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1. History and Summary.

A homaloidal family of curves is one that can be transformed into the
straight lines of another plane by a Cremona transformation. In the
memoir that in 1865 laid the foundation of the plane theory, Cremona
gave 49 types of homalcidal families, of which 44 are essentially distinet,

for general values of the degree n of the form zu+4v, v=0,1, ..., u—1,
with z =1, 2, 8, and 4. We shall quote these as C.1, ..., C.49. Ruffini’s
formule (R.4, ..., R.7) contain as particular cases a few of these and

five more for z = 2, of which Larice rediscovered two, and his general
formula (R. m) gives one more for each of the forms of » with z = 8, 4.
By compounding two de Jonquiéres transformations, with all possible
varieties of coincidence of the fundamental points in the intermediate
space, Bianchi obtained a very general solution (B.), the form of = in-
volving 8 parameters; the simplest case with no coincidences was given
later by de Jonquieres. These do not produce any new types with « < 4.
Palatini repeated Bianchi’s work and extended it. In his formula (P.) for
the composition of three de Jonquiéres transformations, with arbitrary
coincidences of the fundamental points, 2 involves 6 parameters. From
this there can be deduced all the remaining types with i = 3, and many
with z = 4. All these general formule will be found m § 7 below.

Palatini also gives a heavy formula, with 16 parameters, for the composi-
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tion of four de Jonquiéres transformations, which has not been analysed
here.

In most of these researches the new general types are obtained by
compounding simpler known types. By this method, there is no guarantee
of completeness, and none of the writings quoted contain all the types of
the kind considered. On the other hand, there is a guarantee of the
existence of such types as are found, as geometrical transformations and
not merely as arithmetical solutions of the equations of condition.

In this paper the equations are attacked from the arithmetical point
of view, 80 as to ensure completeness; it is shown that all the types for
z=1, 2, and 8 are given or hidden in one or other of the memoirs.
They are collected and classified in §§ 8, 4, and 5. We make use of
several general conditions that the families do not break up in specified
ways : the final proof of existence is to transform each family either into
one of a general type already proved to exist, or into one for which
n << 15, of which more or less accurate tables have been published in
scattered places. A complete table for 7 < 11 is given by Montesano
(loc. cit. Atts, p. 84).

This method does not lead to the pairing of conjugate solutions;
but by giving this up we are able to tabulate the types, at the end of § 5,
in an order much more convenient for use.

For z =4, the number of types is much larger; in §6 they are
classified, and a specimen of each set is given. The same methods could
be applied to any numerical value of . In §7 there are given the types
which exist for a general value of z.

There prove to be 2 quite general solutions (x = 1); 6 for n even and
5 for # odd (x = 2); 18 for » a multiple of three, and 16 in each of the
contrary cases (x = 8). The inequality of these numbers is remarkable.

2. General Conditions.

A plane homaloidal family of degree » is completely determined by its
F-gystem, that is, the set of fundamental or F.points common to all the
curves of the family together with their multiplicities. Let the F-system
consist of o; points of multiplicity ¢(z = 1, 2, ..., n—1), and let it be written
Zai. Cremona showed that the positive integers 1, a; satisfy the two
equations :

Zia; = 8n—8 (1), 2Pq =nf—1 (II).

We have also certain inequalities expressing that the family is not
wholly degenerate, so that no fixed curve of degree ¥, determined by the
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F-points, meets one of the family in more than yn points. Thus

(straight lines) nt, << n,
(conics) st t... i, < 2n,
(nodal cubics) 2041+ ... +1; < B,
(quartics with triple point) 8o, 40+ ... Fi, < 4n,
(quartics with 3 double points) 2@, 441941, + ... 41y < 4n,

where 7,, %y, ... are the highest mulfiplicities.

More complicated tests are meeded when the degrees of both com-
ponents depend on 7.

A set of numbers ¢, «;, which satiefy I and II but violate any of these
conditions, or for which any a; is negative, form an arithmetical but not
a geometrical solution ; that is, a solution of the equations of condition
to which there does not correspond a homaloidal family of proper curves.

The following known properties will also be used :

(a) 7;1 < n—1.
B 1 ti,t+ig>n l
(Noether).
() 1, > n/8 J
(d Zu; < 2n—1 (Montesano).

All those solutions which differ from each other only in the part
independent of 7, that is, which have values of a; differing by definite
integers or zero when 7 is independent of n, but equal values of a; when
7 involves n, can be quickly obtained from each other by the following
device.

If y is any given positive integer, then on any solution of (I), (II) we
can superpose any positive or negative multiple of

E, =1"{—3yly—D I {yy—2)},

and obtain another arithmetical solution, which is also a geomeirical

solution provided that, in the result, every «; >0 and that the family

does not break up. Hence, if at first we admit negative values of a; and

as we can put ag = a; = ... 0, in the part independent of n, in all the work

until the last stage of all, when from this arithmetical solution or dase we

can deduce the corresponding set of geometrical solutions, by systematically
SER. 2. VOL. 22. Nxo. 1453. Q
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superposing proper multiples of
E,=1%—3878,,  E,= 14—6)8},
E; = 15(—10015', E,=15%—15)"24}, &e.

