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ABSTRACT. We classify all (abstract) homomorphisms from PGL,;(C) to
the group Bir(M) of birational transformations of a complex projective vari-
ety M, provided r > dimc(M). As a byproduct, we show that (1) Bir(Pg) is
isomorphic, as an abstract group, to Bir(P) if and only if n = m and (2) M
is rational if and only if PGLgim ()41 (C) embeds as a subgroup of Bir(M).
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1. INTRODUCTION

1.1. Algebraic transformations. Let M be a complex projective variety. Two
natural groups of transformations are associated to M. The first is the group
Aut(M) of automorphisms of M; with the topology of uniform convergence,
this group is a complex Lie group (see [6]). More precisely, the connected
component Aut(M )O containing the identity Idy; is a connected, complex, al-
gebraic group, while the discrete part Aut(M)* = Aut(M)/Aut(M)° may have
infinitely many elements.

The second group is the group Bir(M) of all birational transformations of M.
In most cases, Bir(M) coincides with Aut(M) and is finite, but for some pecu-
liar varieties, like the projective space P¢., n > 1, Bir(M) has infinite dimension.

Our goal in this article is to initiate the study of abstract morphisms from
linear groups to groups of birational transformations Bir(M). We treat one
example in details which, as a byproduct, shows that

Date: 2012.



MORPHISMS BETWEEN CREMONA GROUPS 2

e an irreducible variety M of dimension 7 is rational if, and only if Bir(M)
is isomorphic to Bir(IP{.,) as an abstract group;
e the Cremona groups Bir(P¢.) and Bir(P) are not isomorphic if n 7 m.

1.2. Field automorphisms. Let Aut(IP{.) be the group of automorphisms of
the complex projective space P¢.. Once a system of homogeneous coordinates
[xo : x1 : ... 1 x,] is fixed, the group Aut(PP{,) can be identified to the group of
projective transformations PGL,,41(C).

Let Autg(C) be the group of automorphisms of the field (C,+, -). The semi-
direct product Autg(C) x Aut(P{.) acts on the set P"(C). To describe this
action, let us use our system of homogeneous coordinates. The group Autg(C)
acts diagonally on C"! and therefore on P"(C): If § is an element of Autg(C),
then

B([xo: ... :xn]) = [B(xo) & ooe: Blon)]-
It acts also on PGL,,11(C), changing a matrix B = [b;;] into B = [B(b;;)]. This
provides an action g — Pg of Autg(C) on Aut(P) such that

Bg([xo LX) = (Bogo[}’l)([xo Dt X)),

and therefore an action of Autg(C) x Aut(P¢) on P"(C).

In a similar way, if M is a projective variety which is defined over a field
K C C, the group Autg(C) of automorphisms of the field extension C/K acts
on M(C) and on both Aut(M) and Bir(M), in such a way that

Po(m) = (BogoB™")(m)

for all B in Autg(C), all g in Bir(M), and all points m in M(C) for which both
sides of this equation are well defined. As a consequence, Autg(C) acts by
automorphisms on the group Bir(M). In the case of the projective space, this
provides a faithful morphism from Autg(C) to the group of outer automor-
phisms of the group Bir(IP¢.).

1.3. Abstract morphisms. To state our main results, note that, given a field
morphism a: C — C, the construction described in the previous paragraph pro-
vides an injective morphism g — %*g from Aut(P{.) to Aut(IP{.). For example,
if one writes C as the algebraic closure of a purely transcendental extension
Q(x;,i € 1) of the field of rational numbers, and if ¢: I — [ is an injective map,
then there exists a field morphism a: C — € which maps x; to xg(;); such a
morphism is surjective if and only if @ is onto. In this way, one gets injective,
non-surjective, morphisms Aut(IP¢.) — Aut(Pg).
Given g in PGL,41(C), we denote by ’g the linear transpose of g. The map

t \—1

g—g =g
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determines an exterior automorphism of the group Aut(IP¢.). It is nothing else
than the natural morphism given by projective duality and it represents the only
exterior and algebraic automorphism of the group Aut(IP{.) (see [15]).

Theorem A. Let M be a smooth, connected, complex projective variety, and let
n be its dimension. Let r be a positive integer and let p : Aut(P"(C)) — Bir(M)
be an injective morphism of groups. Then n > r, and if n = r there exists a
field morphism o.: C — C, and a birational mapping y: M --+ P"(C) such
that either
yop(g)oy ' =", Vg€ Aut(P'(C))

or

vop(g)oy ' =(%)", VgeAut(P(C));
in particular, M is rational. Moreover, & is an automorphism of C if p is an
isomorphism.

The following two results are direct corollaries of Theorem A. The first
shows that the Cremona groups Bir(P{.), n > 1, are pairwise non isomorphic,
thereby solving an open problem for n > 4 (see §1.4.1 below).

Theorem B. Let n and m be natural integers. The group Bir(P(.) embeds into
Bir(P¢) if and only if n < m. In particular, Bir(P¢.) is isomorphic to Bir(IP¢) if
and only if n = m.

The second characterizes rational varieties M by the structure of Bir(M), as
an abstract group.

Theorem C. Let M be an irreducible complex projective variety of dimen-
sion n. The following properties are equivalent:

(a) M is rational;

(b) Bir(M) is isomorphic, as an abstract group, to Bir(P{);

(¢) there is a non-trivial morphism from PGL,,(C) to Bir(M).

Remark 1.1. In fact, if K is an uncountable subfield of C, and if PGL,;(K)
embeds into Bir(M) with n = dim¢ (M), then the complex variety M is rational;
for instance, one can take K = R. This statement follows easily from the proof
of Theorem A.

1.4. Two related results.

1.4.1. Finite subgroups. Let k be an algebraically closed field. The group of
diagonal matrices in PGL, (k) is a multiplicative group of rank n; hence,
it contains a copy of the finite abelian groups (Z/pZ)" for all prime integers
p # char(k).

