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1. Plane incidence relations.

A Cremona plane transtormation is determined by its fundamental
system (F-system), that is, the set of o fixed points O, of fixed multiplici-
ties <., the base of the first homaloidal net (¢.) of curves in the first plane
S that ~ (correspond to) the lines of the second plane S'; their degree n
is the same as that of the second homaloidal net (¢'), in §’, that corre-
sponds to the lines of S.

Each F-point O, corresponds to a principal curve (P-curve) j, of degree
%, ; these curves together form the Jacobian J'= IIj, of (¢'). Similarly

a=1
there is the second F-system with accented symbols, and the first
P-system Zj.. Let % be the multiplicity of O, on ja.

It some of the F-points are adjacent, then part of the definition of

(¢) may be that O, is a singularity of any assigned nature. For the

purpose of the incidence relations, this can always be regarded as the
limit of a set of distinct ordinary multiple and simple F-points, and the
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formulae to be stated hold without modification ; they must be properly
interpreted when a P-curve breaks up.
Clebsch’s incidence relations are

(1) v=d,

(2) 21, = 8(n—1),

(9) I = 'n,2—1,

(4) iaa' = 7;;-'&7

(5) 2 4oy = 8tw—1,

(6) Z tatew = N,

(7) 2 iaa"iaﬂ' = ’l;;"b; ((1’ # ’8')-’
@®) Z@,. = 1241,

and the similar equations with the planes interchanged.

Of these, (2)-(7) are proved geometrically by considering the deter-
mination, genus, and intersections of ¢ and Xj,; then (1) follows from
(5), and (8) from (7), by summation. Jung also finds (5), (6) and (8) by
applying (2) and (3) to a transformation compounded of two others having
one common F-point.

We wish to find analogues of these relations for space transforma-
tions. The chief new results of this paper are, first, that (1) holds with-
out change : the total number, properly reckoned, of F-elements of a
Cremona space transformation is the same in each space; and, secondly,
the proof of the theorem merely stated by Tummarello, that the irrational
curves of the two F-systems are associated in a (1, 1) relation in pairs of
equal genera.

2. Reduction of space transformations.

In space, a ‘Cremona transformation is also determined by the
F.system, the base of the homaloidal web (¢,) of surfaces in § that corre-
spond to the planes of S§’. The F-elements may be points or curves;
contact cannot, in general, be treated as a limit, and the order of con-
tact, as well as the multiplicity, is an essential characteristic of each
F-element, as are also the numbers of incidences of the F-curves with
each other and with the F-points of higher multiplicities.

Since the multiplicities of a plane F-system are replaced by this host
of numbers, any general space relations answering to those of §1 are
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ponderous. Our attempt must be restricted to cases when only the
simplest types of F-elements are present.

For "these, as for singularities of a surface, it is to some extent
arbitrary what we consider as simple. Segre calls a singular point of
a surface f extraordinary or ordinary, according as the tangent cone
has, or has not, a repeated sheet. ILevi has shown that, by a series of
auxihary Cremona transformations of well known types, f can be so
reduced as to have ordinary multiple points and curves only.

Let O be an intersection of two curves w,, wg of f, of multiplicities
%a, 1, Where 1 <14, <{ 7g; then O is of multiplicity at least ¢, and if it is
not higher, the tangent cone to f at O consists of 4 planes through ¢, the
tangent line to wg, of which ¢, coincide with the plane p.g of ¢,, £3; and O
is extraordinary. Hence, when f is reduced, all intersections of multiple
curves fall at hypermultiple points.

On these lines, a Cremona transformation would be regarded as simple
when the F-system consists of ordinary points and curves without con-
tact, and all intersections of F-curves, whether simple or multiple, fall
at F-points of higher multiplicity, where the tangent cone to ¢ has no
fixed sheet. For this case a few general formulae have been given by
Noether and Pannelli.

In Chisini’s more recent work, a surface f is reduced to have ordinary
multiple curves only, each curve by itself free from singularities, and f
has no singular points at all, except the two kinds necessitated by the
curves : (i) elementary pinch-points, where two of the distinct branches
of the plane section are replaced by a cusp of first species; (1) elementary
intersections of two different multiple curves, where f satisfies no addi-
tional condition ; the multiplicity of f at each is the greater of those of
the two. curves through it; such a point is extraordinary, the tangent
cone having a repeated plane.

