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Abstract  Given a rational monomial map, we consider the question of finding a toric
variety on which it is algebraically stable. We give conditions for when such variety does or
does not exist. We also obtain several precise estimates of the degree sequences of monomial
maps.

1 Introduction

Given an n x n integer matrix A = (a;,;), there is an associated monomial map fa :
(C*)" — (C*)" defined by

aiyj ap, j
falxt, ..., x,) = X; ’,...,ij"’

J J

Monomial maps fit nicely into the framework of toric varieties and equivariant maps on
them. In this paper, we try to make extensive use of the toric method to study the dynamics
of monomial maps.

The idea of applying the theory of toric varieties to monomial maps is in fact not new. For
example, Favre [3] used the orbit-cone correspondence of the torus action to translate a crite-
rion of algebraic stability to a condition about cones in a fan, and uses it to classify monomial
maps in the case of toric surfaces. In order to generalize his result to higher dimension, one
needs a good understanding on pulling back cohomology classes under rational maps. So we
start from a formula of pulling back divisors in toric varieties (Proposition 3.1).

We then prove a criterion for algebraic stability (Theorem 4.2). Results about stability are
proven using the criterion. For example, we proved that every monomial polynomial map is
algebraically stable on (P')". Also, we generalize some results of [3] to higher dimension.
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Theorem 4.7 Suppose that A € M, (Z) is an integer matrix.

(1) Ifthere is a unique eigenvalue X of A of maximal modulus, with algebraic multiplicity
one; then A € R, and there exists a simplicial toric birational model X (maybe singular)
and a k € N such that f A‘ is strongly algebraically stable on X.

(2) If A, A are the only eigenvalues of A of maximal modulus, also with algebraic multi-
plicity one, and if A = |A| - €279, with 6 & Q; then there is no toric birational model
which makes fa strongly algebraically stable.

For the definition of (strongly) algebraically stable, see Sect. 4. We note that many of the
results concerning stabilization of monomial maps in this paper have been obtained indepen-
dently by Jonsson and Wulcan [6]. For more detail, see the remark after Theorem 4.7.

Next, we focus on the projective space P” in Sect. 5. For P, the pull back f* of a rational
map f : P"* --» P" on H"1(P"; R) is given by the degree of f. Thus we consider the degree
sequence {deg( fk )};:il. Results about the degree sequence of monomial maps can be found
in [1,5].

In particular, one can define the asymptotic degree growth

51(fa) = lim (deg(fH)1.

Hasselblatt and Propp [5, Theorem 6.2] proved that 81 (f4) = p(A), the spectral radius of the
matrix A. We refine the above result and obtain the following description of the asymptotic
behavior of the degree sequence for a general monomial map.

Theorem 5.1 Given ann x n integer matrix A with nonzero determinant, assume that p(A)
is the spectral radius of A. Then there exist two positive constants C1 > Co > 0 and a unique
integer £ with 0 < £ < n — 1, such that

Co- k' p(AF <deg(fh) < C1 -k - p(A)

forallk € N.
In fact, (£ + 1) is the size of the largest Jordan block of A among the ones corresponding
to eigenvalues of maximal modulus.

If the matrix A has some better property, then we can describe the degree sequence more
precisely. This is the content of Theorems 5.5, 5.6, and the following theorem.

Theorem 5.7 Assume that the matrix A is diagonalizable, and assume for each eigenvalue
A of A of maximum modulus, /A is a root of unity. Then there is a positive integer p, and p
constants Co, Cy, ..., Cp—1 > 1, such that

k-1
deg(fYy = ¢ - 1P+ O (ha K,
wherel =0,1,...,p—1.

The above theorems about the degree sequences of monomial maps can be generalized to
the case of weighted projective spaces. On weighted projective spaces, we have the notion of
weighted degree of a toric map, and their growth under iterations follows the same pattern as
the degree growth of monomial maps in projective spaces. This generalization is suggested
to us by Mattias Jonsson. We introduce weighted projective space briefly, and explain the
generalization in Sect. 5.3.
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2 Toric varieties

In this section, we give a brief survey of basic definitions and properties of toric varieties.
For more detail, we refer the readers to [2] or [4].

2.1 Cones and affine toric varieties

Let N = Z" be alattice of rank n, and Ng := N ®z R = R". A polyhedral cone in N is of
the form o = [Zle rivi | ri € Rxp,v; € N]R} for some finite set of vectors vy, ..., vg.

The dimension of o is the dimension of the R-span of o. A cone is strongly convex if
it does not contain any line. A cone is rational if we can choose the generators vy, ..., Uk
from the lattice N. In what follows, by a cone we always mean “a strongly convex, rational
polyhedral cone”.

From the lattice N we can form the dual lattice M := Homgz/(N, Z), with dual pairing
denoted by (, ). The dual cone " of o is defined by

oY ={ueMg|u,v)>0foralveo).

Let S, := o¥ N M, the variety U, := Spec(C[S,]) is called the affine toric variety
associated to the cone . More concretely, a closed point in U, corresponds to a semigroup
morphism (S5, +) — (C, -) which sends 0 € S, to 1 € C.

For exmaple, let N = Z", and let o be the cone in Ng = R” generated by the standard
basis ey, ..., e,. Then the affine toric variety U, = C".

We will need the following definitions. One dimensional cones are also called rays. On
a ray, the nonzero integral point of the smallest norm is called the ray generator. A cone is
simplicial if it is generated by linearly independent vectors. A cone is smooth if it is generated
by part of a basis for the lattice N. A cone o is smooth if and only if the corresponding affine
variety U, is smooth.