3. z=1.

In any solution for a quite general value of n, both 4 and «; are poly-
nomials in 7. Since the solution is to hold for = large, the properties
(@) and (d) of § 2 show that these polynomials are of degrees 0 or 1; and
further, (a) shows that ¢ has one of the forms n—ao or o, where ¢ is a
positive integer, and (d) shows that a; has one of the forms 2n—o, nt0, ~.
In every case where n occurs, its coefficient is positive.

Since (I) and (II) are satisfied for all values of n, we equate coefficients
of its powers. From the terms in »? in (I), or in %® in (II), we see that
¢ and a; cannot both contain 2 for the same value of ¢. We therefore
assume an F-system denoted; with a slight change of notation, by

zlf a'":-"" 2(5 (ei'll-f-rh-)i,
ga=1 i=1
separating the groups of points for which ¢ involves n from the groups in
which 1t does not; in the latter only, o; may involve n, if ¢, > 0.

The upper limits o, %, are positive integers to be determined
a, o, 1, € are positive integers or zero, and e < 2; the u; are integers
which may be negative; if ¢ =0, then #,>0; if ¢ =1, then ,,%0;
and if ¢, = 2, then », < 0.

Now equate coefticients of powers of # in (I), (II), in the order most
convenient for future use.

29  Sa = 1, (1)
(I n) Sa +5ie= 3, @)
(In) —2Fac.+Zi%q= 0, 3)
ITn —~Zac,+Zi g = —3, (4)
(I 1) Sac?+ Sty = —1. )

From (1), the first sum has only one term, with « = 1, arising from a
single F-point; from (2), the second has only one term involving =, that
is, with ¢ > 0, which arises from two or one F-points, giving the two
cases :

(1) ¢ = 2, all other e, = 0; (2) e =1, all other ¢, = 0.
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In either case we have the condition

(straight lines) - n—o.+1 < n, that is, 1 < o,.
Case 1.—Since e, = 2, hence Zil¢; = 2;
from (8) oc. =1, whence 1=1.

Thus there is only one term in the second sum. Then (4), (5) are both
satisfied by n, = —2; all the constants are now determined, and we have
the well-known de Jonquieres solution, which is Cremona’s first general
type :

C.1 1" 1 2n—2)%
Case 2.—Here =1, Zil¢ =4.
From (3) g, = 2, whence 7 < 2,

and there are just two terms in the second sum. Now (4), (5) give
m= 31 Ny = _2,

and we have the second solution
C.2 17~ %(n—2)23%.
These two, both given by Cremona, are therefore the only types possible
for a quite general value of =.

In both cases a quadratic transformation applied to the three highest
F-points of the family, that is, with its three F-points coinciding with
them, reduces it to one of the same type and of lower degree. A series of

such quadratic transformations reduces either family to straight lines or
conies; since these do not break up, neither do the two general families.

4., r = 2.

To find the solutions depending on whether % is odd or even, we write
n = 2u+v, v=20or 1, and assume %, a; to be polynomials in u, instead
of in n, with coefficients depending on v. As before, by (a), (d)

1 < utv—1, << 4u+2v—1,
and %, a; do not involve u both at once. The F-system has the form
Sa" % ER % Zemtm) (i =0,1, 2,8, or 4).

Here o3 may be negative, but not ..
Q2
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Equate coefficients of powers of u in (I), (II).

45aq + 38 =4, (1)
95q + 58 +Sie=6, @),
—4Za(o,—v) —2Z Bos+Zi’; = 4, (8),
—Sa(@e—)— ZRoatSin = 33, ),
Salca—if+ ZBol+ ity = P—1. 5),

Since a, B are positive integers, (1), gives two alternatives : _
1. The first sum has one term, with « = 1, the second sum is ahsent ;
2. The first sum is absent, the second has not more than four terms,
arising from exactly four F-points.
Case 1.— a=1 B8=0.
From (2),, (8), Tig =4, il = do,.
"The first of these gives five possibilities :
ag=4; =2,g=1; =2; =1 e=1; =1

In the first and third of these, the only ¢; is even; in the whole F-system,
w only appears in the form 2u or 4u, and we are shut up to types already
met in §8. In the second and fourth, Zi%¢; is not a maultiple of 4, so
these are excluded by (8),. We are left with the last case:

=1, o, =4,
with the further condition
(straight lines) n—4—41 << n, thatis, 7 << 4.
It remains to satisfy (4), and (5),, which become
m+ 24 8n+ dng = 2v+1,
m+4n,+ 9+ 165, = 8v—17.
We first agsume n3 = n, = 0, and obtain the base
m=19—4y, 53=—9+38.

