x4)

Conjugating this equality by the involution o we get go }Ll = f"1o3, hence fog=
go f. Finally f commutes with g o g because

(fod)og=@ofog=go(fog) =Folgo ).
Then g o g is hyperbolic by Lemma 6.1 and therefore f is hyperelliptic. (|
Lemma 6.6. — If a,b are roots of unity of the same order, then for any P(xq1,x3) €
Clx1, z3] the elementary automorphism

Fo alzy bry +briP(x1,73)
- \b oy axg + axzP(xy,x3)
s hyperelliptic.
Proof. — There exist m,n > 2 such that a™ = b and b" = a. We will use

the observation that in Aut(A2), with AZ = SpecC[zy,z3), the automorphisms
(3,71 + 25) o (z3,21 + 2%) and (a~ 'y, b~ 1z3) commute.

By Lemma 6.1, the following automorphisms are hyperbolic, because their projec-
tions on Jy are hyperbolic:

T3 —T4 T3 —T4 d
g1 = - g2 = _1 ] and g = g1 0 go.
x1 + 2§ —T9 — TaTY’ L T+ 2y —To — TaTh 1

The projection 7 (g) is a hyperbolic isometry, 7 (f) is elliptic, and 7y (g) and 7g (f)
commute. By Lemma 2.12, Min 7y (f) is unbounded. We conclude by Lemma 4.13. O

Remark 6.7. — We believe that any hyperelliptic automorphism in Tame(SLs) is
conjugate to an automorphism of the form given in Lemmas 6.5 or 6.6. However we
were not able to get an easy proof of that fact.
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6.1.3. An example of parabolic subgroup. We give an example of parabolic sub-
group in Tame(SLs), where most elements have infinite order. This is in contrast
with the situation of Aut(C?), where a parabolic subgroup is always a torsion group
(see [Lam01, Prop. 3.12]). Let

—1
H, = {(“"“ b 1“) ca,beCr,(ab)? = 1}.

brs a”'xy

As in the proof of Lemma 6.5, we set
_ (-963 $4> _ <—362 —z1 — 22 P (22, $4))
g = ) gn - )
—T1 T2 Ty T3 + $4Pn($2, $4)

and g, = ogpo = (

—zo —x1+ man(mwz))
ry T3 — 24Py (24, x2)

where P, (z,y) = (zy)?"~!. Then we observe that for j < k, any element h € H; com-
mutes with g o gx. On the other hand for any k£ > 1 and any h € (Un>0 Hn) N~ Hyq,
§,§1h§k is a non linear elementary automorphism. We set

©n =0GnOGgn©---0g10 41, An:W;lHn@n and AZUn}OAm

Then A is a parabolic subgroup of Tame(SL5). Indeed by Lemma 4.12 it is sufficient
to prove that the isometry group 7y (A) induced by A on the vertical tree F, is
parabolic. This is the case, since for each n > 1, p, ! - my[id] is a fixed vertex for
7y (Ay), but not for my (A1), and d(rylid], p,' - Tv[id]) = 4n goes to infinity
with n.

6.2. FurRTHER COMMENTS

6.2.1. Tame group of the affine space. — In Section 2.5.1 we defined a simplicial com-
plex associated with the tame group of K™. We now make a few comments on this
construction. We make the convention to call standard simplex the simplex associated
with the vertices [z1], [z1,®2], ..., [T1,. .., Zn]-

First observe that we could make the same formal construction as in §2.5.1 using
the whole group Aut(K™). But then it is not clear anymore that we obtain a connected
complex. More precisely, recall that if X is a simplicial complex of dimension n, we say
that X is gallery connected if given any simplexes S, S’ of maximal dimension in X,
there exists a sequence of simplexes of maximal dimension S; = S,...,S, = S’ such
that for any ¢ = 1,...,n—1, the intersection S;N.S; 1 is a face of dimension n—1 (see
[BSQQ, p.55]). Then the gallery connected component of the standard simplex of the
complex associated with Aut(K™) is precisely the complex associated to Tame(K™).
It is probable that the whole complex is not connected, but it seems to be a difficult
question.