This point of view is artificial ; for example, a quadric cone is re-
garded as requiring reduction. But it has the great advantage of retain-
ing only one type of singular element, the curve, instead of both curve
and point.

An immediate extension of Chisini’s method reduces any Cremona
transformation, by compounding it with well known auxiliary trans-
formations, to a simple type T,_, in which there are no isolated F-points
or contact conditions. The first F-system consists of o ordinary curves
such as w, of multiplicity 2., degree m,, genus p,, with d, intersections
with each of the homaloidal curves ¢, thut correspond to the lines of S';
also w, is free from multiple points, and has D, simple intersections O.s
with wg, no other F-curve passing through O,g, and here the homaloidal
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surface ¢, satisfies no other condition than those imposed by w', w¥. This
is an F-point of partial or total contact, 4, sheets of (¢) touching the fixed
plane p.s if ¢, < %5, but it does not present any additional contact con-
ditions. 4
The pinch-points on w, are variable with ¢, and are not F-elements.

None of these special points lie on the general c.

The second F-system is of the same nature. The degrees n, n' of
the homaloids in S, S’ are different in general.

Such a transformation will be called ordinary.

3. Known properties of the transformation T

An F-curve w, is of the first or second species according as d, > 0 or = 0.
If w, is of first species, it corresponds to a P-surface j, of degree d., whose
genus, as given by Noether’s formula, is —p,; let j; have 7., sheets
through w;.. A point @, of w, corresponds to a P-curve «, of degree ¢,, whose

locus is j;. The Jacobian of (¢') is J'= fI Jay 80d o, 18 (47,.—1)-fold
on J'. ==t

If w, is of the second species, it is rational, and corresponds to an F-curve
w., also of the second species, and these ave of multiplicities 4%,, 4%, on J, J'
respectively. A point @, of w, corresponds to the whole of w, taken u,
times, in the sense that any surface through Q. corresponds to a surface,
#a of whose sheets through w, touch a fixed developable associated with
., where

Ba = ot == Ta[Mgr = oM.

Since now there is no P-surface which corresponds to w,, the symbols

Tuas Uga aYe at our disposal, and we arbitrarily define
tea=—1, ig. =0 (B 54,

when w,, w, are corresponding F-curves of the second species. By this
device, it is found that all our formulae hold for F-curves of either species
without modification.

The free intersection (not absorbed by F-curves) of two general
homaloids is one curve ¢ ; that of ¢, 7. is a variable set of m, curves «,;
a general «,- has no free intersection with ¢ or with jg-.

4. Transformation of an intersection of F-curves.

The free intersection of j,, jz corresponds to the set of D,g points O,g
of intersection of wa, wg. Let 4, < %, and let Q., @s— O along w,, wg
respectively. The P-curve «, that corresponds to @, coincides in the
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limit with the whole or part of «z, lying on both j; and jg; and if 2, < i;,
there is another part g, of 3, lying on jz but not on j,, and meeting «, in
one point X'.

We assume that X' is not an F-point, and in particular that neither
K, TOT &g, 18 coincident with an F-curve w,., that is, adjacent to w,, lying
on js. If this occurred, we should compound T with another auxiliary
transformation, having w, as F-curve, when the adjacent elements would
be scattered and the peculiarity would disappear.

Both of w,, wg cannot be of the second species if 1" is ordinary; for if they
were, part of s = mgwp would coincide with k, == u,w., and w,,ws would
coincide in an F-curve of contact.

As long as @, is different from O, a plane p through ¢, corresponds to
a ¢’ having a double point at one point P’ of «,, and any plane through P’
corresponds to a ¢ having one sheet touching p at .. Thissetsupa (1, 1)
relation between p, P'. As P’ describes «, once, p rotates once about Z,;
when P’ meets w,, then p touches j., and conversely: the number of
incidences of «,, wy i3 7,-, being the number of sheets of 7, through w,.
These incidences fall at points simple on w,, which has no multiple point;
they may be simple or multiple on «,. Similarly, all the sheets of J
through «, correspond to the F-points on «.

If w, is a line, p always contains the whole of it, including O; the
argument holds, p being replaced by a surface of higher degree, touching
w, at @, but not containing the whole of it.