Given any prime integer p > 5 with p # char(k), Beauville proves that the
abelian group (Z/pZ)* does not embed into Bir(IP); this implies that Bir(IP})
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is not isomorphic to Bir(IP}), whatever the choice of m # 2 and of the alge-
braically closed field K’ (see [2]).

In [31], Prokhorov proves that, for any prime integer p > 17 and any field
k of characteristic 0, the abelian group (Z/pZ)* does not embed into Bir(P.).
Again, this implies that Bir(P}) is not isomorphic to Bir(IP}%) if m # 3 and K’
is an algebraically closed field.

Unfortunately, the methods used in the work of Beauville and Prokhorov are
not available in dimension n > 4 and it was not known, up to now, whether
two distinct Cremona groups Bir(IP{.) and Bir(P¢), with n and m larger than 3,
could be isomorphic. For instance, it is not yet known whether there does exist
a finite group without any faithful embedding into Bir(P&) (it is expected that
PGL6(Z/pZ) and even (Z/pZ)° do not embed in Bir(P¢.) if p is a large prime
integer).

1.4.2. Classical groups and groups of diffeomorphisms. Theorems B and C
should be compared to well known statements concerning morphisms between
classical Lie groups — results which we shall use in Section 4.2.2 — as well as
morphisms between groups of diffeomorphisms of compact manifolds.

For instance, Filipkiewicz proved the following result in [18]: Let V and W
be two compact manifolds and let p: Diff (V) — Diff! (W) be an isomorphism
between their groups of diffeomorphisms of class C* and C'; then k = I, and
there is a diffeomorphism ®: V — W of class C* such that p is the conjuga-
tion by ®. This shows that the algebraic structure of Diff* (V) determines V.
Moreover, the existence of an embedding of Diff” (V) into Diff” (W) forces
the inequality dim(V) < dim(W), but this result has been obtained only very
recently (see [19, 26, 30, 29]).

Our main results follow the same principle but, in the context of groups of
birational transformations, one must require that one of the varieties is rational:
in general, Bir(M) is too small to distinguish the birational type of M; for
instance, if M has general type, Bir(M) is finite; more specifically, if M is a
generic curve of genus g > 3 then Bir(M) = {Idy }. Another issue concerning
Theorem A is the existence of isomorphisms coming from automorphisms of
the field C; this kind of isomorphisms do not exist in Filipkiewicz’s context.

1.5. Strategy and relevant references. When n = 2, Theorems B and C are
due to Julie Déserti (see [13]). The strategy that leads to the proof of Theorem
A is similar to Déserti’s argument but it also requires several new ideas which
can be traced back to, at least, two distinct sources:

1.— Weil’s regularization Theorem (see [34]), a result that transforms a group
of birational transformations of M with uniformly bounded degrees into a
group of automorphisms of a new variety M’ by a birational change of variables
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W: M’ --» M. This is described in Section 2.3, with interesting complements
that can be found in the articles [12] by Demazure, [32, 33] by Umemura, and
[25, 35] by Huckleberry and Zaitsev.

2.— The work of Epstein and Thurston on nilpotent Lie subalgebras in the Lie
algebra of smooth vector fields of a compact manifold; see [17], as well as [20]
for similar ideas in the context of groups of analytic diffeomorphisms.

We work over the field of complex numbers because it is algebraically closed,
it is not countable and it has characteristic zero. These properties are all used in
some way during the proof, but the crucial point is that C is not countable. We
could also prove Theorem A for groups of bimeromorphic transformations of
compact Kéhler manifolds; we stick to the case of projective varieties because
one of the key steps is Weil’s regularization Theorem, the proof of which is not
accessible in the literature for Kiahler manifolds; on the other hand, we write
the proof, as much as we can, in the language of complex differential geometry.

1.6. Acknowledgement. Thanks to Jérémy Blanc, Julie Déserti, Adrien Du-
bouloz, Vincent Guirardel, and Stéphane Lamy for interesting discussions on
this topic. The author is also grateful to an anonymous referee for his sugges-
tions that led to a correction and an improvement of the exposition.

2. BIRATIONAL ACTIONS, DEGREES, AND REGULARIZATION

In this section, we collect several basic facts regarding groups of birational
transformations and then describe Weil’s regularization Theorem.

2.1. Degrees and volumes. Let M be a smooth, irreducible, complex projec-
tive variety; denote its dimension by n. Let k¥ be a Kdhler form on M, fixed
once and for all.

2.1.1. Kdhler metrics. If k is a positive integer, denote by m; : MK — M the
projection onto the i-th factor: m;(x1,x2,...,x;) = x;. The manifold M* is then
endowed with the Kidhler form Zi-‘zl 7;K. Volumes of submanifolds of M* are
computed with respect to the Kédhler metric determined by this Kéhler form.

2.1.2. Graphs. Each birational transformation f of M is determined by two
Zariski dense open subsets U and V of M, and a regular isomorphism f: U —
V. The largest open subset U on which f is regular is the domain of definition
Dom( f); its complement is the indeterminacy locus Ind(f); the codimension
of Ind(f) is > 2.

To each birational transformation f: M --+» M, one associates its graph

['rCMxM,
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defined as the Zariski closure of the set {(x, f(x)) € M x M; x € Dom(f)}. By
construction, I'y is an irreducible subvariety of M x M of dimension n. Both
projections Ty, Ty : M X M — M restrict to birational morphisms 7;: I'y — M,
a fact which characterizes the set of graphs of birational transformations.

Example 2.1. The graph I's can be singular, as in the case of the monomial
transformation of the plane defined by f(x,y) = (y*/x?,y/x) in affine coordi-
nates.

2.1.3. Degrees. The total degree (or degree for short) tdeg(f) of a birational
transformation f is defined as the volume of I'y with respect to the fixed metric
defined on M x M in §2.1.1 (confer [7]); hence,

eg(f) = [ (mirmny = [ (ks r70"

Iy Dom(f)

If L is a very ample line bundle on M, and k is the pull-back of the Fubini-
Study metric by the natural embedding of M in P(H°(M,L)"), then tdeg(f) is
the degree of the graph of f with respect to the polarization 7} (L) ® 75 (L).