We now focus on the case K = C, n = 3. In the same vein as the above discussion,
observe that the Nagata automorphism

N = (21 4 229(22 — x123) + x3(23 — 2123)%, T2 + 23(25 — T123), T3)
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defines a simplex that shares the vertex [x3] with the standard simplex, but since N
is not tame these two simplexes are not in the same gallery connected component.
The question of the connectedness of the whole complex associated with Aut(C?)
is equivalent to the question whether Aut(C?) is generated by the affine group and
automorphisms preserving the variable x3.

We denote by ¢” the 2-dimensional simplicial complex associated with Tame(C?).
The standard simplex has vertices [z1], [x1, 23] and [id], and the stabilizers of these
vertices are respectively (here we use the notation of §2.5.1):

Stablz1] = {(az1 +b, f,9); (f,9) € Tamec(,,)(Spec Claa, 3]) }
Stab[z1, 23] = {(azx1 + bxs + ¢,d’zy + b'xg + ', dxs + P(x1,72))}
Stab[l‘hl‘g,,ffg] = Ag.

By construction the group Tame(C?) acts on the complex ¢” with fundamental do-
main the standard simplex. To say that Tame(C?) is the amalgamated product of
the three stabilizers above along their pairwise intersection is equivalent to the sim-
ple connectedness of the complex. This is precisely the content of the main theorem
of [Wril3], where the subgroups are denoted by P~I1, Hy and Hs. Observe that the
proof of Wright relies on the understanding of the relations in the tame group and so
ultimately on the Shestakov-Umirbaev theory: This is similar to our proof of Propo-
sition 3.10, which relies on an adaptation of the Shestakov-Umirbaev theory to the
case of a quadric 3-fold.

Note that the naive thought according to which Tame(SLg) would be the amal-
gamated product of the four types of elementary groups is false. Indeed, if P,(Q are
non-constant polynomials of C[x1], the two following elements belong to different fac-
tors and they commute (this is similar to a remark made by J. Alev a long time ago
about Tame(C?), see [Ale95)):

(l‘l T2 +.Z‘1P($1)) ( T T2 )

r3 x4+ x3P(21)) \23+21Q(21) T4+ 22Q(21))

On the other hand, it follows from our study in Section 4 (see also Figure 4.1) that
STame(SLs) is the amalgamated product of the four stabilizers of each vertex of the
standard square along their pairwise intersections: In view of the result of Wright,
this is another evidence that the groups Tame(C?) and Tame(SLy) are qualitatively
quite similar.

As mentioned at the end of [Wril3], there are basic open questions about the
complex €’: The contractibility of €’ is not clear, or even whether it is unbounded
or not. In view of what we proved about the complex ¢ associated with Tame(SLs),
a natural question would be to ask if ¢’ is CAT(0). We believe that this is not the
case (for any choice of local Euclidean structure on %”, that is, for any choice of
angles for the standard triangle), but this would have to be carefully checked by
computing the link structure for vertices of ¢”. On the other hand, it seems possible
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that the complex % is hyperbolic. Of course this last question is relevant only if €
is unbounded, but we believe this to be true.

6.2.2. The restriction morphism. — Recall that we have natural morphisms of restric-
tion:
7: Tame,(C*) — Tame(SLy) and p: Aut,(C*) — Aut(SLy).

We have proved in Proposition 4.19 that 7 is an isomorphism. On the other hand,

we have
1 $2+$1(q—1)>> .
p— d 5
p<<x3 x4+ x3(qg—1) 10SL2

so that p is not injective.
If follows from the next remark that the automorphism

<9€1 T2+ 21(q — 1))
Tr3 T4+ .’133((] - 1)
of Aut,(C*) does not belong to Tame,(C*).