As @Q,— O, all the tangent planes to ¢ through ¢,—p.s; the (1, 1) rela-
tion between p, P' degenerates: all the points of «, including F-points,
correspond to the one plane p,, with the exception of one point ¥’ of «i,
corresponding to every other plane through ¢,. Every general plane of the
pencil corresponds to a ¢’ having Y’ as a double point, and p.s eorresponds
to a ¢’ having «, as a double curve; and there is through w, either one or
no sheet of J which does not touch p,s according as Y’ is or is not an
F-point.

() If 4. < v, any plane through O corresponds to u ¢’ containing both
k. and kg, and therefore touching jz at X’. If the plane contains ¢, it
touches w,, and ¢’ touches j; along «; and therefore at X'. But ., 7z do
not touch, since w,, wg do not; hence this ¢’ has a double point at X,
which coincides with Y'. Now ¢ has ¢—¢, variable tangent planes at O
through £, in a (1, 1) relation to the points of «g,, in which p.g answers to
X'. A plane through X' corresponds to a ¢ having 7,1 sheets touching
pag 86 O, but not containing any fixed curve, since X' is agsumed not to be
an F-point; and no sheet of J through w, touches any plane but p.s. But’
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the behaviour of 4. at O is determined -solely by its two multiplicities %,

2ga’ 5 hence ,l:m,< iﬁa'y if ?;a < ’I;p,

and similarly oo’ => Tpwry Ul 44 > 14,
An analytical proof is given in § 9.

(i1) If 2, = 1, the (1, 1) relation degenerates for wg also, and there is a
point X' corresponding to every plane through ¢5. This again =Y, for a
general point P near O corresponds to a point near both X’ and Y'.

Now O is a point of total contact of (¢), the fixed tangent cone being
P.g taken ¢, times. The planes of the star (X') correspond to & neb of (¢)
containing points adjacent to O in general directions; on these therefore
O is (i,41)-fold, the tangent cones having t,, g as ¢.~fold edges, and so
breaking up into p.s taken 7,—1 times and a net (¢) of quadric cones
through ¢,, tg. If ¢, \ are two homaloids of this net, their free intersec-
tion ¢ touches the two other common generators of ¢4, ¢y, and has an
additional double point at O; being already rational, it breaks up, and
one branch through O is a fixed P-curve x, which corresponds to X'.
Hence X' is an F-point; it is double on the ¢’ which corresponds to any
plane of each of the pencils through ¢,, ¢5, and therefore double on the net
(¢") that corresponds to the star (O); hence X' is a point of total contact
of the whole web (¢'), and is therefore an intersection O of two
F.curves w,, wg of equal multiplicities, and is of the same nature as O;
and « is a common P-curve of j., 7g, each of which therefore has one sheet
through O not touching p.e.

Now there is only one such sheet through each of w,, wg; hence one
of ja, Jg, say Ju, has one such sheet through w,, and jg has one through

. wg, and no other P-surface has any such sheet :

Iiu = II‘B: 'iaa' - ,I’ﬂo.'+11 Iiaﬂ' - 7’55' —11 7’“7‘ = 7'5‘?"
Further, « is continuous with a series of curves «. through adjacent
points Q, of w,, but not with a series of «, through @, and with a series

of kg through Qg but not through Q.. Hence the one sheet of ;. which does
not touch p, passes through w;, and that of 53 through wg ; and we have

Te =g, twa = tgatl, Tug=1tps—1, oy = gy,
as a necessary consequence of the other relations.

Hence the pair of intersecting F-curves w,, wg in S, of equal multiplici-
ties, selects a similar pair w, wg in §’, and of these, w, selects w, and wg
selects wg, and the above relations hold ; also the points of intersection of
the first pair are in (1, 1) relation to those of the second:

Daﬁ = D;’ﬂ'.
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If w, is the second species, parts of the argument are modified, and
the results hold.

None of this applies to F-curves which do not meet:; then D,z = 0 and
Jar ja have no free intersection.

[Added 13 August, 1926.

5. Proof of Tummarello’s theorem : the genera of the irrational
F-curves are the same in each space.

Instead of an intersection of two distinct F-curves, let O be a d.p.
of one F-curve o,; then H ceases to be ordinary to this extent. As
before, O is ani,-fold point of total contact of (¢), and is an (4,4 1)-fold
point on a net of (¢) which corresponds to the net of planes through a
point X', a d.p. of Z«'; and X' corresponds to a P-curve x with one
branch through O, a double curve on Zj, not touching the plane p of the
two tangents to w,.