Lemma 2.2 (cf. [16] Lemma 4, and [22]). There exists a constant cpy, which
depends only on M and X, such that

tdeg(fog) < cptdeg(f)tdeg(g)
forall f and g in Bir(M).

Changing « into c,lw/nK, one may, and do, assume that

tdeg(f og) < tdeg(f)tdeg(g). 2.1)

Similarly, if y: M’ --+ M is a birational transformation, and ¥, K are Kéhler
metrics on M’ and M, there exists a constant cy such that

tdeg(y ™' o foy) < cy tdeg(f) 22)
for all f in Bir(M).
2.1.4. Groups with bounded degrees. Let d > 1 be a natural integer. The sub-
set Biry(M) of Bir(M) is defined as
Birg(M) ={f € Bir(M); tdeg(f) <d}.

A subgroup G of Bir(M) has bounded degree if it is contained in Bir; (M), for
some d € N*.
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2.2. Components of Bir(M) (see [23, 25, 35]). We summarize a few facts that
are proved in [23] in the language of Hilbert schemes; they may be replaced
by Douady spaces if one wants to work on compact Kihler manifolds (see
[6] for a panorama and references to the literature). For complex projective
manifolds M, the Hilbert scheme and Douady space coincide (in the sense that
the associated analytic spaces are isomorphic).

On our way, we introduce notation that will be useful to the proof of Theo-
rem A. As above, M is a smooth and irreducible complex projective variety of
dimension n.

2.2.1. Components. The set Bir(M) is contained in the Douady space (resp.
Hilbert scheme) parametrizing complex analytic subsets of M x M of dimen-
sion n; more precisely Bir(M) is identified to the subset of irreducible subva-
rieties I' C M x M of dimension n such that both projections ®y, T: I' — M
have degree 1. The Douady space of n-dimensional subvarieties of M x M of
volume at most d is made of finitely many components W;; each W; is compact.
The intersections of Bir; (M) with these components are denoted by Biré (M);
hence each Biré (M) is a subset of some component W; of the Douady space.

We shall call the sets Bir’,(M) the components of Bir(M).!

Given a subvariety V of M x M of dimension n, one can compute the degrees
deg; (V) and deg,(V) of the natural projections ;) and Tty : V — M. These
degrees define two functions on the Douady space (resp. Hilbert scheme). If
W is a component of the Douady space, the function deg,(-) and deg,(-) are
constant on W. Thus, if W contains a graph of a birational transformation
f, then deg; = deg, =1 on W (see for instance, [24], §IIL.9, or [1] Chap.
IV). Moreover, the subset of elements V of W corresponding to irreducible
subvarieties of M x M is open; for Hilbert schemes, this statement is contained
in Theorem 12.2 of [21]. .

Thus, as proved by Hanamura, each Birfl (M) is an open subset in the com-
ponent W; of the Douady space that contains it (see [23], Proposition (1.7));
this endows Birg (M) with the structure of an analytic space.

Given two components Biré (M) and Biri;, (M), the composition (f,g) — fog

defines a rational map from Biré(M) X Birg, (M) to one of the components

IThe notation Bir"/ (M) instead of Bir/,(M) would be better, because the value of the degree
d is already encoded in the choice of the component W;. Our choice has two advantages:
the notation is not too heavy; it keeps track of the degree bound < d and of the fact that a
component of the Douady space has been fixed.

The terminology “component” for the sets Birfi (M) may be misleading: We do not mean
that these subsets are irreducible components of an algebraic variety or connected components
of a topological space.
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Bir% (M) (see Equation (2.1)); similarly, the action of Bir(M) on M defines
rational mappings Biré (M) x M --» M. These assertions are proved or implic-
itly used in [23] (see Proposition (2.7)), and a complete proof is given in [25]
(see Lemma 5.4 and Lemma 5.5) in the language of Barlet spaces.

Example 2.3 (see [10]). Let us describe an example in dimension 2 to illustrate
the different viewpoints that one can use and explain why the composition may
have indeterminacies on Biri, (M) x Birg, (M)). Consider the set Q of quadratic
birational transformations of the plane P2, i.e. birational transformations flx:
y:z] =[P : Q: R] defined by homogeneous polynomials of degree 2 with no
common factor of positive degree. The total degree of such a transformation is
equal to 4. Indeed, the class of the graph I'y C IP% X IP% is equal to

[P?(C)] x {point} + {point} x [P*(C)] +2[P'(C)] x [P (C)]

where [P!(C)] is the class of a line; thus, the volume of I'y with respect to
the polarization O(1) of IP% is equal to 4. One can show that Q coincides
with one component of Bir(IP’ZC) in the sense of Hanamura. More precisely,
PGL3(C) x PGL3(C) acts on Q by left and right composition, and there are
exactly three orbits: Every element f € Q is a composition a o gob where a
and b are automorphisms and g is one of the three quadratic involutions
olx:y:zl=[yz:zx:xy], plx:y:z) = [xy: 22 vz, Ty g = P iayy? —xz.
The orbit of ¢ is an open and dense subset U of Q of dimension 14. The orbits
of p and T have dimension 13 and 12 respectively.

Let f =aocob and g = d oG ob be elements of Us. The indeterminacy
locus Ind(o) is the set {ej,ea,e3} with ey =[1:0:0], &2 =1[0:1:0], and
e3 = [0:0: 1]; its exceptional locus, Exc(o) is the triangle of the three lines
that go through pairs of indeterminacy points; each of these lines is contracted
to the opposite vertex. Thus, Ind(f) is b~ (Ind(c)) and Exc(f) is mapped to
a(Ind(c)). Then the birational transformation g o f is defined by homogeneous
formulas of degree 4 if and only if f does not contract any curve onto an inde-
terminacy point of g, if and only if a(Ind(c)) is disjoint from (»')~!(Ind(c)).
This condition determines a Zariski open subset W of Uy X Us and one eas-
ily verifies that the composition (f,g) — go f is a regular map from W to a
component of Bir(Pg). On the other hand, when f contracts a curve on an
indeterminacy point of g, then deg(go f) < 4; this phenomenon shows that the
composition does not extend as a regular map to Q x Q.