Considering the last set of F-points, we see that only », can be negative.
We therefore superpose negative multiples of E,, and positive multiples of
E,, for each value of v, in every possible way that leaves 5;, n, > 0.
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We can, however, exclude many cases and limit the work by another
consideration. Write down the condition that the family does not break
up, one component being of degree v, determined by & (y—1)-fold point at
the (n—4)-fold F-point, and 2y simple points at the next highest F-points,
that is, by 1¥~*(2)'. Take

2y = utntngtn—pe, p< M

where p is chosen to make this expression even. If our type exists for both
odd and even values of u, we can take p = 0.
We have the conditicn

yn > (y—1D(n—4)+4(u+n)+8n3+2(m—p),
whence 2ty < v—4.

This excludes all but four cases, C. 22, 18, 28, 26, valid for all values of
w > —ny; they are shown in the table. In certain other cases where
ny = 0, and therefore p = 0, the value assumed for y is only possible if u
is odd (or even, as the case may be), and must be replaced in the opposite

case b
y 2y = utntng—p, 0<p<Lu

yn = —1mn—4)+4u—=35)+3m—p),
whence Oyt L v—4d+p.

This leads to some types valid if n is of the form 4u-» instead of 2u-v;
we return to these in § 6.

For each existing type, we verify that it does not break up in some
other way by transforming it into a known family of lower degree, by
quadratic transformations applied to the three highest F-points.

Case 2.—Let og,, ..., g, in descending order, refer to the four points
of the second sum, where these o’s can be equal to each other. We have
the conditions

(straight lines) u—og+u—op < 2u+v, thatis, og+os > —v;
{conics) du—Zos+1 < du+2v, thatis, ¢ < Ww+2op,.
From (2), ey = 2,

giving two sub-cases, as for n general,

Il
—
.

H =2, (i) e
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Case 2i.— - a=0, ZB=4, =2
From (8), op,+op,+op+os = 1—2v, whenece 7 < 1.
But op+op, =~
whence optos < 1—y,

and similarly for any other pair. Sum the three inequalities of each type
that involve o, and use (8),:

—1—» < 20, < 2,

and similarly for g, og, o5, The only solution of (3), compatible with
these is '

op = —v, o5 =05 =0, &p,, =1—v
Now, since ¢ < 1, the last sum has only one term; from (4),, (5),
m=v—2 m=—r+w—2

which are compatible since » =0 or 1. We have the pair of solutions.
C.8, 5.

Case 2ii.— a=0, ZB=4, =1
A similar argument leads to Z2%e; = 4, Zop, = 2—2v, whence ¢ < 2,
—v < optop < 2,
—2—r 208 < 4—v.

Here are three possibilities :

op = —1, op, = 0, = 1—1, op =1;
or 0'5120'52:0, 0‘33:0'54:1—‘V;
or O, — Og, = Oy — 0, ag, — 2—2r.

Lach gives two types with v =0 or 1; the last two are the same if » =1,
but different if » = 0. It is this circumstance that causes the numbers of
solutions for % odd and n even to be unequal.

Now 4 < 2, and 5, n, are given by (4),, (5);; we have Ruffini's five
solutions, three for n even and two for n odd.

This exhausts the possibilities with n of the form 2u—v.
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5. £ =8.
Next» let » =8u+v, v=0, 1, or 2. The F-system is
Zo" 7 2 A% Ty~ leau+ Y,

and the constants satisfy

9%a +438 + Zy =9, (1)
8Za +238 + Zy +3Zig =9, (2)s
—6Za(0,—) —4ZB0s—2Zya,+Zite; = 6w, (8)s
—Za(o,—1) — ZPog— Zyo,+Zin; = Sv—8, (4);
Za(e.—v)?+ ZBoi+ Zyol+Zity =12 —1. (5)s

From (1)3 there are four possibilities :
a=1 B=y=0; a=0 Z=2, y=1;
a=0 B=1 Zy=5; a=B=0 Zy=09.
The second is excluded (straight lines), and we have three cases.
Case 1.—From (2);, (8); Zie; = 6, Zile; = 60,
(straight lines) n—o,+1 L n, thatis, 72 < 0.

Now every e >0; if we relax this condition, and then put
e =¢ = ... = 0, we have the base for the e,

6= 12—60,, & = —8+43807..
It follows that the geometrical possibilities are
o, =1, =6; o0,=2, =8; 06,=38, ¢=2; 0.=6, ¢=1.

In the first two of these, x only appears in the form 38u, and we have
types already met in § 8. There remain two sub-cases.

Case 1i— a=1, B=y=0, 0,=8, =2, 1<L8.