1 f2

Remark 6.8. — Any automorphism f = (373 f4) of Tame, (C*) is of the form
Fe <$1 T2+ $1P(9€17$3)>
x3 w4+ x3P(x1,73))

This follows from Theorem A.1, that is, from the existence of elementary reduction.
o fz) belongs to Tame,(C*), by Lemma

z3 fa
A.8 it necessarily admits an elementary reduction of the form

<CE1 f2+$1P1($17$3)>
x3 fi+ax3Pi(z1,23))

which in turn admits an elementary reduction of the same form. We can continue

Indeed, if a non linear automorphism f = (

until we obtain a linear automorphism and this proves the result.

Note that any automorphism f = (;; ﬁ) in Aut,(C*) such that f; = z; and
f3 = x3 is necessarily of the form f = (ﬁ; iﬂi;?), where P € C[x1,x3,q]. Indeed,
since x1 fy — x3f2 = ¢, there exists some polynomial P in Clz,x2,x3, 4] such that

fo = zo+x1 P and fy = x4+x3P. The Jacobian condition det(gg’ﬂ )i,j = 1is equivalent

to 6P = 0, where § is the locally nilpotent derivation of Clxy,xa,x3,x4] given by
0 = 210z, + 230,,. One could easily check that Kerd = Clxy,x3,¢]. Conversely,
for any element P of C[xy,x3,¢], it is clear that f = (i; iiii;g) is an element of
Auty(C*) whose inverse is f~! = (21 227717,

If we take P(z1,x3,q) = ¢, we obtain the famous Anick’s automorphism. Since f3
actually depends on x4, Corollary 1.5 above directly implies that this automor-
phism does not belong to Tame(SLy). However in restriction to SLg the Anick’s

. . . . . . —+
automorphism coincides with the linear (hence tame) automorphism (! 22771,
On the other hand there exist automorphisms in Aut,(C?*) whose restriction to

the quadric ¢ =1 does not coincide with the restriction of any automorphism in
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Tame(SLz): see [LV13, §5] where it is proved that the following automorphism is a
concrete example:

<ZIZ1 1’2) — < T, — ZQ(IIZl + 1'4) T2 ) )
T3 Ta 3+ (1 — 24) (21 + 24) — 22(21 + 24)? T4+ 22(27 + 74)
Observe that for the Anick’s automorphism the degrees of the components are not
the same when considered as elements of Clx1, z2, 3, 4] or as elements of C[SLa]. On
the other hand it seems possible that in the case of an automorphism f = (;; ﬁ) €
Tame(SLs), equalities deg f; = degca f; always hold for each component f;. This is an
interesting question, that we have not been able to solve. Let us formulate it precisely.
For any element p € €(SLy) := Clz1, x2, 23, 24]/{(q — 1), set

degp = min{degr, r € p}.

Note that degp = degp if and only if p = 0 or g does not divide the leading part p»
of p (see [LV13, §2.5]).

Question 6.9. — If p is the component of an element of Tame,(C*), do we have
degp = deg p?

Note that a positive answer to Question 6.9 would immediately imply Proposition
4.19. Indeed, if f = (sz 2) € Kerm, there exist polynomials g; such that f; =
z; + (¢ — 1)g;. But if deg f; = deg f;, we get g; = 0, so that f; = x; and f = id.

Another natural but probably difficult question about the morphism p is the fol-

lowing:
Question 6.10. — Is the map p: Aut,(C*) — Aut(SLy) surjective?

6.2.3. Infinite transitivity. — As a final remark we check that STame(SLz) acts infin-
itely transitively on the quadric SLy, as a consequence of the results in [AFKT13].

Consider the locally nilpotent derivation 0 = x10,, + 305, of the coordinate ring
O(SLy) = Clz1, 22, x3,24)/{(q — 1). We have Ker 0 = Clz1, z3] and for any element P
of Clzy, z3], we have

1 To+ a1 P
T3 T4+ 2P

exp(P9) = ( > € STame(SLs).