Any jg has v.5sheets through each branch of w, at O; if it contains «,
it has an (2.5 1)-fold point at O, and its tangent cone consists of p taken
%, —1 times and a quadric cone gg through the tangents to w, and «. If «
were an intersection of two different P-surfaces jg, j,, it would have two
branches through O, touching the common generators of g4, g,, other
than the tangents to w,. Hence « is not an intersection of jg, 7,, but a
double curve on one P-surface jg, and X' is a d.p. on wp; H' ceases to be
ordinary to this extent.

Thus if, in an ordinary transformation T, one F-curve w, of H
acquires a d.p. without breaking up, there is one F-curve wy' of H' which
also acquires a d.p. without breaking up. Both «, and wy are irrational.

Now the equations proved below for an ordinary transformation, and
assumed here,

o= a-', zp = Epl, .
hold also for 7 when modified, as can be proved by reducing it to one of
ordinary type. Now o is unaltered when w, acquires a d.p.; hence ¢ is
also unaltered, and no o' breaks up. Also Zp is lowered by 1, and there-
fore Zp’ also ; but pp is lowered by 1, hence no other d.p. of £’ can arise.

The two curves w,, wy are associated by the fact that if either
acquires a d.p., so does the other. This sets up a (1, 1) relation between
the sets of irrational curves of H, H'.

Now let w, acquire p, d.p.’s; it does not break up, o and therefore o'
are unaltered, and wg does not break up when it acquires p, d.p.’s. Hence
Pw == Pa, and similarly p, > pp, that is

Pa = Pp-
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In the (1, 1) relation, associated F-curves of H, H' have the same
genus, which proves Tummarello’s theorem. -

Thus the numbers of irrational curves in H, H' are equal, and also
the total numbers of curves; it follows that the numbers of rational
curves are equal also. '

If w, is & rational curve of degree greater than 1, it breaks up on acquiring
a d.p. This may cause (¢) to break up, and lower n; or it may entail
an additional F-curve of second species, and lower n'; or it may cause a
P-surface to break up, one part j meeting (¢) in F-curves only, then
j corresponds to an isolated F-point of (¢') and T ceases to be ordinary.

If T is still ordinary and of unaltered degrees, o and therefore o’/ are
increased by 1, and one ' breaks up on acquiring a d.p., and is there-
fore also a rational curve of degree greater than 1. But the particular o'
that breaks up may depend on the particular way in which w, breaks up,
that is, on the degrees of the two components of «, and the distribu-
tion between them of the intersections of w, with the other I-curves.

We do not thus obtain any (1, 1) relation between the rational curves of
H, H'.]

6. Incidence relations for space transformations.

1) o =o'

@ 2p. = ZP,.

3 2d. = ;n’ —4.

@) Zi. = 4i,—1.

(6) Zdaia = nn'—1.

6) Zdate = n'd,.

mn z tataa = N,

@) Ziwip. = diig (@ 8.

9) 2dan b = dyig+1.
(10 §'£a1)La~4)L = ?’if.'?;z;f—4n'.
(11) ?&Zma = 02—
(12) Za‘,-r},,i“' My = Ndu—b0 Mo

(18) Stewtegma = dudy—irDig (d B
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(14)
(15)
(16)
)
(18)
(19)

(20)

(21)

(22)
(28)
(24)

(25)

(26)
(27)

(28)

(29)

(30)
(31)
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WDy == Sinipmitdds B
%iz D, = Ziea(laat1) myt+4iam,—do(da+4).
%iﬁDaﬁ, = Eli;ram;'+7zma.— 20 (pa—1)—4d,.
o
E ttgDag = 2, E M niam,— it di—d,.
%’i“}D,a = 2, E{‘i,’i M 1% (41, + 2p, —2) — 20, da—d.,.