Here 74 can be negative, but not #,, 7. From (4),, (5); we have the
base
" m=10—2s, = —5+2, z=0,

whenee six types, C. 8, 6, 12, 10, 14, 16, valid for u > —n,.
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Case lii— a=1 B=y=0, 0c.,=6, =1 ¢<6.
Only 55 can be negative. The base is
m=43—8y, 5= —2045y, 5= ng = n;=ng =0,

We can exclude many arithmetical solutions by the test of § 4, Case 1.
That argument leads to
g+ 2540, < —64v.

A quadratic transformation applied to the three highest F-points
reduces each of these types to a similar one with x lowered by 2. To
prove the proper existence of each we have therefore to check it for
u = —ng and —»ng+1. Three are found to fail, breaking up in ways other
than those specified so far. The remaining geometrical solutions are
tabulated ; again the number depends on the form of », being 8 for v =0
and 6 for v=1 or 2.

A general formula for this set can be obtained from (P.) by putting

N = 6, 711 = 8, 2113_l, _ M

the remaining parameters I, I'"’, n, taking all sets of values that make all
‘the a; > 0.

Case 2.—Here we have the conditions :

(straight lines) 2u—og+ pu—o,, < Bu+t,
(conics) 2u—optiu—(oy,t+oyto, o) < 62y,
(nodal cubics) 2(2u—op)+5u—Sa,,+i < 9u+3,
that is, —op—r K 0y, & o+ t2Zay,

1 < 208+ 8v+Zoy,.
Now, from (2); we have Zie; = 2, giving the usual two sub-cases.
Case 2i— a=0, B=1, ZSy=5 =2 Zi=2.
From (8), Zo,, = 1—253—8y, whence ¢ < 1.
Now —op—r L 0y, K 1 —0p—,

hence each of the five numbers o,, is either —ag—» or 1—opg—v; from
(8); we find that 4—80s—2v have the former value and 1+80g+2v the
latter.
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Sum the inequalities for o, oy, ..., substitute for Zo,, and rearrange:

1= < 8orp < 4—.

For each value of v there are two possible values of o4, and for each of
these the o, are determined. From (4); we have 5, = —2—o,, and then
‘5)g 18 also satisfied. This leads to six more types, C.7, 9, 18, 11, 15, 17.

Case 2ii— «=0, B=1, Zy=5 =1 Zila=4
The same argument leads to
Zo,=2—20—8y, L2,
—op—r Koy S 2oy,
—2—2 K 8o K B—2.

We find twenty-one sets of values for o ; then s, 5, are determined by
(4)4, (5)y, and three cases must be rejected because n, <<0. Of the
eighteen geometrical solutions, three are particular cases of (R.m). A
general formuls for the set arises from (P.) with n, = 2, ng = 3.

A quadratic transformation, applied to the (2u —a)-fold point and any
two points of the next set, reduces the degree of the family to

2(3IU'+V) - (2[&"""0’5) - (21“—0'7[—0'72) = 2/.&+2V+0’3+0'},:+0'7,_,,

which sherefore belongs to § 4. Conversely,'we can get all the types of
the present Case 21 and 21ii by compounding those of § 4 with a quadratic
transformation, letting its F-points coincide in any way with the simple
and double F-points of the earlier general type. But except when there is
only oue value of o,, the later type arises several times over.

Case 8.— a=B8=0, Zy=9.
From (2);, (3)s, (d)s, Sie; = 0, Syo, = —8y, Sim; = —3.

The first of these requires that every ¢ = 0, and therefore every », > O,
contradicting the last; there are no solutions in this case, and we have
exhausted the possibilities with 2 of the form 8u-~v.

6. z=414.

The case z = 4 is treated on the same lines. e assume n = 4u+v,
v =20,1,2, or 3; the F-gystem is

a7 ZB%=% Ty T+~ Zleim+ ),
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and the constants satisfy

16Za +9Z8 +4Zy + Z6 = 16, 1),
4Za +838 422y + 2§ +Zie = 12, (2),
—82a(0,—v) —6ZBop—4Zyo,— 22805+ Zi%e; = 8y, (3);

—Za(o.—v) — ZBog— Zyo,— Zdos+Zin; = 3v—38, (4),
Zulo,—v)?+ 2;30'2—}- 270'3-}- Eooi4 ity = A —1. (5)4

From (1),, the possibilities are

«=1 00000 0 0
B=0 11000 0 0
3y=0 1 0 4 8 2 1 0
=0 8 7 0 4 8 12 16.

The second is excluded (straight lines), and the last by condition (¢)
of § 2. There remain six cases to examine.

Case 1.— a=1 B=y=46=0.
From (2),, (3), Sie; = 8, Zi%; = 8o,
(straight lines) 1< O

The base for the ¢; is ¢ —=16—8a,, ¢ — —4+40..

We -consider these for o,=1, 2, ..., and deduce the admissible sets of
values with each ¢; > 0 and ¢ < o, In every case except one, every e is
even, and the types have occurred already in §§ 8, 4.