Remark 2.4. We refer to [12, 4] for another structure on Bir(M) that differs
from Hanamura’s viewpoint. In both cases, Bir;(M) does not have a natural
structure of algebraic variety (see [4] and [23] for interesting examples).
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2.2.2. Zariski closures. Let A be a subset of Bir(M). Let Biré(M) be a com-
ponent of Bir(M). The Zariski closure Zé (A) is, by definition, the intersection
of Bir/(M) with the Zariski closure of AN Bir/(M) in the component of the
Douady space (or Hilbert scheme) that contains Biré (M). There are at most
countably many components Biré (M). If A is uncountable, at least one of the

Bir/,(M) intersects A on an uncountable subset. Hence, at least one of the Zg (A)
has dimension > 1.

2.3. Weil’s regularization Theorem.

2.3.1. Regularization. Let M be a complex projective variety and G a sub-
group of Bir(M). One says that G can be regularized, if there exist a smooth
complex projective variety M’ and a birational map ¥: M’--+M such that

¥ loGoW C Aut(M).

In other words, changing M into another birationally equivalent variety M’, all
indeterminacy points of all elements of G disappear simultaneously.

Theorem 2.5 (Weil’s regularization Theorem, I). Let M be a complex projec-
tive variety. Let G be a subgroup of Bir(M). If G has bounded degree, then G
can be regularized.

The proof of this result can be found in [25, 35]. The heuristic idea is to
replace G by its Zariski closure G in the components Biril(M ), with d large
enough to assure that Biry(M) contains G. Since G is Zariski dense in G, the
composition law on Bir(M) restricts to a rational map G x G --+ G. Similarly,
the action of G on M extends to a rational map G x M --» M. These mappings
endow G with the structure of a pre-algebraic group acting by birational trans-
formations on M, in the sense of [34], and Weil’s original theorem can then be
applied to this group.

2.3.2. Complement. Let M be a complex projective variety, or more gener-
ally a compact Kihler manifold. The group Aut(M) is a complex Lie group.
Moreover, each subset

Auty (M) = Birg(M) N Aut(M)

intersects only finitely many connected components of Aut(M). If d is larger
than the volume of the diagonal I'yg,,, then Aut,;(M) contains the connected
component of the identity Aut(M)°, and Aut;(M)/Aut(M)? is a finite set. If G
is a subgroup of Aut(M) that is contained in some Auty (M), then GN Aut(M)°
is a normal subgroup of G with finite index (see [28] for instance). As a con-
sequence, when Weil’s regularization Theorem is applied, one obtains the fol-
lowing stronger result.
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Theorem 2.6 (Weil’s regularization Theorem, II). Let M be a complex pro-
Jective variety. Let G be a subgroup of Bir(M). If G has bounded degree,
there exists a smooth, complex, projective variety M’, and a birational map
Y: M --s M such that
(1) ¥~ oGoW¥ is a subgroup of Aut(M’);
(2) there exists a normal, finite index subgroup Gy C G such that ¥~ o
Go oYW is contained in Aut(M')°.

In particular, ¥~ o Go W is a subgroup of Aut(M')° if G is simple.

3. VECTOR FIELDS AND ACTIONS OF NILPOTENT GROUPS

Let M be a smooth and irreducible complex projective variety. This section
is devoted to the construction of meromorphic (or rational) vector fields and
the study of the Lie algebra they generate. This is applied to the study of
uncountable abelian and nilpotent subgroups of Bir(M).

3.1. Construction of meromorphic vector fields.

3.1.1. Meromorphic vector fields. Denote by ©,,(M) the complex vector space
of meromorphic (or rational) vector fields on M. GivenY € ©,,(M), we denote
by Dom(Y) the domain of definition of ¥, i.e. the Zariski dense open subset of
M on which Y is locally regular. Since M is projective (and n > 1), ®,,(M) is
infinite dimensional: The field of meromorphic functions C(M) is an infinite
dimensional complex vector space which acts by left multiplication on @,,(M).

With its Lie bracket |[.,.], the vector space ®,,(M) forms a complex Lie
algebra. In local coordinates (x;);<;<k, the Lie bracket of two vector fields
X =Y,a;(x)0;andY =Y ;b;(x)d; is given by

N . ob j . da j .
10 = L (a0 520 - 510 ) 2
(where d; stands for the vector field d/dx;).

3.1.2. Construction of vector fields. Fix a component Biri[ (M) of Bir(M). Let
h be a smooth point of Bir/(M) and let v be a tangent vector to Bir/(M) at the
point 4. The derivative of the action

act: (h,x) — h(x)
in the direction v determines a meromorphic vector field X, on M. More pre-

cisely, if /; is a path in Z such that ho = h and J;(h;);—o = v, then

X (h(2)) = 2 ())ico G
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By construction, X, does not vanish identically if v # 0. This linear injective
map .

X: T,Bir,(M) — ©,(M) (3.2)
provides a link between Biré (M) and ®,,(M) that plays an important role in
the proof of Theorem A.

Example 3.1. Consider the following family of birational transformations of
C? C P&: hy(x,y) = ((1+1)x, ((1+1)x)%y), where d is a fixed positive integer
and ¢ describes the open unit disk D. For r = 0, h¢ is the monomial transforma-
tion which maps (x,y) to (x,x?y). Then

d
E(hl()@y))hzo = (x7 dxdy)7

and the corresponding vector field X, satisfies X, (x, x?y) = (x,dx?y). This leads
to the formula X, (x,y) = (x,dy), so that X, has degree 1 for all d > 1.

