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A DETERMINATION OF THE TYPES OF PLANAR CREMONA
TRANSFORMATIONS WITH NOT MORE THAN 9 F-POINTS.

By Mirprep . TAYLOR.

1. Introduction. The types of Cremona transformations can be classified
according to the order n or according to the number p of the F-points. Coble,
[3 p. 83], remarks “ that perhaps the latter classification is the more funda-
mental.” Roughly speaking, the range of usefulness of a transformation 7'
is inversely proportional to the number p of the F-points. For, unless the
F-points of T' can be placed at significant points of a given figure, the image
is more complicated rather than more simple.

Cremona‘®™ gave a list of transformations for n =2 to n=10.
Guccia® gave algebraic expressions for the types and their inverses as listed
by Cremona. Mlodziejowski ** listed types for n =2 to n = 21. Bianchi ®
by multiplying two De Jonquiéres transformations obtained the expression
for the order n involving 3 parameters. Palatini®® by multiplying three
De Jonquiéres transformations obtained a mew transformation of order n
whose expression involves 7 parameters.* He also multiplied four De Jon-
quieres transformations to obtain a new one whose order = involves 15
parameters. In general, if & De Jonqui¢res transformations be compounded
the expression for the order n of the new transformation involves (2% —1)
parameters. Miss Hudson®” gave types for n = au— 3, where 8 =2y + ¢,
e=20,1. If the number of F-points is 9, there exists an infinite number of
transformations. However, in any of the above types when the number of
F-points is limited to 9, only a finite number of transformations is obtained.
Montesano™? derived the semi-symmetric types for p =9 and obtained in-
dependent expressions for each type involving 1 parameter. This paper
shows that these types are all related.

In this paper I have obtained explicit algebraic expressions for the
integers n, ri, S, @j; attached to every planar Cremona transformation with
not more than 9-points, say at Po% #e. pi,- -, po. The method is that
used throughout the literature—the composition of known types. These
algebraic expressions are classified into seven distinet types.

* Miss Hudson ° states that the expression which Palatini obtained for » by com-
pounding three De Jonquiéres transformations involves 6 parameters and by com-
pounding four De Jonquiéres transformations involves 16 parameters.
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2. The Types in the Invariant Subgroup to,» of the Linear Group g,
The product of two Bertini involutions F. and FE; with simple points at
P2, p1 respectively is called (.. The semi-symmetric transformation of
order 37 with eight 13-fold points and one 4-fold point is called Dy, when
the 4-fold point is at p,. The general element [5, p. 375] of the abelian
subgroup of the invariant subgroup 4,. of the linear group go,. is given by

(1) D2v2D31/3. .. D9”902,1p203,1p:’ . 09,1”9,

where v; is any integer, positive or mnegative, and p;=0, 1, 2 with
Spi=0mod3 (1=2,3," - -,9).

By direct multiplication of the factors of (1), explicit algebraic ex-
pressions are obtained for n, r;, s;, @j; of Type I.

The following notation is used throughout for the elementary symmetric
functions of the »’s and the p’s:

() v=3i, vV =3"vivj; p=232"ps, p'=32"pip;; o= vipi.
Algo let

2] = aV C—Jv — — 00O,
(2) Y= 4t g9 — 4y 6

Tyre 1.
D2V2D3"3 e D9”902’1/1203’1P3 e 09,1”9.
With 4,j=1,2,- - -,9 (i5%5j) and k=2,3,- - -,9, let

8, =2Rp, & = 3ur— Rpr.
Then

n=9‘y—|—1, 7’i=3‘y+v—38i, Sj=3‘)/—l/—|—38j,
wi=y—1, @i=7y+ 8 —d.

(%)

The remaining elements of 4, [®, p. 375] are obtained by taking the
product of Z, and (1).

