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The correspondence between a plane curve
and its complement

By Jérémy Blanc at Saint-Martin d’Héres

Abstract. Given two irreducible curves of the plane which have isomorphic comple-
ments, it is natural to ask whether there exists an automorphism of the plane that sends one
curve on the other.

This question has a positive answer for a large family of curves and H. Yoshihara
conjectured that it is true in general. We exhibit counterexamples to this conjecture, over
any ground field. In some of the cases, the curves are isomorphic and in others not; this
provides counterexamples of two different kinds.

Finally, we use our construction to find the existence of surprising non-linear auto-
morphisms of affine surfaces.

1. Introduction

In this article, KK is any field, and all surfaces are algebraic affine or projective sur-
faces, defined over K.

1.1. The conjecture. To any irreducible curve C = P? = IP’& we can associate its
complement, the affine surface P\ C (such affine surfaces have been a subject of research
for many years, see [2], [3], [9], [6], [7], [4], [5],...). If two such curves C, D are projectively
equivalent—i.e. if some automorphism of the projective plane P? sends C on D—then
clearly P2\ C is isomorphic to P?\D. It is natural to ask whether the converse is true. In
1984, Hisao Yoshihara made the following conjecture.

Conjecture 1.1 ([11]). Let C = PZ be an irreducible curve and assume that I is alge-
braically closed of characteristic 0. Suppose that P>\ C is isomorphic to P*\D for some curve
D. Then C and D are projectively equivalent.

In [11], it was proved that the conjecture is true for a large family of curves C. We
briefly recall these results in Section 2, and extend some of them to any field K. Then, we
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provide a family of counterexamples to the conjecture, over any field KK, and prove the fol-
lowing result.

Theorem 1. For any field K with more than two elements, there exist two curves
C,Dc P@, irreducible over the algebraic closure of K, such that the following two assertions
are true:

(1) The affine surfaces P>\ C and P>\ D are isomorphic.
(2) No automorphism of P? sends C on D.

Furthermore, there are examples where C and D are isomorphic and examples where they are
not.

Observe that Theorem 1 yields the existence of isomorphic affine surfaces having
a projective completion in isomorphic projective surfaces by irreducible non-isomorphic
curves. Such examples were, as far as we are aware, not known before.

Recall that a curve C is of type I if there exists some point a € C such that C\a is
isomorphic to the affine line. The problem stated above is related to another conjecture,
namely:

Conjecture 1.2 ([12], page 101). If C = PZ is an irreducible curve, which is neither of
type 1 nor a nodal cubic curve, then any automorphism of P>\ C extends to an automorphism
of P,

The construction we provide to prove Theorem 1 will also provide counterexamples
to Conjecture 1.2, extending furthermore the possibilities for the base field.

Theorem 2. Assume that the characteristic of K is not 2. Then, there exists a curve
Cc IP%K, irreducible over the algebraic closure of K, of degree 39, that is not of type 1, and
there exists an automorphism of P\ C that does not extend to PZ..

1.2. The construction. Here, we briefly describe our construction, which will be ex-
plained more precisely in Section 3. We denote by A = P2 the union of three general lines
and choose two quartics I'j, I'; that intersect A in a particular manner. We construct a
birational morphism 7 : X — P? that is a sequence of blow-ups of points that belong, as
proper or infinitely near points, to AnTy or AnT%. Then, we find a reducible curve
R = 77'(A) such that for i = 1,2, the curve RUT; is contractible via a birational mor-
phism #, : X — P? (where T; is the strict transform  of I'; on X). The birational map
@ = n, on,~ ! restricts to an isomorphism from P*\5,(I'1) to P2\, (T).

(1) P2 —" X L

In our construction, the curves I'y and I'; depend on parameters. For general values
of these parameters, the curves 7,(I';) and #,(I";) are not projectively equivalent, which
yields the proof of Theorem 1. For special values of the parameters, there exists some auto-
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morphism y of P? that sends 172(1“~1) on nl(f;). Thus, g oy~ ! is an automorphism of
P2\, (T’) that does not extend to an automorphism of P2, which proves Theorem 2.