Example 3.2. Starting with the family &, (x,y) = (x, (1+tx%)y), with hig(x,y) =
(x,y), one gets

9 hey)) o = (0.)

t

and X, (x,y) = (0,x%y) has degree d.
3.2. Uncountable abelian groups and abelian Lie algebras.

3.2.1. Zariski closures. Let A be a subgroup of Bir(M). For all components
Bir),(M) of Bir(M), denote by A} the intersection of A with Bir}(M), and by
Ay, the union of the subsets Afl (for fixed d). The sets A; form an increasing
sequence of subsets of A, and

AgoAy CAyy 3.3)
for all pairs of integers (d,d’). Let ZL{;(A) be the Zariski closure of Aé in
Bir;)(M) and Z,(A) be the disjoint union of the Z;(A). Since Z;(A) may have
irreducible components with distinct dimensions, dim(Z}(A)) is defined as the

maximum of the dimensions of its components; then, one defines
dim(Z4(A)) = maxdim(Z}(A)).
J
The following Lemma follows from Section 2.2.1, Equation (3.3), the Zariski

density of A in Z}(A), and the fact that at least one A7, is infinite if A is not
countable.

Lemma 3.3. Let A be an uncountable subgroup of Bir(M).
(1) There exists a component Biri, (M) such that dim(Zé (A4)) > L
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(2) The function d — dim(Z4(A)) is non-decreasing.

(3) Zy(A)oZy(A) C Zyg(A) foralld, d' > 1.

(4) If A is abelian, then fog = go f for all pairs (f,g) € Z4(A) X Zy(A);
in particular, fog=go f forall f inZ;(A) and all g in A.

3.2.2. Abelian Lie algebras. We now assume that A is abelian and uncount-
able.

Let d > 1 be an integer such that dim(Z4(A)) > 1. Choose a component
Bir/,(M) for which dimZ/(A) > 1, and let & be a smooth point of Z}(A). The
map

X:veTZi(A) — X, € 0,(M)
is linear and injective. If f is an element of A and v is an element of ThZ£ (A),
Xy =X,

Indeed, writing v as the velocity vector of a path A, at t = 0, with ¢ in the unit
disk ID, one has

(FXIFRE) = DAKM() = (o k)i

_ %m,(f(x)m:o:xv<h<f<x>>>
= X(f(h)).

so that X, (y) = (fiX,)(y) for all y in a Zariski dense open subset of M. Con-
sequently g,X, = X, for alld’ > 1 and g in Zy(A). For g = h, one gets a new
formula for X, namely

. 0
X(0) = ()5 () o,
As a consequence, the various vector fields X, X,,, for v € ThZ£ (A) and w €
TgZU’; (A) commute:
X, X,] =0 (3.4)
in the Lie algebra ©,,(M). In particular, we have:

Lemma 3.4. Let A be an abelian subgroup of Bir(M), and let d be a positive
integer. For all components Bir},(M), and all smooth points h of Z}(A), the
image of

X: ThZ)(A) — ©,(M)

is an abelian Lie subalgebra of ©,,(M) of dimension dim(T}, (Zé (A))). More-
over, g.Y =Y for all elements Y in this algebra, alld' > 1, and all g in Zy(A).
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Let a and B be two complex numbers. If (4;) is a path in Zé (A) with hg = h

and velocity vector v, and if (g;) is a path in Zé; (A) with gg = g and velocity
vector w, then (o, o gg,) is a path in Z;4(A) such that

d
E(hoct Ogﬁt)\tzo = oX,, + BX,.

This shows that the union of all vector spaces X (ThZi (A)), for all components

Biré (M) and all h € Zé (A), is an abelian sub-algebra of ®,,M. We denote this
abelian algebra by a.(A) and call it the Lie algebra associated to A.

Example 3.5. Let A be the abelian group (C,+). This group is isomorphic to

the group (Cly],+) of polynomial functions in one variable. In particular, A is

isomorphic to the group of birational transformations of the plane of the type
(x,y) = (x+p(¥),y),

where p describes C[y]. The Lie algebra a.(A) is made of all vector fields

q(y)9x, with g in C[y].

Example 3.6. We can also embed A = (C,+) into Bir(P.) as follows. Let
p : A — Z be any surjective morphism. Then A acts on P3(C) by

(6,3,2) = (x+ p(y), 7,3 Pz).

The Lie algebra a.(A) coincides with the set of vector fields ¢(y)dy, with ¢ in
C[y]. Moreover, there are now two types of elements f in Z;(A): If p(p) =0,
then f! € Biry(Py.) for all [; if p(p) # 0, then tdeg(f') goes to infinity with /.

3.2.3. Orbits. Given m in M, define

V(m) = Vectc{Xy(m); X, € a(A), m
s(m) = dim¢c(V(m)) (hence s(m) <
s(A) = max(s(m); meM).

€ Dom(X,)}
n—= dimc (M))

Note that s(A) coincides with the value of s(m) at the generic point.

The following lemmas are not required for the proof of Theorem A, but they
illustrate some of the forthcoming arguments. We thus state them and only
provide a hint for their proofs.

Lemma 3.7. If dimc(ae(A)) > s(A), there exists a non-constant, A-invariant,
rational function o.: M — C.

Proof. LetX,...,X;, s =s(A), be elements of a..(A) such that (X, (m),...,X(m))
is a basis for V(m) at the generic point of M. Since dimc(a.(A)) > s, there is
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an element Y of a..(A) which is not a linear combination of the X; with coeffi-
cients in C. On the other hand, by definition of s, there exist rational functions
01,...,05 € C(M) such that

Y(m) = lii o (m)X;(m).

The o; are uniquely determined by this relation and at least one of them is not
constant. Given f € A, Lemma 3.4 shows that £, X; = X; for all 1 <i <s and
f+Y =Y this implies

O(iof: o, Vi > 1,
and the conclusion follows because at least one of the ¢ is not constant. ]

For component Biré (M) and each m in M, define the orbit of Zé (A) as the
following subset Orb’,(m) of M,

Orb? (m) = {h(m); h € Z}(A) and m € Dom(h)}.