2.2 Fans and general toric varieties

A fan X in Np is a finite collection of cones in Ny such that each face of a cone in X is again
in X, and the intersection of two cones in X is a face of each.

From a fan ¥, we can construct the toric variety X (X¥) corresponding to . For cones
0,7 € X, we glue U, and U, along the open subvariety Usn.. The resulting variety is the
toric variety X (X).

We use the notion X (k) to denote the set of all k-dimensional cones of X. A fan X is
complete if |£| = Ng, where |X| := Usexo0 is the support of X.

Example 2.1 LetN =7", ey, ..., e, be the standard basis of N,and eg = —(e; +-- - +¢p).
For any proper subset I of the setn = {0, 1, ..., n},let oy be the cone generated by {e;|i € I}.
The set ¥ = {o7|I C n} forms a fan. The toric variety associated to the fan is the projective
space X (X) = P".

Example 2.2 We will construct a fan X that corresponds to the product of the projective line
(PY)". The rays are generated by the standard basis vectors ey, ..., e, and their negatives
—eyq, ..., —ey. The maximal cones are generated by vectors of the form {(s1e1), ..., (spen)},
where s; € {+1, —1} are the signs. All other cones in X are faces of some maximal cone.
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2.3 The orbits of the torus action

Every toric variety X (X) is equipped with a torus action, thus X (X) can be written as the
disjoint union of the orbits. The orbits are in 1-1 correspondence with cones in the fan X
as follows. For each cone t € X, let x; € U; be the closed point corresponding to the
semigroup morphism S, — C.

F ifueot,
U € Sy —>

0 otherwise.

We define O to be the orbit of x; under the torus action. The closure of an orbit O; in X (X)
is denoted by V (7).

2.4 Toric maps

Suppose A : N — N’ is a homomorphism of lattices, X is a fan in N, and ¥’ is a fan in N’.

Definition Given a cone o € T, we say that o maps regularly to ¥’ by A if there is a cone
o’ € X/ such that A(c) C ¢’. In this case, we call the smallest such cone in £’ the cone
closure of the image of o, and denote it by A(o).

If A: N — N’is a homomorphism such that every cone of ¥ maps regularly to X/,
then A induces a morphism of varieties f4 : X(Z) — X(X’) which is equivariant under
the torus action. Conversely, every equivariant morphism X () — X (X’) is induced by a
homomorphism of lattices satisfying the above property. Equivariant morphisms will map
orbits to orbits. If o € X, then f4 maps O, C X(X) to OW c X(X).

More generally, any homomorphism of lattices A : N — N’ induces an equivariant
rational map f4 : X(Z) --» X(X'). On a complete toric variety, f4 is dominant if and only
if Ap = (A®R) : Ng — Np, is surjective.

3 Divisors on toric varieties

We will recall basic definitions and properties of divisors in a toric variety, then prove a
formula about pulling back divisors.

3.1 Weil divisors and divisor class groups

In a toric variety X (%), let (1) = {t1, ..., 74} be the set of rays in . A T-invariant Weil
divisor, T'-Weil divisor for short, is of the form Zl-d:] a; V(t;) where a; € Z. The group of
T-Weil divisors is denoted by WDiv7 (X (X)). The principal divisors in WDivy (X (X)) are
in 1-1 correspondence to elements of M. The quotient

An-1(X (%)) := WDivr (X(X))/M

is the divisor class group of X (X).

3.2 Cartier divisors and Picard groups
In a complete toric variety X (X¥) of dimension n, the torus invariant Cartier divisors, or

T -Cartier divisors, is given by the following data. For each cone o € X (n), we specify an
element u(o0) € M. The datum {u(o)|o € X(n)} are required to satisfy the compatibility
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condition that [u(c)] = [u(c")] in M/M (o No”), where M(c No’) = (6 Na’)- N M. We
write D = {u(0)} and call it the Cartier divisor defined by the data {u(o)}. We denote the
group of all T-Cartier divisor by CDivy (X (X)).

Every T-Cartier divisor D = {u(o)} gives rise to a unique 7-Weil divisor

[Dl= D —(u(),v)-V(w),

rex(l)

with o any maximal cone such that v; € o.

The data {u(0)|o € ¥ (n)} also defines a continuous piecewise linear function ¥ p on Ng.
The restriction of {p to the maximal cone o is given by u(o), i.e., Yp(v) = (u(o), v)
for v € o. Conversely, a continuous piecewise linear, integral (i.e., given by an element of
M on each cone) function i on Ng determines a unique 7'-Cartier divisor D, with [D] =
> —(v;) - V(;). The function v is called the support function of the Cartier divisor D.
On a complete toric variety, a T-Cartier divisor is ample if and only if its support function is
strictly convex [4, p.70].

One can identify M as a subgroup of CDivr (X (X)). Each u € M is identified with the
Cartier divisor such that u(o0) = u for all o € X (n). The quotient CDivy (X (X))/M is the
Picard group of X (%), and is denoted by Pic(X (X)).

We conclude this section by mentioning relations between Picard groups and cohomology
groups. For a complete toric variety X, we have Pic(X) = H%(X; Z).If X is also simplicial,
then

HY'(X) = H' (X, Qx) = H*(X; C) = Pic(X) ® C.
3.3 Pulling back divisors
The main result of this section is the following.