Case 1i—In §4, Case 1, we met types with o,—=4, 7,=2 in the
notation of this section, which arose there but really belong here. By the
methods shown there, we find eight types, C. 24, 20, 32, 30, 40, 84, 48, 44.

A specimen of the set is

C. 24. n = 4du, 1**(2u—2)*136

which is compounded of C.1 and a quartic transformation with the
F-gystem 1°%'. Since 2u is even, this can be reduced, by a series of
quadratic transformations, to the type with u =1,

n=4, 1%6,



236 Hitoa P. Hupson [Feb. 8,

which is proper. But if 2« is replaced by an odd number, 2u-+1, we
obtain n=dut2, 1*Qu—1)1"
which can be reduced to the type with u =1,
n=26, 1%1%1%6,
which breaks up, one component being the straight line joining the two
highest F-points.
Case 1ii.—The only other sub-case to pursue is
=8, =g =..—==0, =1, <8;
we can also obtain the condition
4ng+ B+ 2ng+n; < — 8+,
From (4),, (5)4 the base for the 5 1s
m=T5—12, 9= —385+Ty, rnz=..=y=0,

whence a large number of geométrical solutions. All the types of this
set involve u in the same way, the F-systems beginning with 17~%u® and
differing only in the integers s, ..., 7, that follow; 5, is always negative.
Lach 1s reduced, by a quadratic transformation, to one of the same type
with # lower by 2, and the process repeated brings u down to —zg or
—n+1.

If in (P.) we put N =8, n; =4, u = 2n3—10', we obtain thirty-two
different types of this set, in all of which, however, 7, = 0. An example
other than these, given at the end of this section, is compounded of C.2
and a quartic transformation with 823,

Case 2.—From (2),, Zie; = 2, giving the usual two sub-cases.

Case 21.—
a=y=0, B=1, Z6=17, ¢=2, opt+Zdo;= —4v+1.

By straight lines, nodal cubics, and quartics with a triple point, we
arrive at the limits
—1-3v L 4o < 6—38y,

—og—r L oy, < 1—opg—w.

For each of v==0, 1, 2, 3, there are two possible values for o, and for
each of these, one set of values of a5, ..., o5, We find eight solutions,
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C. 25, 21, 88, 381, 41, 85, 49, 45, the first being compounded of a quartic
transformation with 126 and C. 1.

Case 2 ii.—With e, = 1, a similar argument leads to a set with 7 << 2,
which is given by (P.) when n; = 2, n; = 4; there are twenty-six types,
seven for each of the even forms of n and six for each of the odd forms.
The first is also contained in (R.m), and is compounded of a quartic
transformation with 126! and C. 2.

All the types of Case 21 and 2ii arise in many ways from § 4, Case 2,
by compounding with a quadratic transformation.

Case 3— a=B=0=0, Zy—=4, Zie=4, Zi%;=8v+4Zyo,.

Again excluding the cases where every e is even, we are left with
e, =1, 1 < 4. The specimen of this set is compounded of a quadratic

transformation and C. 22. All these can be obtained in many ways from
§ 4, Case I. None of them is included in (P.).

Case 4, —Again Zie; = 2, and we subdivide.
Case 41.—
a=RB=0, Zy=8, Zd=4, =2, 2Zyo,+3dos=1—4dv.

Straight lines, nodal cubics, and conics give limits for o, and o5 and
quartics with three double points give t < 1. We find eight types, C. 23,
19, 29, 27, 89, 87, 47, 43. Bach of these is compounded of a quadratic
transformation and one of § 4, Case 21, the simple F-points of the two
coinciding in any way. The resolution is unique.

Case 4ii.— a=fB=0, Zy=38, 2Z3=4, ¢=1.

2

In the same way, each of these arises, once only, by compounding a
quadratic transformation with one of § 4, Case 21i; there are forty such.

Case 5.— a=8=0 Zy=2, Z2§=8.

A quadratic transformation applied to the three highest F-points would
reduce this to § 5, Case 8, which we h@ve seen does not exist ; neither does
the present case.

Case 6.— a=B=0, y=1, Z§=12.

From (2),, Zie; = —2, which is impossible, and Case 6 is also excluded.
We have therefore discussed all the solutions with n = 4u~v. There are
seven kinds, of which the following types are specimens, with 7 = 4u.
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Case 1i. C.24. 1" *(2u—2)'1%6"
1ii. 17-5(, — 28343231,
2i. C.25. 1%6*1*~}(2u—9).
2ii. R.m. 1%6#1#~2(n—2)23%,

3. 8% 1% -4(u—2)*8% 8
41, C.28. 3%8+1+-'(2u—2).
411, 82 1#+1g80-1(y —92)281,

7. z general.