Therefore, the set .4 of locally nilpotent derivations on SLy that are conjugate in
STame(SLs) to the above derivations is saturated in the sense of [AFK™13, Def. 2.1].
Furthermore, one could easily show that STame(SLs) is generated by 4. Indeed, it
is clear that any elementary automorphism is the exponential of an element of .4 .
We leave as an exercise for the reader to check that SO, is included into the group
generated by .. Finally, since STame(SL5) contains the group SLo, it acts transitively
on SLy, and we conclude by [AFK*13, Th. 2.2].

JE.P. — M., 2014, tome 1



214 C. Bist, J.-P. Furter & S. Lamy

ANNEX

In this annex we prove that on both groups Tame(SLz) and Tame,(C*) there
exists a good notion of elementary reduction, in the spirit of Shestakov-Umirbaev
and Kuroda theories. In the case of Tame(SLz) this was done in [LV13]. The purpose
of this annex is twofold: We propose a simplified version of the argument in the case
of Tame(SLy), and we establish a similar result for the group Tame,(C*).

A.1. Main resurr. — In the sequel G denotes either the group Tame,(C?) or the
group Tame(SLs), since most of the statements hold without any change in both
settings.

Recall that we define the degree of a monomial of Clz1, z2, x5, x4] by

2110

deg zt alakal = (i, 4,k 1) = (2i4j+k,i+2j+1,i+2k+1, j4+k+21) € N,

1201
1021
0112
Then, by using the graded lexicographic order on N*, we define the degree of any

nonzero element of Clxy,x9,x3,24]: We first compare the sums of the coefficients
and, in case of a tie, apply the lexicographic order. For example, we have
deg(xy + 2o + 23 +x4) = (2,1,1,0), deg(zizo +23) = (3,3,1,1),
degzixy = degaoxz = degq = (2,2,2,2).
By convention, we set deg0 = —oo, with —co smaller than any element of N*. The
leading part of a polynomial
p= Y pijri iadalal € Cluy, zo, x5, 24]

1,4,k
is denoted p™. Hence, we have

Y = > pigka wizbalal.

deg xix%xéxi = degp

Remark that p» is not in general a monomial. For instance, we have ¢ = q. We

define the degree of an automorphism f = (}2 J{i) to be

deg f = maxdeg f; € N*.

We have similar definitions in the case of Tame(SLs), where the degree on C[SLs],
also noted deg, is defined by considering minimum over all representatives.
An elementary automorphism is an element of G of the form
e —u (1’1 ) —+ CﬂlP(.’El,$3)) u_l

3 T4 + x3P(x1,23)
where u € Vy, P € Clzy,x3]. We say that f € G admits an elementary reduction if
there exists an elementary automorphism e such that dege o f < deg f. We denote
by o7 the set of elements of G that admit a sequence of elementary reductions to an
element of O4. The main result of this annex is then:
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Taeorem A.1. Any non-linear element of G admits an elementary reduction,
that is, we have the equality G = <.

A.2. LowER BOUNDS. The following result is a close analogue of [KurlO,
Lem. 3.3(i)] and is taken from [LV13, §3].

Lower Bounp A.2. Let f1,fo € C[SLg] be algebraically independent and let

R(f1, f2) be an element of C[f1, fa]. Assume that R(f1, f2) & C[f2] and f1i*" & C[f2"].
Then

deg(f2R(f1, f2)) > deg f1.

In this section we establish the following analogous lower bound in the context of
G = Tame, (C*).

Lower Bouxp A.3. — Let (f1, f2) € Clzy, 2o, 23,74)> be part of an automorphism
of C* and let R(f1, f2) be an element of C[f1, fa]. Assume that R(f1, f2) & C[f2] and
flw € (C[fgw] Then

deg(f2R(f1, f2)) > deg f1.
We say that (f1, f2) € Clxy, 22,23, 24]? is part of an automorphism of C*, if there
exists (f3, f1) € Clw1, 22, 23, 74]? such that (f1, fa, f3, f1) is an automorphism of C*.
We follow the proof of Lower bound A.2 given in [LV13, §3]. The only non-trivial

modification lies in Lemma A.5 below, but for the convenience of the reader we give
the full detail of the arguments.