Stge Dap— dartia+ 2nar (pa—1) = Zig, Dig— dumiz+ 20a(pi—1).
] E
2 iﬂ ']:ﬂa'-Daﬂ - 2 (?:B _/I:a) (’iﬂa' _iua') -Da.h
B A '
= (nﬂ;aa' + ,':a d;') Mo— 7::: ?:aa.'(47n‘a + 229.1 - 2) - 1;;,‘1 "nt’z’-
2 'ipa’ ’I;pp' .Duﬂ - %(Iiﬁa’ - iaa') (iﬂﬂ' _’I;uﬁ') -Dah
8

= (A tagF At tae) My —Taalog (410 + 2P — 2)— 1. Dg (@' £ B).
Eiiu' Dys— E(iﬁa' —%aa)® Dan
= 2do 0 Ma—"t00 (4Ma~+2ps — 2) F du My — o0 (400 + 20— 2)
"E(ifs'a —ira) Dog:

ZEDypg—4Em, =ZEDypg—4Zm.
a B a a’ B a’
224Dy = Z9,(dm,—p,+1)—11(n—1).
a B a
34 Dyg = Z{nm,—t(p.— 1)} —Zm —5n—1).
a B a a’
234Dy - = ZZ4,0mame—Z 1o (p—1)+ dota}
a B a a’ a
+ 202 —dn'42.

S34,18D.g = Z{ni,m,—1t (p.—1)} —2n2+2.
a B a
2324/ D,s = 823 i, mu+ 2 {440 (@m,+p.—1) —8dodz |

a B a a a

—nS41.

23 3474, Dog =322 me—di i+ nP—2mn' +1.

a B a a
23 24153 Dag = 2340 (2—in) ML

a B a a

— {4 (p.— 1) —i(d,—8)} +n°—1.
z %ila'Daﬁ‘-'-ED;'h' =2 iau.' (4ma _pa+ 1) +4m;'—}7;’+ 1— lld;'-

a

220 Dap+Z D0 = Z{domy—toy(pa—1)} —po+1—5d,.
a B -4
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For an ordinary space transformation, the plane characteristics
n, i, of the F-system are replaced by

7, n', 7;11.9 Mg, pai DaBy da 3

and the incidence numbers %, of thé P-system by .., %aw. We shall
prove the above relations, and the corresponding (1) ... (81) with the
spaces interchanged, where

. 14, 1 stand for the lower and higher of <, 4, or both for their common
value if they are equal; and similarly 4., % for the lower and higher of
?;dﬂ-" iﬁa';

D,;, means D if i, < %5, and means 0 if ¢, > 44;

D, means D, if ¢, > 15, and means 0 if 3, < %.

7. Noether’s and Pannelli’s relations.

To prove all these we have, in the first place, the simplified forms of
Noether’s and Pannelli’s relations; the first three express postulation,
genus and equivalence for (¢) :

(n+1)(n+2)(n+8)—24 = 24, (G, +1){(Bn+ 6)me— (2.4 1)@, +p.— 1)}
) E'&(’I;z‘*‘ 1)(8%a—u+1) Dyg,

(n—1)(n—2)(n—38) = 2t (ta—1){(Bn—6)m,— (26, —1)(2m,+p.— 1)}
: —?%il(i;—l)(mh—iz—l) D,

nd—1 = 2#’ {8nm,— 2.2+ pa—1) }— 2 E 13(84,—1) Dag,

§(pa-—1) = §(p;'—1),

E%Daﬂ—etzmu = E,%,D:"ﬂ'—‘lz.m‘:”

4334 Dg—20,(5m,—4p.+4) = 4235 Dop—Z i (5 —4p.+4).
a B a a’ B a’
Next we express the facts that the degree of ¢ is that of ¢':
B—2iim, = ',

and thai the genera of plane sections of ¢, ¢' are equal :

3n—1)n—2)—Z35,(la—1) m, = (' —1)(n' —2)—Z il — 1) my-.
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By combining these, and the same with the spaces interchanged, we
can prove some of our formulae, and combinations of others, namely

(10), (11), (22), (23), (26), (2-(1), 3X(28)-(27).

Others can be proved, for curves of first species only, by simple
geometrical considerations :

(3) expresses the degree of J ;

(4) " ,» multiplicity of w,- on J';

(5) ” ,» number of intersections oi ¢, ¢;

(6) b » ,, )’ » s Jah €3

(M » » » ” no P Ka's

(8) ” ” " " ” s Jah Kg'3
12) ) ,» degree of the intersection of ¢, 7, ;
(13) ” ” ’ ” ” w  Jaty B

This also holds for (4) when . is of second species, and is 4<,-fold
on J'; for then Ez“ contains a term —1, arising fxom the correspond-

ing F-curve of Second species, which does not answer to any sheet of J'.