Let n = zu+v, and let us search for solutions valid for general values
of z, . We assume %, a; to be multinomials in x, u, with coeficients

depending on ». The conditions
K n—1, Zg <L 2n—1
show that the multinomials are linear in each of z, u. The conditions
3, >nl8, thtin

show that there is one and only one point for which 7 has a term in xu,
and the coefficient is 1. We assume provisionally an F-system of the form

1z;u+a.u+bu+c Z(azu+ﬁx+yu+6)“"+"‘+".

Here a, d, e >0, and if a = 0, then 8, v > 0.
Equate coefficients of certain powers of x, x in IT:

(22u) Zad? =0,
(@u®) Zae* = 0,
(r®) ZRd* =0,

W®  Zye =0.
Hence for every term in which a>0, we have d =¢ = 0.
» ”» ” a=0, 8>0, " d=0.
» ” ” a=0, y>0, ’ e=0.

‘Slightly changing the notation, we have the F-system more closely
represented by

1astaztdure 3 (g 4 B)H+e T(yr+ )M Z(exu+nr+{u+ o).
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Here a, b < 0; d, f > 0 (for if either = 0, the term would be absorbed
in the last sum); «, v, e >0; e=0,1, or 2; if e =0, then 5, { > 0.
FEquate coefficients of the remaining powers of z, x in (I), (II):

O (zw) 1 +Zed +Iyf +3Zd =3,
) a +28d +2yg +3m =0,
W b +3ae +Z6f +IH =0,
M) ¢ 438 434 +36; = 3,—3.
an (=% 2a Sad? =0,
(zu? 20 +Zyf? =0,
(rw)  2c+2ab+22ade 4+ 2y fg+ Sei® = 2,
@) a +28a? =0,
(u? b + 262 =0,
() 2ac  +2Z2Bde+Zyg® +Zn® =0,
(m)  2bc Zac? +Z28fg+282 = 0,
1 e +3Be2 4369 +202 = *—1.

In (I xu), every term > 0; also from (II z%«) we have an even value for
Sad?; thus we cannot have Zad = 1, which would give, say, o, = d, =1,
every other a = 0, and therefore Zad® = 1. Similarly for the other sums.
Hence one of these three sums = 2, and the other two = 0.
If ' Sei =2, Zad = Zyf=0,
then from (II 2%, zu?, 2%, u?, I, u) we find
a:b:ﬁ:d:;’:f:o,

Make the substitutions ¢=v—q,, 6;=-eiv+n;

then z, u enter only in the combination zu-v=n, and the remaining
equations are equivalent to the set of § 8. We are shut up to the two
types there found, valid for any form of n.

The other two possibilities are obtained from each other by inter-
changing z, u; we need only investigate one. 'We therefore take

Zad =12, Syf=Ze =0,



240 - Hiuoa P. Hupson [Feb. 8,

that is, every y, e = 0, and therefore every ¢, , { > 0. We have also
(IT zu? b=0,

() =6f2=0, hence every § =0 as well as every v, and the
second sum is entirely absent.

(w) Zae’+4Zi?=0, hence ¢ =0 if a > 0, Zae, Zade, Zae® = 0, and
also every {=0. Then (I u) is satisfied.

(rm) c=v.
(Straight lines) (a+dDu+te<LO
for all values of u«, hence d < —a.

Since Zad = 2, we have the following cases :
Case 1.— =2, d=
all other a = 0.
Case 2.— a; =1, dl_-:‘z.{

The apparent possibility of two terms with a=d =1 does not arise; for
e = 0 whenever a > 0, the two terms would have the same index w, and
would coalesce into a single term a = 2, d = 1, reducing this to Case 1.

Case 1.—Here Sad? = 2.
(I 2%u) a=—1.
But 0<d< —a, henceeveryd=1.
(IT 2% E8=-—1
(I z) S =2,

giving two sub-cases
W 7=2 ZInt=2; () n=1 Zp*=4,
with every other » =0 in each case.
Case 11.—
(I x) ZBe=v—1.
Then using a curve of degree u, determined by 1#7'(2u)!, we find
11

hence the last sum has only one term, with ¢ =1.
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Using a curve of degree u—1, we find
e>—1.
(Straight lines) e <0,

hence ¢ =0 or —1, and the first sum has only two terms. The F-gystem

is reduced to 1"*(Qu+ 8y B2z +6)"

(IT 2% Bi+B,= —1 } hence B, =v—2,
(II z) —8=v—1] By=1—v,
and v < 1 since 8, > 0.

I 1) 9, = r—2

and (IT 1) is satisfied. The solution is therefore
(B) 12 2u4rv—2* (1 — v~ 12z 4-v—2)!,

valid if v<<1, 22 >2—v. If v<<O0, this is equivalent to Bianchi’s.
formula for the composition of two de Jonquieres transformations (C.1)
with —v of the simple F-points of the two transformations coinciding in
the intermediate space. '

Case 11i.— m=1, Zp®=4.