Proposition 3.1 Let ©, X/ be complete fans, and f4 : X(Z) --+» X(X') be a dominant
toric rational map induced by A : N — N'. The pull back of a Cartier divisor D via f4 is
the Weil divisor

fiD= > —yp(Av) - V(x). 3.1
rex(l)
Here yrp is the support function of D, and v; is the ray generator of t;.
Proof We can refine the fan % to get a fan ¥ such that A induces a toric morphism from
X (%) to X(X). In order to distinguish from f4, we call this morphism f4. The morphism

7 X(2) - X(X) is induced by the identity map on N. It is proper and birational. So we
have the following diagram.

X (%)
SN
X(2)— — —— — — — > X (%'
(=) Pt (=)

To pull back the divisor D, we use fiD = n*(ﬁ" D). Once we show that fx D is given
by (3.1), it is independent of refinement.
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If ¥p is the support function of D, then f};D will have ¥p o A as its support function.
Thus, as a Weil divisor, we have

iD= 2" —vp(Av)- V().

es(l)
The fan ¥ is a subdivision of ¥, and 7 is induced by identity. The push forward map 7,
is given by
V() ifr e X(),
V() = [0 if T ¢ B(1).

Therefore, combining the two steps, we obtain
[iD=m(fiD)= D> —yp(Av)-V(m).
rex(l)

[m}

Notice that, if D is a principal divisor, i.e., ¥p is a linear function, then the pull back
f4D will again be principal, given by the linear function p o A. Thus it induces a map,
also denoted by f¥, from the Picard group to the divisor class group.

fiPic(X(2) = Apm1(X(2)).

If the fan X is smooth, then Pic(X (X)) = A,,—1(X (X)), and the pull back map induces
a map on Picard groups.

i Pic(X(Z)) — Pic(X ().

If the fan ¥ is simplicial, then every Weil divisor D is Q-Cartier. Thus if we denote
Gg = G ®z Q for an abelian group G, then we have maps

fx: CDivy (X(Z")g — CDivy (X (X))o,
i Pic(X(Z')g — Pic(X(2))g.

We use the same symbol f} here to avoid inventing too many notations, and we will state
clearly whether we talk about divisors or divisor classes.

What we do for pulling back Q-Cartier divisors in the simplicial case is as follows. An
element D € CDivy (X (X'))g can be identified with a rational support function y/p. The
composition (Yp o A) is piecewise linear on ¥, not on . We make an interpolation and
obtain a piecewise linear function on X. If we denote the modifying (interpolation) function
by i = us 5, we can conclude the following:

Corollary For complete, simplicial toric varieties X (X), X ('), and a dominant toric ratio-
nal map fa : X(X) --+» X(X'), we can write the procedure of pulling back divisors as
fiD = ps s (¥p o A).

4 Algebraic stability

For the rest of this paper, all toric varieties are assumed to be complete and simplicial.
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4.1 Definition and a geometric criterion

Here we define algebraic stability in the case of toric maps. For a general discussion on
algebraic stable maps, see [8].

Definition A toric rational map f4 : X(X) --» X(X) is strongly algebraically stable
if (ff/“)* = (f:)k as maps of CDivy (X (X))q for all k € N. It is algebraically stable if
(ff“)* = (f:)k as maps of Pic(X (X)), for all k.

Notice that (f%)* = (£)* on CDivy (X (X)) implies (f5)* = (f1)* on Pic(X (X)),
so the condition for strongly algebraic stability is indeed stronger. It is not clear to us whether
the two conditions are equivalent or not in general. However, if we assume that the toric
variety X = X (X) is projective, then the two conditions are equivalent. We will prove that
later in this section.

Our next goal is to prove a geometric characterization of strongly algebraically stable
maps. We need to prove a lemma first. Given two homomorphisms of lattices A : N —
N’ and B : N” — N, they induce two toric rational maps f4 : X(X) — f(X’) and
f5: X(E") = f(D).

Lemma 4.1 (f4 0 fg)* = ff o f1 as maps
CDivr (X(¥')g — CDivr(X(Z")g

if and only if for each ray in X, the cone closure of its image maps regularly to ¥'. That is,
for each Tt € X" (1), there exists a ' € ¥’ such that A(B(t)) C o’.

Proof First, suppose that the geometric condition is satisfied, we want to show (f4 o fp)* =
f§ o fi-Remember that (fa o fg)*D = u(¥po(AoB))and (f5o f)D = f5(fiD) =
w(u(¥p o A) o B), where p is the modifying function. So it is enough to show that, for all
7; € X(1) and v; the ray generator of 7,

(¥p o (Ao B))(vi) = (u(¥poA)o B)(v),

that is, ¥p(A(Bv)) = u(¥p o A)(Buy).

Since A(B(t;)) C o’ for some o/ € ¥’ and ¥p is linear on o', hence (Yp o A) is
linear on B(t;). The interpolation p therefore does not do anything on B(z;), and we have
1(Wp o A)(Bvy) = (p o A)(Bvy).

Conversely, if for some ray T € (1), B(tr) does not map regularly by A. This means that
A(B(7)) is not contained in any cone of ¥’. We will construct a divisor D € CDivy (X (X))
such that (fa o fB)*D # (ff o f1)D.Let y1, ..., ¥ be the one-dimensional faces of ¥,
andfori =1,...,m,let

~_]0 if y; is aface of (A o B)(1),
"7 |1 otherwise.

Define D = >7" , a; - V(t/), and let ¢p be the support function of D. First, observe that
Yp(v) = 0if and only if w € (A o B)(t). Thus for the divisor (f4 o f5)* D, the coefficient
of V(1) is 0.