A2.1. Generic degree. — Given fi, fo € Clz1, 9, x3,24] \ {0}, consider
R=>"Ri;X{X] € C[Xy, X]

a non-zero polynomial in two variables. Generically (on the coefficients R;; of R),
deg R(f1, f2) coincides with gdeg R where gdeg (standing for generic degree) is the
weighted degree on C[X7, X5] defined by

gdeg X; = deg f; € N*,
again with the graded lexicographic order. Namely we have
R(f1, f2) = Rgen(f1, f2) + LDT(f1, f2)

where

Reon(fi, )= D Rijfif}
gdeg X{X% =gdeg R
is the leading part of R with respect to the generic degree and LDT represents the
Lower (generic) Degree Terms. One has

deg LDT'(f1, f2) < deg Rgen(f1, f2) = gdeg R = deg R(f1, f2)
unless Rgen(f1*, f2*°) = 0, in which case the degree falls: deg R(f1, f2) < gdeg R.
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Let us focus on the condition Rge,(f1*, f2) = 0. Of course this can happen only
if f1 and fo¥ are algebraically dependent. Remark that the ideal

I={SeC[Xy,Xo; S(L™, ") =0}

must then be principal, prime and generated by a gdeg-homogeneous polynomial.
The only possibility is that I = (X7* — AX3?) where X\ € C*, sydeg fi = sadeg f2
and s1, 82 are coprime. To sum up, in the case where f;* and fo* are algebraically

dependent one has

(A1) deg R(f1, f2) < gdeg R < Rgen(f1", f2) =0 < Rgen € (H)

where H = X7' — A X32.

A.2.2. Pseudo-Jacobians. If f1, f2, f3, f4 are polynomials in Clx1, x9, 3, 4], we de-
note by Jac(f1, f2, f3, f4) the Jacobian determinant, i.e., the determinant of the Ja-
cobian 4 x 4- matrix (0f;/0z;). Then we define the pseudo-Jacobian of fi, fa, f3 by

the formula

JUf1, fas f3) = Jac(q, f, f2, f3)-
Levmvia A4, — Assume f1, fa, f3 € Clz1, 22,23, 24]. Then
degj(f1, f2, f3) < deg f1 + deg fo + deg f3 — (2,2,2,2).
Proof. — An easy computation shows the following inequality:

degJac(fy, fa, f3, f1) < D _deg fi — Y degx; =Y deg fi — (4,4,4,4).
Recalling the definitions of j and deg we obtain:

degj(fluf27f3) = dngaC(%fhf%fs)
<degg+ ) degfi—(4,4,4,4) = deg fi —(2,2,2,2). O

We shall essentially use those pseudo-Jacobians with f; = x1, x3, €3 or x4. There-
fore we introduce the notation j,(-,-) := j(ag, -, ) for all k = 1,2, 3,4. The inequality
from Lemma A.4 gives

degji(f1, f2) < deg f1 + deg fo + degxyr — (2,2,2,2)
from which we deduce
(A.2) degji(f1, f2) < deg fi1 +deg fo, VE =1,2,3,4.

We shall also need the following observation.
Lemvia A5, — If (f1, f2) is part of an automorphism of C*, then the elements
ir(f1, f2), k = 1,...,4, are not simultaneously zero, i.e. maxy degj,(f1, f2) # —oo

or, equivalently,
maxdeg ji (f1, f2) € N*.
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Proof. Assume that j(zg, f1, fo) = 0 for each k. This means that the elements
q, f1, f2 are algebraically dependent. But, since (fi, f2) is part of an automorphism
of C%, the ring C[fi, f2] is algebraically closed in C[x1, 22,23, 74] (indeed, there ex-
ists an automorphism of the algebra C[z1,x2, x5, 24] sending C[f1, f2] to Clzy,z2]).
Therefore, there exists a polynomial R such that ¢ = R(f1, f2). We now prove that
this is impossible. Indeed, we may assume that f; and f; do not have constant terms.
Let I; and l5 be their linear parts. Write R = Z” RZ-JXin. It is clear that Ry o =0
(look at the constant term) and that R;o = Ro1 = 0 (look at the linear part and
use the fact that I, I are linearly independent). Therefore, looking at the quadratic
part, we get
q=Rooli +Rialily+ Roals.