8. Transformation of certain sets of points.

I. Let %; be a curve of degree £’ and genus p, having 7, simple inter-
sections with w.'; and f: a surface of degree &' on which %' is simple and
o, i8 y.-fold. Let f; be another such surface, of degree 2’ on which %' is
simple and w, is v.~fold, and let each of #', /', v’ be greater than or equal to 1.
If w, is of the first species, from the homologues of &', f.- there fall away #.
P-curves «, and y,- P-surfaces j, respectively. If w, is of the second species,
the corresponding F-curve w, of the second species falls away u;- 7. times from
k, reducing its degree by wo-n.m, = 7. 1., and the reduction of #, is as before.
No P-surface is dropped from f, on account of w,-, and the multiplicity of
w, on f, is increased by 5, Now :d. =0, and, with our conventions,

Tag=tug = 0, %40 = 1pe = —1; we have for the homologues
’ 4 ’ 4

5 = glnl__zi”a'?’a" Na — f’du_El'la"”a'uy
a a

r=z'n —Zy.d, Yo = 2'le —ZYorlea ,
a' ‘a’

2 =2zn —Zv.d., Vg = 2'%y — 2V laas
a’ . 'y

the sums extending to F-curves of both species.
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We can take &', 2, 2 to be large compared with #', ', v'; then all of
& n, x, 9,z v are greater than 0.
Now k meets its total residual, in the intersection of f,, f., in

E@+2—4)—2(p—1)

points; since o, is of multiplicity greater than or equal to that of the
simple curve k on both f, and f., each of its intersections with & absorbs
Yat+v.—10f these points. The free intersections of k with its residual
correspond to the points of the same nature for &/, fr, f,:

E(x+z_4)—2(p—1)_2'7a(ya+lva_1)
= {'a' 2/ —4)—2p—1) = Znelyetvo—1).

Now &', o, &', ¢/, 2/, v' ave arbitrary. Substituting for £ ... », and
equating coefficients, we have the relations (8)-(9).
Sum (9) with regard to o' :

Z'Eiaa"i;«a = an'—1+40¢, by (5).
The double sum and the product nn’' are symmetrical in §, §’. Hence
(1), which signifies that the total number of F-curves is the same in
the two spaces. Since F-curves of the second species occur in corresponding
pairs, and therefore in equal numbers in S, §’, the number of F-curves
of the first species is also the same in the two spaces.

In the process of reducing an arbitrary transformation V to one T
of ordinary type, the F-elements of each auxiliary transformation give
rise to equal numbers of F-curves of T in §, §’. Hence the equality ol
F-elements holds for ¥V also, provided that any isolated F-point or F-curve
of contact of V is counted as that number of distinct F-elements to which
it gives rise when V is reduced to T.

II. Next, let f;- be such that y, <yp if ¢ <ig. The number of
free intersections of w,- with its residual, in the intersection of f;, ¢, is
Mo (& T+ Y ) = T Yo (dmg 4 2pr—2)
—S(yia-Fyiic—yicic) D= Sy D
If w. is of the first species, these points correspond to the free intersec-
tions of j,- with a general plane section of f;, in number

2dy—ZYataa My,
a
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If e is of the second species, they correspond to .points of the plane
section of f, adjacent to the corresponding F-curve w,, in number y,m,, to
which the last expression reduces in this case.

The equality holds for «, of either species; substituting for z, y,
and equating coefficients of z’, yg, y.-, we have (12), (13), and (15)'~(14)".

III. Again, let f, be an arbitrary surface, with = large compared
with each y, and y, greater than each y4; let f. be of the same nature.
Then

Yo=Y = lic—1g)— Z y, (i, —iuy).
y:
If 7 < g, it follows that y. < yp-

If 4, = 4, and w,, wp intersect, so that D) > 0, then every term in
2y, (23, —1.) vanishes except the two arising from the two F-curves w,, wg,
Y

of equal multiplicities 7, = 4,4, selected by w,, wp respectively; and
Yo—Yr = =@y —Yp)-
In particular, if y = a, we have
Yo > Yoo Yo < Upe