Denote its Zariski closure by Orb’(m). The orbit Orby(m) is defined as the
union of the Orbé (m), and Orby(m) is the Zariski closure of Orby(m) in M.
By definition, these orbits Orb,(m) are tangent to the distribution of subspaces
V(m), m € M. Thus, choosing good components to assure that the generic
orbits Orbé(m) have dimension s(A), one obtains the following lemma.

Lemma 3.8. The distribution of subspaces V(m), m € M, is integrable in the
following sense. There exists a projective variety B of dimension n — s(A), a
rational map ¥: M --» B, and a component Bir,(M), such that

(1) Orbi,(m) has dimension s(A) = dim¢ V (m) and is tangent to V (m) for
genericm € M; .

(2) W is constant on each irreducible component of the generic orbit Orbé, (m);

(3) Y is a local submersion at the generic point.

This fibration W: M --» B is A-invariant: There is a morphism pg: A —
Bir(B) with p(f) oW =Wo f for all f in A. Moreover, dimZ;(pp(A)) = O for
all d > 1, since otherwise one would be able to construct meromorphic vector
fields in a.(A) that are transverse to the generic fibers of W, in contradiction
with the definition of V (m) and s(A). Thus, the image of pp is countable (com-
pare with Example 3.6).

3.3. Bounding degrees of abelian groups. The following proposition is a
crucial step towards proving Theorem A.

Proposition 3.9. Let M be a smooth, connected, complex projective variety.
Let A be an abelian subgroup of Bir(M). If s(A) = dimc(M), then A has
bounded degree: There exists d > 1 such that Biry(M) contains A.
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Proof. Since s(A) = n, one can find n elements Xj, ..., X, of aw(A) such that
Vecte (X (m), ..., Xy(m)) = T,,M

at the generic point m of M. Each X; is obtained from a tangent vector v; €
Thtszzi (A) for some for some birational transformation 4; in one of the varieties
Zéi (A). Let hjy;, t; € D, be a path in Zéi (A) with h; o = h; and velocity vector
v; at t; = 0. Composing those paths together, one gets a subset of some Zfi (A)
with d = d; ---d, (cf. Equation (2.1)). By construction, if mq is generic, its
orbit Orb,(mp) under the action of Z}(A) contains an open neighborhood of
mg. We now fix such a point my.

Let f be an element of A, and m be a point of Dom(f) N Orbl, () such that
f(m) is also contained in Orb},(mp). Then there exists & in Z}(A) such that
ho f(m) = m. Since both & and f commute to all elements g of Z,(A), one
obtains

ho f(g(m)) = g(ho f(m)) = g(m)
for all g € A such that {m,ho f(m)} C Dom(g). Consequently, ho f fixes
pointwise all these points g(m); since they form a Zariski dense subset of M,

one deduces that f coincides with h~!. This concludes the proof, because
h=! € Birg(M) for all h in Biry(M). O

3.4. Nilpotent groups, dimensions comparison, and degree bounds.

3.4.1. Bounds on derived length. Let H be a group. We define H") = [H, H],
the derived subgroup of H, generated by all commutators aba~'b~! with a and

b in H, and then inductively
g — [H(rfl) H(V*I)].

The first integer r > 1 such that H () is trivial is called the derived length of H;
such an r exists if and only if H is solvable. This integer is denoted by dI(H),
and similar notations are used for Lie algebras.

Y

Proposition 3.10 (Epstein-Thurston, [17]). Let M be a connected complex
manifold. Let Y be a nilpotent Lie subalgebra of the Lie algebra ©,,(M). Then
b(") =0 if r > dim(M); hence

dime (M) > dI(h).

Remark 3.11. Note that b is assumed to be nilpotent while dI(h) is the derived
length of § as a solvable Lie algebra.

Proof. We prove Proposition 3.10 by induction on the dimension n of M.
Assume that h has positive dimension, since otherwise the result is clear. Its
center is non-trivial because § is nilpotent. Let X be a non zero element in the
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center of  and m be a point at which X is well defined and X (m) # 0. There
is a local system of coordinates (xi,...,x,) in a neigborhood U of m such that
X =9y, in U. Since X is in the center of b, all elements of § are of the form

n—1

V(X1 ooy Xp—1)0x, + Z Ui(X1, .y Xn—1)Ox;- (3.5)
=1

l

For n = 1, this implies that b is abelian, of dimension at most 1, so that di(f) <
1 = dim(M). We now assume that the result is proved up to dimension n — 1.

Let m: U — C"! be the projection w(xy,...,x,) = (x1,...,%,_1). Locally,
the fibers of 7 are the orbits of X; since X is in the center, T projects h onto a
nilpotent algebra b of meromorphic vector fields on C*~!: If Y € b is defined
by Equation (3.5), m.Y is equal to Y u;(x1,...,x,—1)dy;. This defines an exact
sequence

0—bho—bH—b—0

where the kernel b of 7, is made of vector fields of type v(x, ...,x,_1)dy, and,
as such, is abelian. The induction hypothesis implies that h("=1) =0, and the
conclusion follows. U

3.4.2. Embeddings of Heisenberg groups. Let now H, be the group of r x r
upper triangular matrices with all diagonal coefficients equal to 1; this group is
nilpotent, and its derived length is the smallest integer /(r) such that 21 > p,
If B is in H,, we denote by a; ;(B) its coefficients. For all pairs of indices (i, ),
with 1 <i < j <r, we define A; ; as the subgroup of H, which is made of
elements B such that ay ;(B) = 0if k # [ and (k,[) # (i, j). This defines a one-
parameter, abelian subgroup of H,. Moreover, A, coincides with the center
of H,.