On the other hand, since A(B(7)) is not contained in (A o B)(7), there is some one dimen-
sional face 1y of B(t) such that A(tg) ¢ (A o B)(7). Let vg be the ray generator of 7y, then
Yp(Avg) > 0. Thus w(yrp o A) is strictly positive in the relative interior of B(t), which
contains Bv. This implies that the coefficient of V () for the divisor (f7 o f1)D is strictly
positive. Therefore we have (f4 o fp)*D # (f5 o f1)D. O
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Theorem 4.2 A toric rational map fa : X(X) --» X(X) is strongly algebraically stable if
and only if for all ray T € (1) and for all n € N, A" (t) maps regularly to ¥ by A.

Proof First assume that f = fy4 is strongly algebraically stable. Thus for all n € N, we have
(f™* = (f*)" and (f"t1)* = (f*)"*!. This gives us
(fof™ = ("D =" = (" o f* = (S o f*
By the above lemma, the equality (f o f™)* = (f"™)* o f* implies that A”(t) is mapped
regularly to X by f.
Conversely, assume that A”(7) is mapped regularly to X by f for all n € N. This tells us

that (f o f™)* = (f™)* o f* forall n € N. Thus we have (f")* = (f*)" for all n € N by
an induction argument. O

In fact, let 0, = A"(7), the next lemma implies that, not only o, maps to X regularly,
also the cone closure A(o;,) is equal to oy, 1 = A" (7).

Lemma 4.3 Assume further that Ag is surjective, and B(t) maps regularly to ¥', then for
all T € ", we have A(B(1)) = (A o B)(7).

That is, if o is the smallest cone in X that contains B(t), and o’ is the smallest cone in
¥ that contains A(o), then o’ will be the smallest cone in X’ that contains A(B(t)).

Proof Obviously, (A o B)(7) is a face of A(B(t)). Thus there is a supporting hyperplane
H' of A(B(7)) in Nf such that

A(B(1))NH' = (Ao B)(1).
The preimage H = A~!(H’) will then be a supporting hyperplane of B(z) in Ng, so
B(t) N H is a face of B(t) that contains B(t). By the minimality of B(z), we must have
B(t)NH = B(1),i.e., B(t) C H.Thus, A(B(t)) C H’, and by the minimality of A(B(t)),
we know A(B(t)) C H'. Therefore,

A(B(1)) = A(B(1)) N H' = (A o B)(1).
O
With Theorem 4.2 and Lemma 4.3, we can describe the behavior, under iterations, of

an strongly algebraically stable toric rational map f4 very concretely, as follows. For each
ray T € X(1), let oy = A(t) be the smallest cone containing A(t), then o7 will map reg-

ularly to some cone in N, Assume 0, = A(o;]) = AZ(7) is the smallest such cone. Here
the second equality is due to the lemma. Then o, will map regularly again to some smallest
03 = A(0p) = A2(01) = A3(1), and so on.

4.2 Algebraic stable versus strongly algebraic stable

Now we can prove the equivalence of algebraic stable and strongly algebraic stable in the
projective case. The equivalence of the two conditions, and a proof in the general case is
mentioned to us by Charles Favre. We adapted his proof to a proof for toric varieties.

Given two integer matrices A, B € M,,(Z) with nonzero determinants, which induce two
dominant toric rational maps f4, fp : X --» X.
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Lemma 4.4 Let D be an ample, T-invariant divisor on X, then the difference (fg o f})
D — (fa o fB)* D is an effective Q-Cartier divisor.

Proof Write

(fgofHD= D aV(), (faofp)'D= D bV(r)

TeX(l) TeX(l)

We will show that a, > b, for every T € ¥ (1), which is equivalent to the lemma.

Let ¥ = v¥p be the support function of D. For some 7 € X(1), let v € t be the ray
generator. Let o = Bt be the smallest cone which contains Bz, and assume that u, . .., ug
are the generators of the cone 0. Then there are positive numbers 71, . . ., g such that B(v) =
riuy + -+ rqug.

By the formula for pulling back divisors, to compute a,, we need to apply the interpolation
process, and obtain

ar = —[ry(Auy) + - +ray (Aug)].

We can also see that
by = =y ((Ao B)(v)) = =¥ (rnAuy + --- +rqAug).

Now the fact a; > b, comes from the fact that ¥ is (strictly) convex since D is ample. 0O

Proposition 4.5 For a projective, complete, simplicial toric variety X = X(X), a toric
rational map f4 is strongly algebraically stable if and only if it is algebraically stable.

Proof Since strongly AS implies AS, it suffices to show the other direction. Assume that
fa is not strongly AS, then there is a ray t and a positive integer k such that A¥(At) is not
contained in any cone of X.

Let D be any ample divisor, using the same notation as in the proof of the above lemma,
with B = A¥, we can see that a; > by, since the A(u;)’s are not in a same cone, and ¥/ is
strictly convex.

Thus the difference between the support functions of ( f ﬁ“)*D and that of (f*)*T1D is
a nonnegative function which is strictly positive on 7, hence cannot be linear. This means
(f*y*D £ (f***1 D in Pic(X). O

4.3 Applications of the criterion

We will apply the above criterion (Theorem 4.2) to give some results about stabilization in
certain cases.

First, suppose all entries of A are non-negative, i.e., f4 is a polynomial monomial map.
There is a nice nonsingular toric model on which fy4 is algebraically stable, namely (P!)".

Proposition 4.6 Every monomial polynomial map is strongly algebraically stable on (P')",
hence algebraically stable.

Proof Let ¥ be the fan such that X (X) = (P')". The rays of ¥ are given by ; =R - ¢;
and —1;, fori = 1, ..., n. The morphism A maps each of 7; into the cone o4 generated by
ey, ..., ey, and maps each of —1; into the cone o_ generated by —eq, ..., —ej,.