We get a contradiction since the rank of the quadratic form ¢ is 4 and the rank of the
quadratic form on the right is at most 2. |

A.2.3. The parachute. — 1In this paragraph (fi, f2) € Clx1,22,23,74)? is part of an
automorphism of C*, and we set d; := deg f; € N*. We define the parachute of fi, fo
to be

V(fla f2) = dl + d2 - mkaXdegjk:(fla f2)

By Lemma A.5, we get V(f1, fo) < dy + ds.

Levva A6, — Assume degd"R/OXEY(f1, f2) coincides with the generic degree
gdeg 0"R/0XY. Then

dy - degy, R —nV(f1, f2) < deg R(f1, f2).

Proof. As already remarked Jac, j and now j,, as well are C-derivations in each of
their entries. We may then apply the chain rule on j,(f1,-) evaluated in R(f1, f2):

%(fl,fﬁjk(fh f2) =i (f1, R(f1, f2))-

Now taking the degree and applying inequality (A.2) (with R(f1, f2) instead of f3),
we obtain

OR
deg @(fuﬁ) +degji(f1, f2) < di+deg R(f1, f2)-

We deduce

deg 687R(f17f2) +dy — (dy + dy — maxdegj,(f1, f2)) < deg R(f1, fo).
2 k

=V(f1,f2)

By induction, for any n > 1 we have

13

degan(fhfZ) +ndy —nV(f1, f2) < deg R(f1, f2) -
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Now if the integer n is as given in the statement one gets:

"R "R O"R
deg TXS(fl, f2) = gdeg TXQ > dy - degy, @ =dy - (degx, R —n)
= dg . degX2 R — dgn
which, together with the previous inequality, gives the result. O
Lemma A.7. — Let H be the generating relation between f1* and fo* as in the equiv-

alence (A.1) and let n € N be such that Reen € (H™) ~ (H™'). Then n fulfills the
assumption of Lemma A.6, i.e.

O"R O"R
deg @(flva) = gdeg Xy .

Proof. It suffices to remark that (8R/8X2)gen = ORgen/0X2 and that Rge, €
(H™)\ (H™') implies ORgen/0X2 € (H" ')\ (H™). One concludes by induction. [J

Remark that, by definition of n in Lemma A.7 above, we have:
degy, R > degx, Rgen = nsa.
Together with Lemma A.6 and recalling that s1d; = sads, this gives:
(A.3) dinsy —nV(f1, f2) < deg R(f1, f2).

A.2.4. Proof of Lower bound A.3. — Let n be as in Lemma A.7. If n = 0, then
deg R(f1,f2) = gdegR > deg f1 by the assumption R(f1,f2) € C[f2] and then
deg(faR(f1, f2)) = deg fo + deg f1 > deg f1 as wanted.

If n > 1 then, by (A.3),

disy = V(f1, f2) < deg R(f1, f2)
and, since V(f1, f2) < di + da,
dis1 — dy — da < deg R(f1, f2).
We obtain
di(s1 — 1) <deg R(f1, f2) + d2 = deg(f2RR(f1, f2))-

The assumption f1* & C[f2"] forbids s; to be equal to one, hence we get the desired
lower bound. ]

A.3. PROOF OF THE MAIN RESULT. In this section, we prove Theorem A.1. We need
the two following easy lemmas.