Tyrr I1.
I, Dy"2Dg%s - - - Ds}""az,ﬂ’gos,llj3 w e Oy ,ePo.
With 4, j, & and 8, 8 as in Type I let

Y =y—v+4+4+2 & =86+2 =235
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Then
(5) n=9y +3v—1, r, =3y +2—38, s =3y + 2—3%;
i =vy +v—2¥;+1, aji=y +v—8&:—¥,

3. The Remaining Types in the Linear Group g¢s.. The factor group
fo,2 of the group go,» [°, p. 373] with respect to 45,2 is simply isomorphic with
the Cremona group G5 [% p. 15; %, p. 349-350]. A study of the transforma-
tions in G2, which is a finite group, shows that each one can be obtained from
an element of 4,» by not more than two quadratic transformations. Each type
of 1y is multiplied by a single quadratic, two unrelated quadratic (no I'-
points in common), or two related quadratic transformations (one F-point in
common). There are exactly three different elements of the abelian subgroup
of 4,2 that will give the same Cremona transformation when multiplied by two
unrelated quadratic transformations. Ixactly three elements of the non-
abelian part of 49, when multiplied by two unrelated quadratic transformations
give the same Cremona transformation. A Cremona transformation which is
the product of an element of the abelian subgroup of 4. and two related
quadratic transformations is also the product of some element of the non-
abelian part of 15, and two related quadratic transformations. Hence, there
are only seven distinct types of planar Cremona transformations.

Since the F-points can be permuted without altering the transformation,
the quadratic transformations Aiss, Asse, A1ss with F-points at pi, p2, ps;
Pas Ps> Pe Pis Pss Ps, Tespectively are used to simplify the notation.

Tyre III.
Dy72Dyvs - - '-D9”902,1’020:«3,1/)3 w0 O 1P2A 105
With 4,/ —1,2,8 (i5£j) and bk, I—4,5,- - -,9 (ko£1), let

€105 = v —{(8 + & + &).
Then
n =9y — 3e125 + 2,
ri =238y + v— Be12a—38; + 1, 1m=23y +v— 38,
(6) sj=38y—v—en+3%+1, s1=3y—v—en2 + 385,
Q4 =y — €123, akk=7-—1, aji=‘)’—€123+8j—8i+1,
O‘jk=7—€123+3]”‘3k, ali=7‘|—sl“‘3i, alk=y+31—-—8k.

Tyre IV.
E\Dy2Dy¥s - - - Dg"Cy, 17205173+ - - Co, 1P A 12s.
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With y” and 8”s as in Type II, and 4, §, k, I as in Type II1, let
o =v—(& + &, + &s).
Then
=9y 4 3v — 8’105 — 2,
7y == 3'}/’ 4Ry — 3105 — 88y — 1, 1= 3y' + Rv — 38k,
(7) $i =38y 4+ % — €105 —88;—1, s1 =23y -+ 2 — €125 — 384,
i =y +v—e125—2, =7y +v—28%+1,
ji =y frv—€s— 8 — & —1, ai=vy +v—¢—81—¥;
ajk='y' —I— v—S’;»«S’k, a1k=‘y’ + V—a’z—s,k.

Tyre V.
Dy7=2Dyvs - - - Dg"Cy 17205175+ - Oy, 170 A 1254 456.

With 4, j=1,2,8 (i5% ), k1 —4,5,6 (k5% 1), and m, t —7,8,9 (m5&1),
let €s56 = v—(8:s + 85 + 8). Then

N =9y — be123 — 3ess56 + 4,

ri =3y +v—38e23— 38 + 1, 7% =3y 4 v— 3103 — 3ea56 — 3% + 2,

Tm =08y +v—38n, 8§ =3y —v— Re23— €6 + 38; + 2,

S1 =3y —v—Res3—€wss + 301 + 1, 8 =3y —v — 2e125 — €456 -+ 394,
(8) O ==y — €123, Okk ==Y — €103 — €456, GUmm =7y — 1,

Gj; =7y — €23 + 08— 8 + 1, @i =7y — €23 + & — &,

Upj =7y — €133 8 — 8i, Ak =7y — €105 — €456 + & — S 4 1,

Qi ==Y — €123 — €456 + & —&+ 1, Aty =Y — €123 — €456 + & — &,

Ajm = Y —I— 8;; —_— Sm, Ay = Y —I— 81 —_— 8,,,, Aty = Y —|— 8,5 —_— Sm.