1.3. Outline of this article. In Section 2, we prove that Conjectures 1.1 and 1.2 are
true for “most” kinds of curves. In Section 3, we describe precisely the construction an-
nounced in (1.2). Finally in Section 4 we prove that neither of the curves constructed is
of type I, and decide when the curves obtained are projectively equivalent or isomorphic,
which yields the proofs of Theorems 1 and 2.

1.4. Aknowledgements. The author presented the results of this article in Dijon and
Genéve. He would like to express his sincere gratitude to the members of these institutes for
valuable questions which helped him to improve the exposition of this paper, with special
thanks to Adrien Dubouloz and Thierry Vust.

2. Cases in which the conjectures are true

In this section, we prove that the conjectures are true for most curves, and recall some
classical results. We will denote the algebraic closure of K by K.

Definition 2.1. We say that a birational morphism y : S — P? is an n-tower resolu-
tion of a curve C < P2 if

(1) the map y decomposes as x = %,, © 1,1 © -+ - © 11, for some integer m = 0, where
x; 18 the blow-up of a point p; and y,_,(p;) = pi—1 fori =2, ..,m;

_ (2) the strict transform of the curve C on S is a curve that is smooth, irreducible over
K, isomorphic to P!, and of self-intersection n.

Note that if a curve admits an n-tower resolution, it admits an m-tower resolution for
any m < n. Next, we remind the reader of a simple but useful lemma, obvious for the spe-
cialist.

Lemma 2.2. Let C < P? be a curve irreducible over I, and let y : P*\C — P*\D be
an isomorphism, where D is some curve of P>,

Then, either \ extends to an automorphism of P* (and in particular C and D are pro-
Jjectively equivalent), or there exist two birational morphisms y, ¢ : S — P2 satisfying the fol-
lowing conditions:

(1) y (respectively ) is a (—1)-tower resolution of C (respectively of D).
(2) x is @ minimal resolution of the indeterminacies of Y and Yy = .

Proof. In this proof, we consider our algebraic varieties over the field [, remember-
ing that these are defined over the subfield K. We extend  to a birational transformation
Y of IP%, which is defined over the field K. Then, there exists a birational morphism
1Sk — IP%R, also defined over [, that is a minimal resolution of the indeterminacies
of . We denote the birational morphism o y by & and denote by E (respectively F)
the set of irreducible curves of Sy that are collapsed by jy (respectively by &). Since ¥ is an
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isomorphism of [P’Z\C to P2\ D, and under the assumption that v is not an automorphism
of [P>2 the map ¥ collapses exactly one irreducible curve of [P>D2< which is the extension of
C as C - [P’2 This means that the set F\E consists of a single element, which is the
strict transform of C; since the sets E and F have the same number of curves, the set E\F
also consists of a single element. This element has to be the strict transforms on S of the
extension D of the curve D.

The resolution of i by 7 and & being minimal, every irreducible curve of E N F has
self-intersection < —2; this implies that the strict transforms of C and D on Si are (—1)-
curves, i.e. both are smooth, irreducible, isomorphic to P! and of self-lntersectlon —1.

The fact that only one irreducible curve collapsed by 7 (respectlvely by &) has self-
intersection —1 implies that j is a tower resolution of C < IP’ (respectively of D < IPZ)
Since the set of points blown-up by both morphisms is 1nvar1ant under the action of
Gal(I</K), and since no two points belong to the same surface, each point is defined over
[<. Consequently, reducing the ground field to K, we find birational morphisms y and ¢ that
are (—1)-tower resolutions of C and D respectively. []

Corollary 2.3.  Conjectures 1.1 and 1.2 are true for any base field < and any curve
C < P2, irreducible over K, that does not admit a (—1)-tower resolution.

In particular, both conjectures are true if C is not rational or if C has more than two
singular points over K. [

The conjectures are thus true for a large family of curves. Among curves admitting
a tower resolution, curves of type I or II are the most natural to deal with. We remind the
reader of some results on this subject.

Definition 2.4. A curve C < P? is of type I (respectively of type II) if there exists a
point @ € C (respectively a line L < P?) such that C\a (respectively C\L) is isomorphic to
the affine line.