In every case, v, >, =, or < vg according as y, >, =, or < yg-
The number of free intersections of w, with its residual, in the inter-
section of f,, f, is ‘

Mo (Ve 2Y ) — Ya Vo (4 + 2p, — 2) — Zyp v Diag.
B

These points correspond to some of the free intersections of jq, f, f; also,
corresponding to each point Q. for which 4, << ¢, there lies on f a
P.curve kg, of multiplicity y,—ys for fr, which lies on j5 and meets j;
once, at the point X’ of § 4; this is (v,—vg)-fold on f, and it accounts for
(y.—yp)(va—vp) free intersections of j,, fx, fo-

By Noether’s general equivalence formula the remaining number is

&4 d,— 2@ v+ 2"Ye) tea Mo+ Yo ve d damy —ta(dmy+2pe—2)
r (l ;’U"‘*"I I'v;-') ?;;'a.+ ;.'v:z'(i"u._i;'u)} if y;' < y, 3
ppp[ (O GG T <
< B Lot { (Yo v Y va) gt Y vp Gua— g} 1f Yo > Yo
_§(ya_yﬂ)<vu'—/vﬁ)D¢p (for ia < 'l:p).

SER, 2. VOL. 26. wo. 1598. 21
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In the second sum, every pair of curves which has 4, < ig has also
Yo < yg, and belongs to the first line; then 14, < ¢g.. and we can write
i1a for ip,. Every pair with 3, > i belongs to the second line, and for it
we can write %, for 7g,. If 7, =1z and also 7., = %g,, the two lines are
identical, and it is indifferent to which line we assign the pair.

For all these pairs the summand can be written in the common form

{@avp+ Ypva) tra+ Yo v Cga—ird + Yo vp (Cae—1ra) } Dyg.

There remain the pairs for which i; = 45 and 4, ¥ 1g., that is, those
selected by w, and the curves g of equal multiplicity which meet it. If
such a pair belongs to the first line,

o

iﬂ'u = il'n - za'a—li
Yo—Ya = Ya—Yp Vp— Vo =Va—Vp Dug = Des.

The summand is equal to the common form just given with the cor-
rection

(YevpFypve—yuve—ypvp)iva—1pd Dig = —(ya—ys) (0.— ) Do,
and similarly for a pair belonging to the second line. These corrections
can be included in the third sum if this is extended to curves for which
1, = g a8 well as those for which ¢, <<<7s; this we denote by writing D,,
for D,. The second and third sums become

z % { e v+ Yo ve) ot Yo va e —1) Yo Vi (la o —11a) | Digr
a

—EB (Ya—Yp)(Va—vg) Dan.

If w, is of the second species, we find, as before, that the formula re-
mains correct. Substituting for z, y, 2z, v, and equating coefficients, we

have (17)—2x (16), 19, 20, 21.

9. The compound transformation W.

Let V,_,» be another ordinary transformation, between S and a third
space S”, which has in common with 7' one F-curve in S of the first species,
say w, of multiplicity y., the other F-curves Zw; of multiplicities Zy; being
in ag general positions as possible with regard to T, so that «s meets w, in
D,; points, but does not meet any wg (8 ). To construct V, we take a
monoidal transformation of arbitrary degree, with an arbitrary simple
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F-curve m, reduce this to ordinary type, and identify one of the spaces with
S and the homologue of w with w,. We can take x large compared with v,.
Let £, be the general homaloid of V.

We have thus set up the compound transformation W= V.T-! be-
tween S’, 8", whose homaloid in S’ is the surface [, which ¥ f, (corre-
sponds to f; in the transformation T'), where

' =an —y,d,,
and the F-system of W consists of four sets of ordinary curves :

(i) An F-curve w, of T is of degree m, and of multiplicity 7, — Yolu'a
for W.

(ii) The curve ws which 3~ ws is of degree nms;—1,D,s, and of multi-
plicity s for W ; it meets another curve w, of the same set in Dj, points,
and meets w, in the d,m;—2,, D, points which 3 those intersections of
ws, Jo- Which do not lie on w,.

(iii) If y, < ys, each intersection Oy of w,, ws is a hypermultiple point
of f, on w,, and ¥ a curve «, of degree 4,. Each of the D,; such curves is
an F-curve of W of second species of multiplicity ys;—y.; it meets w, in
1,. points, and meets once the one w; with which it is associated.