Observe that the compositions of polynomial maps are still polynomial maps. So A* are
all polynomial monomial maps for k > 1. Also notice that Ak oy, s0 AK(z;) is a face
of o . Hence there is a subset of indexes I C {1,..., n} such that A¥(t;) is generated by
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{e;|i € I}. Since each AX(e;) € oy, we have that A(AX(7;)) C 0. This means A (z;) maps
regularly for all k. By symmetry, we also know that A(A¥(—1;)) C o_. Therefore, the map
fa is strongly algebraically stable on X (£) = (P!)". O

The above property is about maps on a fixed toric variety (P1)”. Next, we will fix some
map, and ask whether there exists a toric variety on which the map is strongly algebraically
stable. We give partial answers for maps satisfying some conditions.

Theorem 4.7 Suppose that A € M,,(Z) is an integer matrix.

(1) If there is a unique eigenvalue ) of A of maximal modulus, with algebraic multiplicity
one; then A € R, and there exists a simplicial toric birational model X (maybe singular)
and a k € N such that f ﬁ is strongly algebraically stable on X.

(2) If A, A are the only eigenvalues of A of maximal modulus, also with algebraic multi-
plicity one, and if A = |A| - €279, with 0 & Q; then there is no toric birational model
which makes fa strongly algebraically stable.

Proof For (1), let v € R” be the eigenvector corresponding to the largest real eigenvalue A,
then the subspace Ru is attracting. We can find integral vectors vy, .. ., vy, linearly indepen-
dent over R, such that

e v is in the interior of the cone generated by vy, ..., v,.

o A"(Rv;) —> Rvforalli =1,...,n, as elements of RP".

The rays {Rzo Vi, Rsp - (—v) |i=1,..., n} generates a fan X similar to the way we form
P! x ... x PL. That is, the maximal cones of ¥ are generated by the sets {s1v1, ..., S,v,}

where s; € {+1, —1}. All other cones are faces of some maximal cone. It is easy to see that
for some k, f /’j is strongly algebraically stable on X (¥).

To prove (2), let A, A be the largest eigenvalue pair, and I' C R” be the two dimensional
invariant subspace corresponding to them. Since the fan X is complete, there is at least one
ray T € X(1) such that under iterations, ARz will approach I'. Moreover, since A|r is an
irrational rotation on rays, we know that for all v € TI', there is a sequence k; such that
Akit — Rsq - v.

Considertheset XNI" = {oc NI | o € X},itisafaninI". Each conein itis strictly convex,
but not necessarily rational. Pick vg € I which lies in the interior of some two dimensional
cone of ¥ N T, and pick a sequence k; such that Akt > ¢y = R0 - vo.

Since A¥it — 75 and T consists of only finitely many cones, there must be some k such
that 7o € Az But 79 is in the interior of some two dimensional cone of £ NT', so we know
that Akt N T is a two dimensional cone in I'. Finally, we know that Akt N I" cannot map
regularly under all A¥, so Akt cannot either. Thus A can never be made strongly algebraically
stable. O

We do not know what the correct statement would be for the missing case A = || - e>7 17,
with 6 € Q.

Remark Some of our results were obtained independently by Jonsson and Wulcan [6]. One
of the main theorems in their paper [6, Theorem A’] deal with smooth stabilization of a
monomial map by refining a given fan. This aspect of the stabilization is more delicate and
is not discussed in our paper. Part (1) of Theorem 4.7 in the current paper coincides with
Theorem B’ in [6]. They also discuss the special case of monomial maps on toric surfaces
(two dimensional toric varieties), which is not dealt in this paper.

@ Springer



Algebraic stability and degree growth of monomial maps 303

5 Monomial maps on projective spaces

The motivation for studying toric rational maps comes from the study of monomial maps on
projective spaces. So let us come back to monomial maps and try to understand more about
them with the help of techniques from toric varieties.

5.1 Pulling back divisors and divisor classes

Given an n x n integer matrix A = (a;,j)1<i, j<n, the associated monomial map C" — C" is
given by

n n
ap,j apn. i
X1y Xn) —> HX]. o [ xe
j=1 j=1
We then use the embedding C* «— P" defined by (X1,..., X,) — [I; X1;...; X,] to

identify C" with the open subset Uy = {xo # 0} C P". After homogenizing, there is another
integer matrix, with size (n + 1) x (n + 1), denoted by h(A) = (b;, j)o<i, j<n, such that

n n

by, by j

falxos s xa) = | [T ]+
j=0 j=0

Recall the structure of the fan associated to the projective space. The one dimensional
cones are generated by the standard basis ey, ..., e, andeg = —(e1 +- - - +¢,,). Denote them
by 1; = R>o-¢; fori =0, ..., n. Consider the divisors D; = V(7;) = {x; = 0}. Pulling

back the defining equation x; = 0 gives us the equation H;l':o x?‘j = 0, which means
fix(Di) =bio-Do+bi1-Di+-+bin- Dy
On the other hand, by Proposition 3.1, if v; is the support function of the divisor D;, then
fA(Di) = —Vi(Aeo) - Do — Yi(Aeg) - D1 — - — Yi(Aey) - Dy.

Thus we obtain the equality b; ; = —;(Ae;). The formulae of ; are as follows.