Tyre VI
BiDDys -« - Dg"C51705,:% - - Cg1™A 155 Asse.
With 4, j, k, I, m, ¢ as in Type V and €125 as iﬁ Type IV, let
Euo=v—(&y 4+ &5 4 &s).

Then

)

n = 9y' + 3y — 6€’125 — 3€ 456 — 4::
7i =3y 20— 3815 — 38— 1, 1= 3y 4 2 — 3125 — 3456 — 3% — 2,
Tm = 37/ "I— Ry — 38/7)17 §j = 37/ + Ry — R’ 125 — €456 — 38’]' - 2:

S1=3y 4+ v — 2105 — €456 — 381 — 1, 8= 3y 4+ v — R¢€ 105 — € 456 — 384,

’ ’
Xy = ‘Y’ + v— €103 — 28/@'; O == ‘)// —I— v— €123 — €456 — 28 ks
A == ‘Y, + v— 2R —I- 1, X = 'Y, ‘}‘ ) e,123 i S,i - 8,.1' - 1)
i =y Fv—~12—81—8 —1, =y Fv—ep—=8—§ —1,
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®jp == Y, + v— €105 — € 456 — 8/;' — &% — 1;

A == Y, + V— 5’123 - 6,456 — & — & — 1,

a=7y" 4 v— €125 — €456 — &t — B/k, Ujm =7y +v— ¥j— &y
alm=‘)//+ V—S,Z—S/m, atm=‘)/’—|—l/——3't—-3’m.

Type VII.
Dy2Dy?s - - - Dsy"oz,lpzos,lps © 0 O A 23 A 145

With 4,j=2,3 (i547), k,l=4,5 (ks%41) and m,t=6,7,8,9 (m 1)
and €123 AS in Type III, let €145 =— V—(81 “l— 84 + 85). Then

=9y — Be125 — Be45 + 3,

7y =38y + v — Beras — Be1a5s — 38 + 2, i =23y + v —Be25— 38 1,

=3y +v—38e4s — 3% + 1, "Tm=23y -+ v— 38,

81 =3y — Vv — €105 — €145 + 38, + 2, 85 =138y —v— €125 — €145 + 38; + 1,

Sl=3‘y—l’—€123—‘€145+33l+1, St=3‘Y—V—“€123'*5145+38t3

a11=‘y—€123—€145+1, Xjj =7y — €123, Xk =7y — €145 ammzy—l,
(10) “7’1=7—€123—€145+8i—81+1; 0511=V—€123‘—€145—|—3l—31+1;

o5t1=‘)’—€123—€145‘|"8t—31; “1i=‘y—€123+31_8i+1:

Qii=y—€123+3y"“3i+1, ali=Y—€123+3l”‘3i:

“ti=7——‘€123+8t"‘8i, 051k=Y““€145+81—8k+1;

Qji ==y — €125 F 8j — Ok, OGix =7y — €145 |+ 01— O + 1,

atk=‘)/—€145+8t—87c, a1m=')/+81_8m; ajm=7+81_8m9

O =7y -+ 81— 8m, Gtm=—=7y -+ &t — m.

4. Bertini L-Curves with not more than 9 Multiple Points. Since the
P-curves of the planar Cremona transformations are Bertini L-curves
[2; 4 p. 22], the algebraic expressions for ri, s;, @;; in (4), (5)- - - (10)
give expressions for the order ¢ and multiplicity ¢; of all the Bertini L-curves
with not more than 9 multiple points. Each such Bertini curve occurs at
least once, but may occur more often in this set of expressions.
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