Any curve of type Il is of type I and it is difficult (but possible) to find curves of type I
that are not of type II [10]. A curve is of type II if and only if it is the image of a line by an
automorphism of P?\ L, where L is a line [1]. Furthermore, any curve of type II admits an
n-tower resolution, for some positive integer n = 3 [13]. The following result gives another
evidence to Conjecture 1.1:

Proposition 2.5 ([11]). Conjecture 1.1 is true, over any algebraically closed field of
characteristic 0, if C is of type 1L

Finally, we recall that Conjecture 1.1 was proved in [11], Proposition 2.7, in the case
of a nodal cubic curve, and that the group Aut(P?\ C) for this curve was studied by Waka-
bayashi and Yoshihara, see [12] and [8].

3. The construction

In this section, we describe precisely the construction announced in the introduction.
First we describe the triangle A, its irreducible components and singular points. Take three
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general lines of P2, that form a triangle A, and choose the coordinates such that A has
equation xyz = 0. We denote by a = (1:0:0), b=(0:1:0), c=(0:0:1) e P? the sin-
gular points of A and by L, (respectively L., Ly.) the line through a and b. In particular,
A= Ly U Ly L.

Then, we briefly describe the two curves I'y and Iy, in simple words. In subsection
3.1, we will describe these curves using the points infinitely near to ¢ and . For any
0 e K*, we write p(0) = (0:0:1) e L,.\{a,c} and denote by Q the set of irreducible
quartic curves of P? that have multiplicity 3 at p(0), that pass through « being tangent to
L, and intersect L. only at the point b.

Let o, f € K*, a & f, then I'; is one curve of Q, and I, is the curve of Qs whose in-
tersection with I'; at the point b is as large as possible.

3.1. The points in the neighbourhoods of @ and 5. We now describe the intersection
between the curves I'j, I'; and A, and construct the birational morphism 7 : X — P? an-
nounced in Section 1.2.

We construct 7 by a sequence of blow-ups of points that lie on the curves I'j, I, A.
Taking some point x in a surface S, the blow-up p, : S’ — S gives a smooth surface S’. We
denote by E, = S’ the exceptional curve of x, which is equal to ( px)71 (x). Then, p, is an
isomorphism of S'\E, to S\x. It is therefore natural, for any point y € S\x and any curve
C < S\x, to denote once again the point p;!(y) by y and the curve p!(C) by C. For any
curve C S passing through x, the strict transform of C on S’ will be denoted by C. After

two (or more) blow-ups, we write C = C to simplify the notation.

Our aim is to obtain the configuration of curves of Figure 2 on X. For this, we will
blow-up the points p(a), p(f), and points in the neighbourhoods of a and b.

Denote by a; the point in the first neighbourhood of a that belongs to the (strict trans-
form of the) line L,;, and by b; the point in the first neighbourhood of b that belongs to the
line L. For i = 2,3, we call b; the point in the first neighbourhood of b;_; (and thus in the
i-th neighbourhood of ) that belongs to the line L,.. We denote by 7’ : X' — P? the blow-
up of the points a, ay, b, by, by, b3, p(«) and p(f). The configuration of the curves on X’
and the decomposition of z’ are described in Figure 1.

|se1f-intersection: . 1 O 0 O -1 Q@ 2 HW-3 |

Figure 1. The configuration of the special curves on the surface X'. Two curves are connected by an edge if their
intersection is positive (and here equal to 1). The positive intersections with T and T are in square brackets.
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On the surface X', (the strict pull-back of) any curve of Q, has self-intersection 1, and
its intersection with E,,, E,, Ep, and Ly, is respectively 3, 1, 1 and 1; furthermore no
other curve of Figure 1 intersects any curve of ,. The situation for the curves of Q is sim-
ilar, after exchanging the roles of E,,) and E, ).

Since Ep, =~ P!, the points of Ej, that do not lie on LNbc or Evbz are parametrised by K*.
Explicitly, the morphism 7z’ : X’ — P? is given locally by (x,y) + (xp*:1:y), and in
these coordinates, we define for any 6 € K* the point ¢(0) € E;, = X' that corresponds to
(0,0). Any curve of Q, (respectively of ) passes through ¢(0), for some 0 € K*.

We assume that both I'; and I'; pass through the same point ¢(4) € X'/, which is con-
sistent with the fact that I'y and I'; have their maximum intersection at b. Blowing-up ¢(4),
the exceptional curve E, ;) intersects Ep, in one point, through which no curve of Q, or €
passes. The remaining points of E,;) are parametrised by . Using the same coordinates as
above, the blow-up of ¢(4) = (4,0) may be viewed as (x, y) — (xy + 4, ), and the para-
metrisation associates to x € K the point r(4, u), equal to (x,0).