LEvmwa A.8. Let f = (}C; ﬁ) €G.Ifec EY andeo f= (2 ﬁ), then
degeo fadeg f < deg fi<tdeg f; <= deg fi<a deg f3

for any relation < among <, >, <, = and =.
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Proof. — We have
. (xl + 2o P (32, x4) 332)
x3 + x4 P(x2,24) 24
where P is non-constant. We first prove the equivalence for < equal to <. One has
fifas — fofs = q and the polynomials f; are not linear hence the leading parts must
cancel one another: f1" 1 — f2¥ f3¥ = 0. It follows: deg f1 +deg f4 = deg fo+deg f3.
Similarly deg fi + deg f4 = deg f> + deg f}. So we obtain

deg f1 — deg f1 = deg f3 — deg f;.
Assume dege o f < deg f. Thus deg f = max(deg f1,deg f3), hence

max(deg f1,deg f3) < dege o f < deg f = max(deg f1, deg f3),

which implies deg f1 < deg f1 and deg f§ < deg fs.

Conversely if one of the inequalities deg fi < deg f1 or deg f§ < deg f3 is satis-
fied then both are satisfied, and this implies deg fo < deg foP(f2, f4) = deg f1 and
similarly deg fy < deg f5. Hence degeo f < deg f.

We have proved the equivalence for < equal to <. Since f =e~!o (eo f), we also
obtain the equivalence for < equal to >. The equivalences for the three remaining
symbols =, <, > follow. a

Lemva A9, — Any element of G can be written under the form
f=eoeq10---0er0a,
where the elements e; are elementary and a belongs to Oy.

Proof. — Observe that any element of SO4 is a composition of (linear) elementary
automorphisms. Since both STame(SLy) and STame,(C?*) are generated by SO, and
the elementary automorphisms, it follows that any element of these two groups may
be written as

f=epoep_10---0eq,

where the automorphisms e; are elementary. The result follows. O

Since the set &/ obviously contains Oy, the following proposition joined to
Lemma A.9 directly implies Theorem A.1.

Prorosition A.10. — If f € o and e is an elementary automorphism, then eof € .

In the rest of this section we prove the proposition by induction on d := deg f € N4

If d = (2,1,1,0), that is to say if f € Oy, then either dege o f = d and again
eofe04C &, ordegeo f>dandeo f admits an obvious elementary reduction
to an element of Oy, by composing by e~ 1.

Now we assume d > (2,1,1,0), we set & 4:= {g € o7; degg < d} and we assume

the following:

Inpuction Hypornesis. If g € o4 and if e is elementary, then eo g € <.
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We pick f € & such that deg f = d, an elementary automorphism e, and we must
prove that eo f € &7.

If degeo f > deg f, this is clear, so we now assume that degeo f < deg f.

Since f € &7, there exists an elementary automorphism e’ such that dege’ o f < d
and e’ of e, ie.,eofecd gy

List or Cases A.11. — Up to conjugacy by an element of V4, we may assume that:

; (m1+ 2o P(w2,24) X2
x3 + x4 P(x2,24) 24

and that one of the three following assertions is satisfied:

. + , .
(1) e€ B}, ie, e= (z;rizggzig iz) for some polynomial Q;

. + , 1 O
(2) e€ B ie, e= (i; ZJF:»;SEQQ;) for some polynomial Q;

(3) e€ B2 ic., e = (" FaQEaes) e24aQ(@s,24) ) for some polynomial Q.

Indeed, the fourth case where e would belong to E34 is conjugate to the third one.

The first two cases are easy to handle.

Case (1):e € E}. — Since €’ o f € @4 and eo /=1 € E}, the Induction Hypothesis
directly shows us that (eoe’~1) o (e’ o f) = eo f belongs to <.

Case (2): e € E3. — We have

o f — fi+ f2P(f2, fa) fo N o f— fi fa+ [1Q(f1, f3)
eof _<f3+f4P(fz,f4) f4) and eo f <f3 f4+f3Q<f1,f3>>'

By Lemma 1.2 (1), the polynomial P(fa, f1) is non-constant, since otherwise we would
get dege’ o f = deg f. By Lemma A.8, the inequality dege’ o f < deg f is equivalent
to deg(fi1 + f2P(f2, f4)) < deg f1, so that deg fi = deg(f2P(f2, f4)) > deg fo. But
then, deg(f2 + f1Q(f1, f3)) > deg fa, so that Lemma A.8 gives us degeo f > deg f,
a contradiction.