Yo(ai, ..., ay) =min{0, ay, ..., a,}, 5.1)
Yi(ay,...,ay) =min{0, —a;,a; —a;; j #i} fori=1,..., n. ’

Next, we turn our attention to the pull back of divisor classes, i.e., elements of Pic(P").
We know that Pic(P") = Z, and we have the map deg : CDivy (P") — Pic(P") given by
deg(>_aiV(ti)) = > a;. For a monomial map f4 on the projective space, the degree of
the map is given by deg(f} D) for any divisor D of degree one. We also denote this number
by deg(fa). If ¥ is the support function for D, then the degree of the monomial map f4 is
given by

deg(fa) = > —v(Aen). (5.2)
=0
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For instance, let ¥ be any one of the v; listed in (5.1), then we can get a concrete formula
for deg(f4). In particular, let ¥ = vy, we have

—Y¥(ay,...,ay) = —vYola,...,an)
= —min{0, ay, ..., a,}

= max{0, —ay, ..., —a,}.

Then we rediscover the formula in [5, Proposition 2.14].

n n
deg(f4) = X, max {0, —a;j} + max 10, > aij
=170

<i<n .
Jj=1

The definition of algebraic stability for rational maps on P" states that f4 is algebraically

stable if and only if deg( f A‘) = deg(fa) for all k. Another property of the degree sequence

is that it is submultiplicative, i.e., deg(ffrk/) < deg(f/’i) . deg(f/g‘/). We will use this property

in the next section.

5.2 Estimates of the degree sequence

In this section, we are going to study the degree sequence {deg( f A‘)};i |- We are particu-
larly interested in the asymptotic behavior of the degree sequence. An important numerical
invariant is the asymptotic degree growth

51(fa) = lim (deg(f4)1.

It is known that for a monomial map f4, 8;(f4a) = p(A), the spectral radius of the matrix
A [5, Theorem 6.2]. We will refine this result and give more precise estimates on the degree
growth of a monomial map.

For two sequences {a}7>; and {B;}72, of positive real numbers, we say that they
are asymptotically equivalent, denoted by o ~ B, if there exists two positive constants
c1 > ¢o > 0, independent of k, such that ¢ - B < ax < ¢y - P for all .

The main result for general monomial maps is the following theorem.

Theorem 5.1 Given an n x n integer matrix A with nonzero determinant, assume that p(A)
is the spectral radius of A. Then there exist two positive constants C1 > Co > 0 and a unique
integer £ with 0 < £ <n — 1, such that

Co - k" p(A) < deg(f}) < C1-k"- p(A)f (5.3)
for all k € N. Or, equivalently, deg(fﬁ) ~ k- p(A)k.

In fact, (£ + 1) is the size of the largest Jordan block of A among the ones corresponding
to eigenvalues of maximal modulus.

In formula (5.2), notice that the right hand side can be defined over the real numbers
because. Thus, we define a function v : M, (R) — R by

V(M) =D~y (Mep). (5:4)
i=0
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Proposition 5.2 The following properties hold for the function v.

(1) Any support function ¥ of a T-divisor of degree one on P" will give the same v, i.e.,

v is independent of the choice of .

(ii) v isa continuous function when we equip M, (R) = R" and R with the usual topology
of the Euclidean spaces.

@iii) v(M) = 0, and v(M) = O if and only if M = 0. Thus, in fact, we have
v : M, (R) = Rxo.

@iv) v(rM)=r-v(M) forr >NO.

) viM+M)<v(M)+v(M).

Proof First, notice that (ii) is true because ¥ is continuous, and (iv) is true because v is linear
on each ray. Then (i) follows by (ii), (iv), and the fact that v(A) = deg(fa) for A € M,,(Z),
which is independent of /.

Once we know that v is independent of the choice of ¥, one can pick any ¥, e.g. = ¥,
and prove (iii) and (v) directly. However, we would like to offer a more intrinsic explanation
for (iii) and (v).

Since v is the support function for a degree one divisor D on P", we know that D is very
ample, and hence ¥ is strictly convex (see [4, p.70]). The first part of (iii), and (v), can be
easily deduced from convexity. Strict convexity is needed to show that v(M) = 0 implies
M = 0.

Suppose M # 0, then Megy, Mey, ..., Me, cannot be all zero. But since Mey + --- +
Me,, = 0, and the cones in the fan for P" are strongly convex (they do not contain any line
through the origin), Meo, ..., Me, cannot all lie in the same cone. Thus by strict convexity,
we know

V(M) == Y(Me) > —y (Z Mei) =¥(0) =0,
i=0 i=0

m}

By properties (iii)—(v), we know that the only reason to prevent v from being a norm is that
we may have v(M) # v(—M). Indeed, for the n x n identity matrix I,,, we have v([,) = 1,
but v(—1,) = n. So v is not a norm. However, if we define v(M) = v(M) + v(—M), then v
is a norm.

Before we prove Theorem 5.1, we recall the following elementary lemma from linear
algebra.

Lemma 5.3 For an n x n matrix A € M,,(C) and any norm ||-| defined on M,,(C), there
exists two positive constants c1 > co > 0 and a unique integer £ with 0 < £ < n — 1, such
that

co kb p(AF < |A¥ < e -k p(A) (5.5)

for all k € N. Here p(A) is the spectral radius of A, and (€ + 1) is the size of the largest
Jordan block among those blocks corresponding to eigenvalues of maximal modulus p(A).