(iv) If 4, <1, each O, 73 a curve xz breaking up into «;, xg,; the first
component lies on 7, and is dropped from f;, but the second remains as an
F-curve of W of second species, of degree i3—i,, and of multiplicity y,.
It meets w, in g, —%., points, and meets no F-curve of W of the other
sets.

The F-system of W in §” is of the same nature, and consists of

Zwy, Zwg, Zky (<t Zri (a <Y
e ey v on . .. . .
of multiplicities nys —, Y5, i lg—1la 4, respectively.

There are two kinds of P-surfaces of W in S”. We have w, 75 the
surface j,- which 3 j.-; on this, the multiplicities of
7 7”7 ’” 4
w5’y wg, Koy Kéa

are Qo Ysr—TawYsay Uga's Upa'—Tear (if POSitive), 7,. respectively.

Also ws 5 Ji, on which ws-i8 yis-fold; and, if y, < ys, it contains simply
the D,; curves s, associated with ws.
282
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10. Incidence relations for W.

Thus W is an ordinary transformation, and we can apply to it the
formulae already proved for T. In particular, apply (4) tox,:
46Gs—3)—1 = = (Gpr—ta)— 1,
where on the right the sum extends to those values of a' for which the
suommand is positive, and the term —1 arises from the corresponding
F-curve «g, of the second species.
But, by the same formula for T,

4 (iﬂ - ia) = 2, (iﬁa.' - iaa') ’

summed for all values of o/, whether the summand is positive, zero, or
negative. Hence there are no negative terms in the last sum, that is,
tew < g provided that 4, <45 and », meets ws, as was proved
geometrically in § 4.

We have here assumed that «, is of the first species for T'; if it is of the
second species, every «, is adjacent to the curve v, which 3 w,, and which
is an F-curve of contact for W. But though W is no longer ordinary,
K. is an drdina,ry F-curve of W, for which (4) still holds.

We shall next apply to W the formula (23), which can be deduced
from those already proved. We need to know which has the greater
multiplicity of each pair of intersecting F-curves of W.

The difference of multiplicities of wg, w,- is

z (7:;’3' - ?:4,1') - ya(z;'a_ i;'u) .

Since z is large compared with y,, we have w, of lower multiplicity pro-
vided that either . 9
e < (7

or else 1y = g and also 7., > 14,

The last alternative occurs if, and only if, w,, wy are a pair of F-curves
of T selected by w, and an wg of equal multiplicity.

The multiplicity for W of ws is less than that of w,-; its relation to an-
other curve w, of the same set as itself is the same as that of w; to o,
for V. The F-curves of W of the second species are all of lower multiplicities
than any F-curves which they meet.

Hence the term in (28) arising from the intersection of wy, wp is

(@i —Yatye) Doy if tw F g, OF Gw =tgp and fe, = ipa;
and itis {zir—y.(ra+1)}Dyp if 3y =14y and i, F tga

= (&0 — Y tra) D;»ﬁ'b—- YoD.s where i, = 1.
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The equation is. therefore :
23 (aif —yaird Diy—Ya2 Dep (o1 iy = i+ Ty D,

+§%ys(d;'vna—iu'Das)+2ﬂ§yn(ipa-—iu') D (for 1, < 1p)
+,‘§‘, (ya-—yu)(§im/+ 1) D, (for y. <y,
—-.? (Tl — Yulwra) (@ — prot-1) — %‘. ys{4(mms—1i,Dos)—ps+1}
—%{4(@;—75.‘)*‘1 } ¢aDag (for 4, < tp)
—%(4ia+ 1)(ys—ya) Dog (for y. < ys)

+11(zn' —yudo—1) = O.

By means of equations already proved, applied to T and to V, this
reduces to (80). If w, is of the second species for T, (80) becomes the same
as (21), already proved for either species.

The rest of the formulae of §5 now follow by combination and
summation of those already proved. Many others can be obtained by
pursuing the methods further. For example, Noether’s formula for the
genus —p, of 7, gives

(de—1)(de—2)(de—38)+6p.
= Dtag(tawr—1) {(8de—6) M — (2000 — 1) (@M +p.— 1)}
—22 ‘ila' ('ila.' - 1) (Siha'— 'ila' - 1) -Daﬂ'
a g .