Lemma 3.1. For any pair (A, u) € K* X K, there exists a unique curve in Q,, that
passes through q(A) and r(A, u). The same is true for Qp. The equations of the two curves are

22z(az — x)° + o’x)? (u(oz — x) — ady),

(2)
222(z =) + By (u(Bz — x) = BAy).
Proof. This follows from a straightforward calculation, using the description of the
blow-up in coordinates given above. []

From now on, we fix (4,4) € K* x K, and denote by I'j = Q, and I'; € Qp the two
curves yielded by Lemma 3.1. Blowing-up the point ¢(41) on X’ and then the point r(4, ),
we obtain the birational morphism 7 : X — P? announced in the introduction. The situa-
tion on the blow-up of X’ at ¢(1) and on the surface X is described in Figure 2.

|self-intersecti0n of the curves: O -1 ®© 2 B3 |

Figure 2. The situation on the surface X. Two curves are connected by an edge if their intersection is positive
(and here equal to 1). The positive intersections with I'; and T'; are in square brackets.

On the surface X, let R be the reducible curve which is the union of the 9 curves of
self-intersection < —2 of Figure 2 (the curves in grey).



Blanc, Plane curve and its complement 7

Proposition 3.2.  Fix some i € {1,2}. There exists a birational morphism n; : X — P2
that collapses the curves R v F,, it starts by collapsing T; and then collapses the images of
respectively L, Ep, Ebl, Ebz, Eb3, Eq(,l) Lie, Lac, Ea.

Then, 771»(1"3N_,~) is a curve of P? of degree 39, irreducible over the algebraic closure of K,
which has exactly one singular point. The morphism »; is a minimal resolution of this curve,
and is a (—1)-tower resolution of it (see Definition 2.1).

Proof. The curve T is a (—1)-curve (a smooth rational curve of self-intersection —1,
irreducible over the algebraic closure of ). We may therefore collapse it and obtain a bira-
tional morphism X — Y where Y is smooth and projective. On Y, the image of Ly is a
(—1)-curve so we may collapse it. Continuing with the images of Ej, Ebl, ..., E, we obtain
a birational morphism 7, : X — Z for some smooth rational projective surface Z (see Fig-
ure 3).

Ebl Ebz Ebz
Luc — @ L. e—O0L, O_
— —~ E —~ E E,
Lbc th‘ “ Lbc “ ¢
E‘I(}*) Eb3 Eq(l)
self-intersection of the curves: O -1 Q@ 2 H -3 |

Figure 3. The decomposition of the birational morphism X — Z and the image of R uﬁ- on each surface.

Since X was obtained by blowmg -up 10 points from P2 and #; collapses 10 irreduc-
ible curves, we have (K,)? = (Kp )2 =09,50 Z = P2

Write j = 3 — i. Since F is not collapsed by 7;, the image 77,(F ) is a curve. Its irre-
ducibility follows from that of F Its degree can be calculated by computing its self-
intersection after each of the 10 blow downs. Since R U T, is connected, its image by #; is
a single point. The curve I'; is smooth and intersects I'; in more than one point, hence 7; is a
minimal resolution of #;(I';) and this curve has a unique singular point. Furthermore #; is a
tower resolution, as it collapses only one curve of self-intersection —1. []

4. Comparison of the curves ql(fvz) and nz(ﬁ)

Proposition 3.2 shows that for any choice of o, f, A € K*, « + f, u € K, the comple-
ments of the two curves #,(I'2) and #,(I;) are isomorphic. In this section, we distinguish
the differences between the two curves.
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Proposition 4.1.  The following are equivalent:
(1) There exists an automorphism \ of P* that sends nl(f‘vg) on ;72(f'v1).

(2) There exists an automorphism ' of X that leaves invariant every irreducible com-
ponent of R and exchanges I'y and T;.

(3) There exists an automorphism " of P? that fixes a, b and ¢ and permutes Ty and
.

4) u=0ando+p=0.