Proof of Theorem 5.1 For the matrix A € M,,(Z), consider the set

Ak
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By Lemma 5.3, it is a subset of a compact set S = {M € M,,(R) | co < || M]| < c;} for some
c1 > c¢o > 0. Since v is continuous, we have v(S) C [Co, C1] for some reals C; > Cy > 0.
Moreover, 0 ¢ S, thus Cy > 0. This gives us

Ak
Co < — ) < (.
O‘V(kﬁ-p(A)k)‘ ‘

for all k € N, with C; > Cy > 0.
Finally, since k- p(A¥ > 0, and v(A¥) = deg(flg‘), we have

Co- k- p(A) < deg(f3) < C1 -k p(A)*
This concludes the proof. O
Corollary 5.4 If A is diagonalizable, then we have
Co - p(A)" < deg(f}) < C1 - p(A) (5.6)
for some constants C1 > Cp > 1.
Proof In the diagonalizable case, £ = 0, hence we have (5.6). Recall that the degree sequence

deg(f5)
o(A

is submultiplicative. Thus, if we have =r < 1 for some k, then

deg(fy)) _ deg(f5)’

— ;
A = AN =r/ -0 asj— +oo.

k
This contradicts the existence of Cy > 0. Therefore, d;%xf,:)

Co > 1. ]

> 1 for all k, and we can choose

If we impose more conditions on the matrix A, we can obtain more precise estimates on
the degree sequence.

Theorem 5.5 Assuming that the matrix A is diagonalizable, and there is a unique eigenvalue
A1 of maximal modulus, which is real and positive. Also, assume that the eigenvalues of A
are arranged as .1 > |Az| > |A3| = - -+ > |\, | for some m. Then there is a constant C > 1
such that

deg(f§) = C -3 + O(Iha[).
Proof First, given a vector v € R”, since A is diagonalizable, we can represent v uniquely as
V=0 +v2+ -+ Up,

where each v; € C" is an eigenvector corresponding to A ;. We have vy € R" since A1 is real.
Thus

Aky = A]fvl —|—k§v2 + .- +)Lfnvm.

Let v be the support function of some degree one divisor D in P"*. For each k, there is some
maximal cone oy, such that A¥v € oy. Let Ly be the linear function such that L loy = Vloy-
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Notice that Ly can be defined on C" as a linear map, and we have
m
Y (A*) = Li(Afv) = L [ D 2%,
j=1

m
=24 Lewn) + D0 L))
j=2

= Ly(v) - 2K + 0(nalb).

There are two cases here: v # 0, or vy = 0.

First, if vy # 0, then for the rays 7 = R>¢ - v, we know Akt — R>¢ - vy. Thus for large £,
we can choose oy so that both A¥v € o} and v € oy. Since Lilo, = V¥lo, for the cone oy,
we know that for large k, the value L;(vi) = ¥ (v;) is independent of k, and Y (ARv) =
V(1) - A 4+ 0(az[%). Second, if v = 0, then it is obvious that ¥/ (A¥v) = O(|A2[).

Now let’s look at the fan structure of projective spaces. For the ray generators eg, eq, . . ., ¢,
of P", if ¢; is decomposed as

e =V +Vi2+ -+ vim 5.7
fori =0, 1,...,n, where each v; ; is an eigenvector corresponding to the eigenvalue ;.
Then

V(Afe) = ¥ (win) - A+ 0(a2f).
If we set

C=> —v@), (5.8)
i=0

then we can compute the degree sequence deg( f f{ ) as
deg(f}) = deg((f})*D)
n
=2 e
i=1
=C- b+ o0nb.
The fact that C > 1 is a consequence of Corollary 5.4. O

Notice that, on our way to prove the theorem, we also derive a concrete formula for the
constant C in (5.8).

Theorem 5.6 Assuming that the matrix A is diagonalizable, and there is a unique eigenvalue
A1 of maximal modulus, which is real and negative. Also assume that the eigenvalues of A

are arranged as (—A1) > |A2| > |A3| = - -+ > |Ay| for some m. Then there are two positive
constants Cy, C1, not necessarily distinct, and satisfying 1 < Cop < C 2 such that

deg (£3547) = €1 1P + 0 (P44,

wherel =0, 1.
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Proof We consider the subsequences {deg(f/%k)} and {deg( f§k+1)}. Since A? satisfies the
condition in Theorem 5.5, with the unique eigenvalue || |2 with maximal modulus, thus
deg(f3") = Co - 1P + 0(1nal*)
for some Cy > 1. For the subsequence {deg( fikH)}, we consider Ae; instead of ¢; in (5.7)
in the proof of Theorem 5.5, and apply the map fi on these vectors. We then get
deg(fi) = - P + 0P

for some C| > 1.
Finally, for any k, we have,

deg (fﬁkﬂ) /a2 < (deg (fjk+l) /|M|2k+1)2.

Ask — oo, the left side converges to Cy, while the right side converges to C 12 So the relation
Co<C 12 follows. This completes the proof. O

The idea in the proof of Theorem 5.6 of considering subsequences can be pushed further
to prove the following more general result.

Theorem 5.7 Assume that the matrix A is diagonalizable, and assume for each eigenvalue
A of A of maximum modulus, ) /A is a root of unity. Then there is a positive integer p, and p
constants Co, Cy, ..., Cp—1 > 1, such that

deg (75) = € P + 0 (131

wherel =0,1,...,p—1.

Proof Notice that there is an integer p such that the eigenvalue of A? of maximum modulus
is unique and positive, so we can use the same argument as Theorem 5.6 to the subsequences

o (2o () for )

The theorem then follows. ]

Under the assumption of Theorem 5.7, the sequence {deg( f ﬁ) st }r= | has finitely many
limit points, namely, Co, ..., C,_1. The following proposition shows a different behavior of
the sequence {deg( /' Z“ Y/ 1Ak 122, when we have a maximal eigenvalue A such that ./ X is not
a root of unity. Therefore, we cannot expect Theorem 5.7 holds for general diagonalizable
matrices.

Proposition 5.8 Fora2 x 2 integer matrix A, suppose it has a conjugate pair X, X of eigen-
values such that L/ is not a root of unity. Then the sequence {deg(fﬁ)/|)\|k};{’°=l is dense in
some closed interval contained in [1, 00).