Case (3): e € E'2. — We are in the setting of the following lemma, where Lower
bound A.2-A.3 makes reference either to Lower bound A.2 when G = Tame(SLy) or
to Lower bound A.3 when G = Tame,(C*).

Levma A2 Let f € G, and assume that

o f — fi+ f2P(f2, fa) fo of — f1+ f3Q(fs, fa) fo+ f4Q(f3, fa)
cof= <f3+f4P(fz,f4) f4) and ol ‘( fs fi )

with dege’ o f < deg f and degeo f < deg f. Then Lower bound A.2-A.3 does not
apply to either P(fa, fa) or Q(fs, f1).
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Proof. If Lower bound A.2-A.3 applies to both P(fs, f1) and Q(fs, f1), we would
obtain the following contradictory sequence of inequalities:

deg fo < deg(f1P(f2, f1))
deg(fsP(f2, f4)) = deg f3

deg f3 < deg(f1Q(fs, f4))
deg(f1Q(f3, f1)) < deg fa

Lower bound A.2-A.3 applied to P);
dege’ o f < deg f);

Lower bound A.2-A.3 applied to Q);
degeo f < degf). a

~—~ o~ o~

We conclude the proof of Proposition A.10 with the following lemma.

Lemva A13. — If Lower bound A.2-A.3 does not apply to either P(fa, f4) or
Q(f3, f1), i-e., if one of the four following assertions is satisfied

(i) Q(fs, fa) € Clful; (i) f2* € C[fs™]; (iil) P(f2, fa) € Clful; (iv) f3* € C[fs*],
theneo f € .

Proof
(i) Assume Q(f3, f1) = Q(f1) € C[f4].

Since ¢’ o f € .4 and e is elementary, the Induction Hypothesis gives us
eoeofed.

Note that e o ¢/~ o e belongs to EL. Therefore, it is enough to show that
eoe o f € @.q. Indeed, a new implication of the induction hypothesis will then prove
that (eoe’~toe 1) o(eoe of)=eo f belongs to ..

However, we have degeo f < deg f, so that by applying two times Lemma A.8, we
successively get deg(fo + f4Q(f1)) < deg f2 and then degeoe’ o f < dege’ o f. Since
dege’ o f < deg f, we are done.

(ii) Assume fo € C[f1"].

Then there exists Q(f1) € C[f4] such that deg(fz + f1Q(f1)) < deg fo. We take

s (331 + 963@(374) T2 + 334@(554))

T3 Tq

and we have ¢o f € & by case (i). Thus ¢o f € & 4. Since eoe ! € E'2 the
Induction Hypothesis shows us that (eoé~!)o (€0 f) = eo f belongs to &.

(iii) Assume P(fa, f4) = P(f1) € C[f4].
Note that ¢’ oeoe’ ™" belongs to E'2. By the Induction Hypothesis, we get

(e’oeoe'_l)o(e’of):e’oeofE;zf.

If we can prove dege’ oeo f < deg f then we can use the Induction Hypothesis again
to obtain that ¢’ ' o (¢/ceo f) =eo f € <.

We argue as in case (i). We have dege’ o f < deg f, so that by applying two times
Lemma A.8, we successively get deg(fs + f4P(f1)) < deg f3 and then dege’ oeo f <
degeo f. Since dege o f < deg f, we are done.
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(iv) Finally assume f3* € C[f4"].

C. Bist, J.-P. FurTer & S. Lamy

There exists P(f4) € C[f4] such that deg(fs + f4P(f1)) < deg f5. We take

,é_ T —+ .Z‘Qﬁ(dhl) X9
x3 + x4 P(xg) x4

and we have eo f € &/ by the easy first case of List of Cases A.11. Thus e¢o f € &y.

Therefore, we may replace €’ by € and then we conclude by case (iii). O
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