Proof.  Let us keep Diagram 1 in mind. The fact that #, (respectively #,) is a mini-
mal resolution of 7, (I"2) (respectively of 7,(I"1)) and the assumptions made on the auto-
morphisms above imply that Yy’ may be constructed startlng from v, as y' = 5y 'ym,. Sim-
ilarly, the existence of ' implies that of ¥ and y”, constructed as = ny/'n;! and
" = my'n~!. Finally, if " exists, then ' = 771" & exists.

y %
) ﬂ
P2 r 5 v

\>

It remains to prove that assertions (3) and (4) are equivalent. If " exists, then it is of the
form (x:y:z)— (x:¢&y:0z), for some &, 0 e [K*. Since " exchanges the curves I'; and
Iy, it exchanges the points p(x) = («:0:1) and p(f) = (f:0:1), which implies that
o+ =0 and 6 = —1. Using the explicit equations of I'; and I';, we find directly that
u = 0. Conversely, if 4 =0 and o+ f = 0 the automorphism (x: y:z)— (x:y: —z) ex-
changes I'y and I';. [

Propositions 3.2 and 4.1 yield counterexamples to Conjecture 1.1, for any field [ that
has more than two elements. Now, we study more intrinsically the curves 5, (I2), 7,(T}),
without taking into account the plane embedding.

Proposition 4.2.  Neither n,(T2) nor n,(T1) is a curve of type 1.
If u =0, the curves nl(f;) and nz(ﬁ) are isomorphic.

For any field K with more than two elements there exist values of o, B, u for which the
curves n,(T2) and n,(T) are not isomorphic.

Proof. Denote by p; (respectively p,) the morphism I, — ﬂz(ﬁ) (respectively
I, — (f’vz)) obtained by restriction of #, (respectively #;). The singular curves 7, (i"vz) and
7,(I"1) are isomorphic if and only if there is an isomorphism p : I'j — I, that is compatible
with p; and p,. Furthermore the singular curves are of type I if and only if the morphisms
p; are injective.

The ramlﬁed form of the morphism p; cons1sts of the pomt Lab AT 1 and the form
of degree 8 on F1 ~ P! obtained by intersecting F1 with T ». Taking some coordinates
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(u:v) on I = P!, the morphism I, — I'; = P? obtained by restriction of 7 is the follow-
ing:

(u:v) — (1)4150( s (u+ o) (or(u + ) u — /141)3) co(u+ ,Lw)z/luoc).
The point (1 : 0) is sent on b, the point (4« : —1) is sent on « and the point (0: 1) corre-

sponds to I'1 » L,. Replacing the parametrisation in the equation of I'; we find 0, and re-
placing it in the equation of I',, we find

— 2% (o — B) (u + )’ (27: ¢ uiv7i> ,
i=0

where ¢y, ..., c7 are as follows:
o = 3022, cs = —afu(82*p — Tapu’ + 61%a),
o = 1378, ¢s = —ofu’ (32 e — af’ + 72°P),
2 = 2202812, co = A (0 ap + o® + B7) — 208743,

3 = =3ap(2}(a+ B) — 69pu?)), ¢ =B

The intersection number of I'; and I'; is 16; the intersections at ¢ and a; correspond to
the factor (u+ uv)” and the intersections at b, by, ba, b3, q(4), r(4,p) correspond to v®.
Thus, the form of degree 8 on I'} corresponding to the intersection of I'y and I’ is

;
Fi=vY c¢;-u'v""". Since F| vanishes at the point (1:0) and (0:1) corresponds to
~ =0 —

I'1 N Ly, the map p; is not injective and #,(I";) is not of type 1.

For p, : I, — nl(f;), the situation is similar. We find a form F,, that is equal to F1,
after exchanging o and 5. As above, we see that #,(I"y) is not of type I. Finally, the two
singular curves are isomorphic if and only if there exists an isomorphism of P! that fixes
(0: 1) and sends F; on F, (we say in this case that F and F, are equivalent). If = 0, the
identity suits, since each ¢; becomes symmetric with respect to « and f. If u =+ 0, this is not
the case. If char(IK) =% 2, choosing . = 1, f = 2, 4 = = 1, we can compute that F; and F,
are not equivalent. If char(K) = 2, there is considerable simplification of the terms, and we
find thatif A = u =1, « + f, then F} and F, are not equivalent. []

The proof of Theorems 1 and 2 now follows directly from Propositions 3.2, 4.1 and
4.2.
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