The same argument gives
3Be =v—2, 12, ¢e=0, —1,0or —2;
there are three terms in the first sum and two in the last. The F-system is:

1% Qu+ B Bi~! B (40,26

(IT 2%) BB+ Bs = —1,
(T z) —By—2B3 = v—2,
(I1) 0,426, = v—1,
II 1) By+4B,+0,+46, = —1.

We can express the solution in terms of one of the constants as parameter,
say Bs,
? By = —84v+B; 6 = 1+v+28,
,82 —_ 2-1’—2/83, 92 — —l_ﬁs.

SER. 2. VOL. 22. No. 1454. R
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All the solutions are derived from the common base
1"%(2u—8+1)*(2—vf* 1z — 1)} (1 +)},
by superposing a suitable multiple 3; of
13 (—2)*1 1#-3(—1)%21,
The conditions for B, are Bs >0,
B: >0, thatis, 2B, <2—v, whence v<2,
6, >0, thatis, 28;> —1—.

If v=2or 1, then B;=0; if v < 0, there are always two values for B,
their form depending on whether v is even or odd.

Since v can take all negative values, but only two positive values, it is
convenient to write

—v=p=2+1, 7=0,1;

then ¢ > —1 and B;=o+1 or o, provided these > 0. _
We thus have two solutions, given in the table. In the first put

o= 0, +t=0; n=uz; 12 (Qu—2)*1°~2 (2 —92)? 3!,
co=—1,7=0; n=puz+2; 1"*@Qu—1° (—1)?28.
o=—1,tr=1; n=pz+1; 1" *Qu—2"1° ' (z—1)722L

These can be expressed in the following single formula, equivalent to
Ruffini’s, with n = zu+v,

R.m) 1" @Qu—2F1*"2 {z—3 (A—8v+4)}2(* —2+3), v=0,1, 2,

Case 2.— =1 d,=2, Zad®=4.
(I 22u) a= —2.
(Straight lines) d=1or?2, andif d=2, then ¢ 0.

The first sum now consists of three sorts of terms:
one with a;,=1, d;=2, e=0, B=4, say;
asetwith a=0, d=2, e<0; letZ, refer to these;

.a. set with a=0, d=1; let Z, refer to these.
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Using a curve of degree 3(u+B,4+2,3), we find

Bi+2,8 < —2.
I 2% 48,4+ 4%,8+Z,8 = —4,
d z) 98,+2%,8+ 2,842y = 2,
whence B+, = —8433m; > ~8.
Therefore B+ 2,8 = —8 or —2.

In the first case, every =0, every 8 > 0; further,

al z) 4Z,Be+2Z%,Be = 4,
ain 3,86+ 3,Be4+30i = 2v—3,
—2,8e +26: = —3.

But in every term of X, we have 8> 0, ¢ <O0; in the last equation,
every term on the left > 0, which is impossible. Hence we must have

Bit+Z8=—2 Znp=2 ZB=4
Now use a curve of degree u—1 determined by 1*~*(u—8)*5', we find that
in any term of Z,,

e > —9.

Hence Z, consists of two terms, say B3~ B2
Now use a curve of degree y =3(u—2+4p), p=0, 1, 2, 3, or 4,
determined by 1='(2y)'. This leads to

22IBC+ Ze < v,
»

where Ze¢ is 0 or the sum of the values of ¢ at any set of p out of the
@)
four points of X,.

(I z) , 4%,8e+23, Be+Zni® = 4v.

Use a curve of degree u determined by 1*~%(u—2)25':
P

Since 2t = 2, there are the usual two sub-cases.

Case 21— m=2 Zn*=2 ¢=1
R 2
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(I1 2) —48,—2B,+ 5,8 = w—1,

(I 1) —9B,— By+3,8e +6, = 2W—3,

(I 1) 4Byt BytZ86+0, = —1,
28, +3BF =1

Hence B; = 0, and in Z,, for one of the four points, ¢ =1, e = +1, and
for the other three, e = 0.
With the upper sign, the equations give

Ba=1—y, By= —3+y, 6; = —3+,
and with the lower,

By= —», Bi=—2+r, 6 =—2+n
The two solutions are given in the table.

Case 2ii.— wm=1 Zpt=4, i=1lor2
(T z) 23%,8e+2,8e = w—2.
Now we have shown
S,Be < v, Z,Be+Z,Be <Ly, andalso Z,8e 0.
Hence there are three possibilities :
Z,Be =v—y, ZBe=2y—2, y=0,1,2

provided v—y < 0.

We have also proved ZBe+Ze L v,
@

whence ZeLy, p=1,2, 8, or4.