Let us now assume that H, embeds into the group Bir(M). From section
3.2.2, each A; ; gives rise to an abelian subalgebra a..(A; ;) of ©,,(M).

Lemma 3.12. The Lie algebra b, C ©,,(M) generated by the abelian algebras
0es(A; j) is nilpotent and its derived length dI(bh,) is equal to I(r), the smallest
integer 1 such that 2! > r.

Proof. Since [A; j, Ay, is equal to A;; if k = j and is equal to {Id} if k # j,
we obtain [fe(A; j), Gee(Ar )] C 0e(Aiy) if k= j and [aw(A; ), dee(Ar)] =0
otherwise. This shows that the Lie algebra is nilpotent. If j =k, and B is an

element of A; ;, then B does not commute with any non trivial element of Ay ;.
Thus [0e (A j), 0 (Ax)] # 0, and the length of b, is equal to I(r). O

This lemma and Proposition 3.10 provide the following bound (see [14] for
M =TP}).

Corollary 3.13. If r > 29mcM) the oroup H, does not embed into Bir(M).
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Unfortunately, this corollary does not imply Theorem A, even for small val-
ues of r and n.

4. ACTIONS OF SPECIAL LINEAR GROUPS

In this section, we study morphisms from PGL,,;(C) to Bir(M), where M
is a complex projective variety of dimension n, and prove Theorem A.

4.1. Bounding degrees. Our first step is the following proposition.

Proposition 4.1. Let M be a complex projective variety of dimension n. If r > n
and p: PGL,41(C) — Bir(M) is a morphism, either the image of p is reduced
to {Idy} or p is injective and its image is a subgroup of bounded degree in M.

To prove it, we assume that p is not trivial. Since PGL,;(C) is a simple
group, its image G is isomorphic to PGL,1(C), and can be identified to it.

4.1.1. A lemma. Consider the one-parameter subgroups A; ;, j # i, defined by
AiJ = {Id+a6,-,j; ac C}

where §; ; is the Kronecker matrix with all entries equal to zero, except the co-
efficient (i, j) which is equal to 1. The group &, of permutations of the in-
dices {1,...,r+ 1} embeds into PGL,4(C) (acting on P"(C) by permutations
of the homogeneous coordinates). By conjugation, G, | permutes transitively
the one-parameter subgroups A; ;.

Remark 4.2. The group GL,(C) is generated by elementary matrices and
dilatations and the proof of this result based on Gaussian elimination provides
the following statement: There is an integer k(r), such that every element of
PGL,11(C) is a product of at most k(r) elements in UA, ;.

Lemma 4.3. If one of the subgroups A; j C G is a subgroup of bounded degree
in Bir(M), then G is a subgroup of bounded degree in Bir(M).

To prove it, note that if one of the A;; has bounded degrees, then all of
them do, because the A; ; are pairwise conjugate (cf. Equation (2.2)). This
implies that all A; ; are contained in Bir; (M) for some positive integer d. Then,
Remark 4.2 and Equation (2.1) imply that G is contained in Bir 4, (M) for
some positive integer k(7).

4.1.2. Proof of Proposition 4.1. To obtain Proposition 4.1, one shall prove that
one A; j has bounded degree, and then apply Lemma 4.3. For this, we now work
with the subgroup of upper triangular matrices in PGL,(C) with coefficients
equal to 1 on the diagonal (see §3.4.2).
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Preliminary remark.— The abelian groups Ay ;, j = 2,...,r + 1, generate an
abelian subgroup A; of PGL,1;(C). If s(A;) = n, as in Proposition 3.9, there
exists a degree d such that PGL,,(C) is contained in Biry(M), and we are
done.
First step: Matrices from the first row.— We now assume s(A;) < n. Then,
after conjugation by a permutation ¢ € G,1, there is an integer k > 3 with
the following property: The Lie algebras teo(A1 ,11), Goo(A1,r), -+ Go(A1 k)
contain meromorphic vector fields Xj 41, Xj , ..., X such that
(1) the vector fields X j, j > k, are C-linearly independent at the generic
pointm € M ;
(2) every element X ; of a..(A; ;) with [ < k is a linear combination of the
X1,j, ] = k, with coefficients Oc{ in the field of meromorphic functions
C(M):

j=r+l1 j
Xy (m Z o (m)X, j(m), for meM.

Consider an open subset U of M on which the X ;, j > k, are holomor-
phic and everywhere C-linearly independent (i.e. linearly independent at every
point m of U). Since these vector fields commute, one can change U into a
smaller open subset and find holomorphic coordinates (x,2—y,...,X+1) on U
such that

Xl,j:aj, Vji>k 4.1)

where d; denotes the vector field d/dx;. Since the X; ; pairwise commute, one
gets

djf =0, Vj>k Vj>k VI<k 4.2)

Second step: Matrices from the last column, and conclusion.—Let now X1 ;41
be a non-zero element of the Lie algebra te(A¢—1 r+1). Suppose that Xi_ 1 11

is a linear combination, with coefficients BLI in C(M), of the X ;:

j=r+1
X _ 1,_,.1 Z Bk | X17] ) for meM.

The vector field X .11 commutes with the X; ; for all j > k because so do
the corresponding one-parameter subgroups A;_1 .41 and Ay ;; hence

9Bl =0, Vjixk Vj>k (4.3)
Equations (4.2) and (4.3) imply that
[Xi—1,41, X1 4-1] =0 (4.4)
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for all vector fields Xj 41 in e (A 1k— 1)- This contradicts the fact that pairs
of non-trivial elements in A1 and At ,41 never commute. Thus, our
assumption leads to a contradiction, so that all non-zero elements X;_1
in 0o (Ak—1,41) are indeed C-linearly independent of the X; ;, j > k, at the
generic point m of M.