Proof First, notice that

d k Ak Ak

Since A /A is not a root of unity, we can conjugate A/|A| to some irrational rotation matrix,
1.e., we can write

_ cosf —sinf 1
A/IM_P'(sin@ cos@)'P ’
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for some 6 ¢ 27Q. Thus the closure of the set S = {(A/|A)¥|k € N} is
S [P ' (C?St —sint) p-l
sint  cost

S is, topologically, a circle inside M5 (R). Since v is continuous, v(S) = v(S) is connected
and compact. Thus it is either a point or a closed interval.

We claim that v(S) cannot be a point. If v(S) = {C}, then we will have deg(f/’i) =C- Ak
for all £ € N. In this case, the degree sequence dy = deg(f /]“) satisfies a linear recurrence
di+1 = |A| - di. This contradicts a theorem of Bedford and Kim [1, Theorem 1.1], which
asserts that if the matrix A has a complex eigenvalue A of maximal modulus, and A/ is not
a root of unity, then the degree sequence for f4 cannot satisfy any linear recurrence relation.

Hence, v(S) = v(S) is a closed interval. By (5.9), v(S) is exactly the set {deg(f%)/|r[¥;

k € N}. Finally, by Corollary 5.4, we further know that the interval v(S) is contained in
[1, 400). This concludes the proof. O

te[O,Zn]].

5.3 Degree growth on weighted projective spaces

Weighted projective spaces are generalizations of the usual projective spaces. The results
we obtained in the last subsection about the degree growth of monomial maps on projective
spaces can be generalized to weighted projective spaces.

For arbitrary positive integers dy, ..., d,, the associated weighted projective space,
denoted by P(dp, . .., d,), is defined as

P(dp, - .., dy) = (C"T1 —{0})/ ~

where the equivalent relation is given by (xo, ..., x5) ~ ({doxg, R g“d”x,,) for ¢ € C*.

A weighted projective space P(dy, ..., d,) such that no n of the dy, dy, ..., d, have a
common factor is called well formed. A standard fact (see [7, Proposition 3.6]) shows that
it is sufficient to only consider well formed weighted projective spaces. We will make that
assumption from now on. Also, for simplicity of notation, we will denote P(dy, ..., dy)
simply by P when there is no confusion. The usual projective space will still be denoted
by P".

To construct P(dy, . . ., dy,) as atoric variety, one uses the same fan as in the construction of
the projective spaces. That is, the cones are generated by proper subsets of {ep, ..., ¢,}. The
lattice N’ is taken to be generated by the vectors e} :=e¢;/d;, i =0,...,n.Lett; = Rz -¢;
be the rays for the fan of PP, the well formed-ness of P’ implies that ¢ is the ray generator for
7 fori =0,...,n.

If we define the map 6 : Z"t! — N’ by 0(ag, ..., a,) = apey + -+ - + ape,,, then 6
is a surjective homomorphism, and ker(6) is the subgroup Z - (do, ..., d,). Hence N’ =
7"7 - (dy, . .., d,), and its dual lattice is

M' = (N = {(ao, ..., an) € Z"™ |apdy + - - - + and, = 0}.

We have WDivy (P) = @:‘:OZ- V (7). Define the weighted degree deg’ : WDivy (P) — Z
by deg’(a; - V(1;)) = Z?:() aid;. It is a surjective homomorphism with kernel canonically
isomorphic to M’. Therefore, we have A,,_;(P) = Z, and the isomorphism is induced by the
weighted degree.

Letm = lem(dy, ..., d,), one can show that a T -invariant Weil divisor D is Cartier if and
only if m| deg/ (D). As a consequence, the image of the Picard group Pic(P) C A,,_1(P) = Z
under the isomorphism is the subgroup mZ. Therefore, we will look at Q-Weil divisors and
rational support function in this subsection.
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Let i be a rational support function, then ¢ induces a Q-Cartier divisor on IP, whose asso-
ciated Q-Weil divisoris D" = > —(¢}) - V(7). Also, ¥ induces a Q-Cartier divisor on
P", with associated Q-Weil divisor D = Z?:o —r(e;) - V(). A basic fact is the following.

Lemma 5.9 Assume the above notations, then the weighted degree of D' is the same as the
degree of D, i.e., deg/(D’) = deg(D).

Proof This can be verified as follows:

deg/(D') = D" —di - yr(e)) = D" —d;i - Yrlei/di) = D~V (e;) = deg(D).
i=0 i=0 i=0
[m}

Let A € End(N’), then A induces a toric rational map f4 : P — P. Using the standard
basis ey, ..., e, of NﬁQ = Ng, we can represent A as an n X n matrix with rational entries.
The following proposition tells us how to compute the weighted degree of f4.

Proposition 5.10 Assume the above notations, then the weighted degree of f4 is given by

deg'(fa) = v(A),
where v : M, (R) — R is the function defined in (5.4).

Proof The weighted degree can be computed as deg'(f4) = deg(f;D’) for any Q-divisor
D’ on P of degree one. Thus, if D’ is a Q-divisor on P of degree one, and ¥y = v is the
Q-support function of D’, then

deg'(fa) = D —di - Y(Ae)) = D —r(Aer) = v(A).

i=0 i=0
The last equality holds because the degree of the Q-divisor on P" associated to v also has
degree one by Lemma 5.9. O

Since the weighted degree function is the same as the function v, this tells us that the
weighted degree growth of iterations of toric rational maps on P follows the same results as
the degree growth on P".
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