()
Thus for each value of y there are two sets of values of e in 2. The
simultaneous values are given in the following list :

y e ey e e =8
000 0-—2 4
00 0—1-1 2
110 0—-1 2
160 0 0 0
2 20 0 0 4

11 0 0 2
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We can now determine all the remaining constants in terms of one of
them, say B,, from the relations

Byt By =—2—30,
—B:—2B = v—y,

I 1) —B:—2B5+2,8e +6,+26, = 2v—38,
Ir1) By +4B3+2, 862 +6,+46, = —1,
The solution is B= v—2—y+ B,

Ba=—v +y—2B,

6= v—1—y+2B;+ I8¢,

0, = — B,—1Z3,8
Now we must have 8,>0, 6,>0,
which give —v4y > 28, > —v+y+1—2Z,8e%;

and also, by addition, ZX,862—1 > 0,

which excludes one line of the list.

Since B3 > 0, we see again that v—y << 0. We can take any arbitrary
value of v < ¥ ; there are then either two or one value of B3 according as
T8¢ is 4 or 2, the form of B; in terms of v depending on whether v 18
even or odd. As before, let

—v=p=20+7, T=00r1;
in the five surviving cases of the list we find
By=coreo—1, o, o+T, ot+lore, o+1,

which give the seven fypes tabulated below.
We can prove that they actually exist as follows.
Certain quadratic transformations have the effect of altering the values

of the constants, in a way depending ou the multiplicities of the points
used, as follows:
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Multiplicities. Effect.
n—32% 2 2z n—2 for u
n—2zx 0 0 u+2 for n
n—2zx 2z 2u—1 mu—2 for u, v+1 forv
n—2 1 0 n+2 for u, v—1 forv
n—2r 2z 2r—2 u—2for u, v+2forv, B;—1 for S,
n—2 2 0 w42 for u, v—2forv, B;+1 for S

provided none of these changes introduces a negative number of points.:
By combining these, we can independently vary

© by i21 v b)' ili 183 b." i-]-u

and the existence of each type depends on that of the particular case in
which these parameters have their extreme values,

,U.=20l'3, l/=?/’ B3=0,

and these are ten types found in §§ 3, 4.

This exhausts the possible types with #n = au-4-» where z, u can take
all values > certain lower limits depending on r. In every case, v has
an upper limit < 2, but can take an infinite number of negative values.

Many types can be constructed, with n depending on three or more
parameters, by compounding two or more of the foregoing types. The
parameters of the new type are those which already oceur in the com-
ponents and a new set determining the coincidences of F-points. Thus
(R. m) is compounded of a.C. 1 of degree z and a C.2 of degree u-+v, the
(r—1)-fold point of the C.1 being of multiplicity v for the C.2, where
v=0,1, or 2. Since v has just three different values, the numbers of
simple and double F-points in the result can be expressed as quadratic
functions of ».

Another example is Palatini’s formula for compounding three
de Jonquiéres transformations, frequently referred to above :

(P) n = 71'3N_l’nl_l”(nl—l)—l”’, N — 77/1"2—"l,
1 @y 2 — U 1 — )Y N S (g
(@ng—2—1— Uy (L4174 1)1 2y — 2 — I — 1)1,

Owing to its large number of parameters, this includes, as particular cases,
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a great many of the types which we have been examining, but as it admits
only seven different values of ¢ other than unity, it is not exhaustive, for
at least one of our types has eight.

1i
1ii.

n=au—p, p=20+T.
1"* Qu—p—2° (p+17! '
-2 (2“'_0___’__2)9: 221 o+ 1)z—2
1'% Qu—o —7—8)(r+ 2~ o=~

1n—2z(lu_p_3)2.u (p+1)2.r-1 1x+l g
1n—2x(lu_p___2)~.tu p2z-—1 g” lx—l
1n-'2z(M_o,_T_2)?.w: T'Zx—l 0_21-2 g® 1z—2

11:.—‘2:;(’u —_——r— 3)2.('(,1__}_2)20—1 (0’—" 1)23:—2 8" 19:—-2'

1"-2'u(,u.—a'—-‘r-—2)2” ,‘_2:—1 021'—2 222:};—1

Qz—p—2)!
(x—a—2)*8—7)
(x—a—1721—7)

2z —p—38)*

2z —p—2)
(x—a—22B8—7"
(z—o—1)*(1—7)"
@—o—1)*1—7)

111—%(#_0__3)‘2'-: (1_1_)21-1(0,_‘_7_)?»-2 1:c+1 o lx—l(.l?—a'—'r— 1)2 'Tl

1n—'21(lu_a___,‘__3)2;u ,r?.‘t—l (o_+ 1)2.1—2 1x+2 g
1n—2.1:(lu_O__T_4)ir(T+2)2x—l a_2.n-2 1x+23x

1,’_21"(;/.—0'—1'—3)217 ,r?z—l (a.+ 1)22:—2 2a:+1 9%

(& —o—8)}8—1)!
(€ —o—2)%(1—1)!
(x—o—2)2(1—7"