Fix such an element X;_1 .1 # 0. Shrinking U again, and changing the
system of local coordinates (x,42—y,...,X,+1), one can now assume that X ; =
0 j, forall j >k, as in Equation (4.1), and that

Xk 1,041 = Ok—1. 4.5)

We pursue the same strategy with the Lie algebra ae.(Ax_2 r+1), and obtain
the existence of an element X 7,1 7 0 in 6w (Ax—2,+1), @ NON-empty open

subset U C M, and a system of local coordinates (x,42_p,...,Xy+1) on U such
that Equations (4.1) and (4.5) are satisfied and, moreover,
Xi—2,r41 = Or2- (4.6)
After a finite number of steps, one obtains the following properties:
() r<m

(2) if r = n, then the abelian group A generated by the Ay ;, j > k, and the
Apri1,2 <1 <k—1,satisfies s(A) = n.

Then we apply Proposition 3.9 to deduce that the group A has bounded de-
gree, and Lemma 4.3 concludes the proof of Proposition 4.1.

4.2. Proof of Theorem A.

4.2.1. Regularization. Proposition 4.1 and Weil’s regularization Theorem (see
§2.3), imply the following.

Corollary 4.4. Let M be a complex projective variety. Let r > 0 be an integer
and G be a subgroup of Bir(M) which is isomorphic to PGL,11(C). Then
r < n and if r = n, there exists a smooth complex projective variety M', and a
birational map ¥ : M'--+M, such that

¥ loGoW c Aut(M)°.

4.2.2. Automorphism groups, and conclusion. It remains to study smooth and
connected complex projective varieties M, with dim¢(M) = n, such that the
group PGL,,, 1 (C) embeds into Aut(M)°.

Theorem 4.5. Let M be a smooth, connected, complex projective variety. Let
n be the dimension of M. If there is a non-trivial morphism p: PGL,;1(C) —
Aut(M)°, then M is isomorphic to the projective space P.
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Proof. Let G be the image of p in Aut(M)°. The group Aut(M)" is a connected
complex Lie group. Let H be the Zariski closure of H in Aut(M)°. Since H
is dense in H, H is a simple Lie group. Moreover, H has rank at least n,
because it contains the image, under the morphism p, of the diagonal subgroup
of PGL,,+1(C), and this subgroup contains a copy of the finite abelian group
(Z/pZ)" for all prime numbers p.

To sum up, Aut(M)? contains an algebraic subgroup H that is simple, of rank
> n. From [8], Theorem 4.1, one knows that every compact complex manifold
M which admits a faithful holomorphic action of an almost simple complex
Lie group of rank dim¢ (M) is isomorphic to the projective space; this implies
that M is isomorphic to P"(C). O

Thus, in Corollary 4.4, one can replace M’ by P"(C). Theorem A is now
a consequence of the following classical fact, which we state over the field of
complex numbers while it holds in much greater generality.

Theorem 4.6. Let r > 0 be a natural integer. Let p: PGL,41(C) — PGL,11(C)
be a non-trivial morphism of groups. Then there exists a morphism of fields
o: C — C, and an element h of PGL,1(C) such that

p(%g) =hogoh™!, Vge Aut(P"(C))

or

p(*g) =hog'oh™!, Vge Aut(P*(C)).

Such a result is not hard to prove. One technic is to reduce it to the funda-
mental theorem of projective geometry. A good example of this strategy is pro-
vided by Elie Cartan’s proof of the continuity of homomorphisms from SO,,(R)
to SL;(R) with bounded image (see [9]); an exhaustive presentation of this
method, over arbitrary fields instead of C or R, can be found in Dieudonné’s
book [15]. Another strategy which works uniformly for all algebraic groups is
proposed by Borel and Tits in [5].

5. QUESTIONS AND REMARKS

5.1. Other Lie groups. The same strategy can be applied to all simple com-
plex Lie groups in place of PGL,(C). This provides the following statement:
Let G be an almost simple complex Lie group, and let r = rankc(G) be the
rank of G. Let M be a complex projective variety of dimension n. If there is a
non-trivial morphism G — Bir(M), then r < n, and if r = n, then G is locally
isomorphic to PGL,+(C) and M is a rational variety.
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It would be more interesting to classify all possible morphisms from smaller
Lie groups into Bir(M). For example, Blanc and Déserti classified all pos-
sible morphisms from PSL,(C), and even from PSL,(Q), to Bir(M) when
dimc(M) =2 (see [3]).

5.2. Automorphisms of the Cremona group. In [13], Déserti proves that the
group of all automorphisms of the Cremona group Bir(IP%) is generated by
the group of field automorphisms Aut(C,+,-) and the group of interior auto-
morphisms. For this, she makes use of the explicit set of generators given by
Noether-Castelnuovo theorem. For n > 3, Bir(IP%) is not generated by finitely
many regularizable subgroups, and Déserti’s method does not apply easily.
Thus, the problem remains open to describe the group of automorphisms of
Bir(P¢) forn > 3.

5.3. The cubic threefold. Let V be a smooth cubic hypersurface of IP"(“:. In
[11], Clemens and Griffith’s prove that V is not rational, a result that follows
from a precise description of the intermediate jacobian variety of V. Knowing
that V is not rational, Theorem C implies that the group Bir(V) is not isomor-
phic to Bir(P,). One can dream of a new proof of Clemens-Griffith’s Theorem
that would not require the intermediate jacobian but would show that Bir(V) is
much smaller than Bir(P3,). For instance, I suspect that the group GL3(Z), a
group that does act by linear projective transformations as well as by monomial
transformations on PP3., does not act faithfully by birational transformations on
V. It would be great to mix the Noether-Fano methods (see [27] for an in-
troduction to this topic) with basic ideas from Zimmer’s program, geometric
group theory, or holomorphic dynamics in order to obtain such a result. This
would provide a "quantitative measure" of the fact that V' is not rational that is
different from the information contained in the intermediate jacobian.

5.4. Cremona representations. Can we build a theory of representations of
Cremona groups that would be similar to the theory of representations of Lie
groups ? For instance, is it possible to describe all faithful representations of
Bir(P%) into Bir(Pg) forn=3,4,... 7
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