Transformation Groups (©Springer Science+Business Media New York (2014)
Vol. 20, No. 1, 2015, pp.291-304

THE GENERALIZED AMALGAMATED
PRODUCT STRUCTURE OF THE TAME
AUTOMORPHISM GROUP IN DIMENSION THREE

DAVID WRIGHT

Department of Mathematics
Washington University
St. Louis, MO 63130, USA

wright@math.wustl.edu

Abstract. For K a field of characteristic zero, it is shown that the tame subgroup
TA3(K) of the group GA3(K) of polynomial automorphisms of A% can be realized as a
generalized amalgamated product, specifically, the product of three subgroups, amalga-
mated along pairwise intersections, in a manner that generalizes the well-known amalga-
mated free product structure of TA(K) (which coincides with GAy(K) by Jung’s The-
orem). The result follows from defining relations for TA3(K) given by U. U. Umirbaev.

1. Polynomial automorphism groups

For a commutative ring R, we write R™ for the polynomial ring R[X1, ..., X,]
in n variables over R. We will have numerous occasions in which we will refer to
the subalgebra R[X1,..., X;—1, Xit+1,..., Xy for i € {1,...,n}, so we will use the
shorter notation R[X,7] to denote it.

The symbol GA,,(R) denotes the general automorphism group, by which we
mean the automorphism group of SpecR™ over SpecR. As such, it is anti-
isomorphic to the group of R-algebra automorphisms of R™. An element ¢ of
GA,.(R) is represented by a vector ¢ = (F\, ..., F,) € (RM)".

The general linear group GL,,(R) is contained in GA, (R) in an obvious way.
Another familiar subgroup is EA,,(R), the group generated by elementary auto-
morphisms, i.e., those of the form (X1,...,X;-1,X; + f, Xit1,...,Xy) for some
ie{l,...,n}, f € R[X,i].

The subgroup of tame automorphisms, denoted TA,,(R), is the subgroup gen-
erated by GL,(R) and EA,,(R). Another subgroup of interest is the affine group
Af, (R), which is the group generated by GL, (R) together with the translations,
i.e., those automorphisms of the form (X +aq,..., X, +a,) with a1,...,a, € R.

For K a field, GA,,(K) is sometimes called the affine Cremona group. It sits
naturally as a subgroup of the full Cremona group Cr, (K), which is the group
of birational automorphisms of affine (or projective) n-space. The Jung—Van der
Kulk Theorem ([6], [7]) states that TAo(K) = GA2(K). Shestakov and Umirbaev
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([11]) showed that TA3(K) # GA3(K) when K has characteristic zero. This paper
deals with the structure of TA3(K), when char(K) = 0, based of work on Umirbaev
in [13].

2. Generalized amalgamated products of groups

We begin with the definition of a generalized amalgamation of groups. We refer
the reader to [8] for a comprehensive discussion of combinatorial group theory.

Definition 1. Suppose we are given groups A; for each i € {1,...,n}, and for
each 4,5 € {1,...,n} with ¢ # j we have groups B;; = B;; with injective homo-
morphisms ¢;; : B;; — A; which are compatible, meaning if 4, j, k are distinct then
gai_jl(goik(Bik)) = @;Z-l(gajk(Bjk)) and on this group ¢! = @Jklgaji. This gives
set-theoretic gluing data by which we can compatibly glue A4; to A; along B;; via
gafjlei forming an amalgamated union S of the sets Ai1,...,A,. We then form
the free group F on S, denoting the group operation on F by *. Fori € {1,--- ,n}
and x,y € A; C S, we let r,, = zxy* (zy)~! € F (where zy is the product in
A;). Finally we let G be the quotient of F by all the relations 7, ,. The group
G is called the generalized amalgamated product of the groups? A;, i € {1,...,n}
along the groups Byj, i,j € {1,...,n}. There are natural group homomorphisms
Li: Al — Q' with LiYij = LjPj; on BU

The group G has the following universal property: Given a group H and maps
pi + A; — H for i € {1,...,n} such that p;p;; = pjpj; on By, for all i,j €
{1,...,n}, then there is a unique map ® : G — H with p; = ®¢; for all 4.

When there are only two subgroups A; and Ay containing a common subgroup
B, G is the usual amalgamated free product. In this case the two groups inject
into the amalgamated product and a very strong factorization theorem holds.
Moreover, the Bass—Serre tree theory of groups acting on trees (see [10]) provides
a tree on which G acts without inversion, having a fundamental domain consisting
of a single edge with its end vertices, the stabilizers of the vertices being A; and
As and the stabilizer of the edge the common subgroup B.

Such theorems do not hold in general for generalized amalgamations of three or
more groups along pairwise intersections. The groups A; may not map injectively
into G, and in fact G may be the trivial group when none of the groups A; are
trivial, as the following example from [12] shows.

Example 1. For {i,j,k} = {1,2,3} let B;; be the infinite cyclic group generated
by bk. Let

Ay = (b, bs|babsby b = b3),
Ay = (b3, b1|bsbiby ' = b),
Az = (b1, ba|bibaby " = b3).

Then Bj;; is a common subgroup of A4; and A; and we can form the generalized
amalgamation G of the groups A; along the groups B;;. It can be shown that in
this case G is the trivial group.

2We use the term generalized amalgamated product to distinguish it from the usual
amalgamated product of two or more groups along a single common subgroup.
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Whether such amalgamation data gives rise to the group acting on a simpli-
cial complex is not easy to detect (see, for example, [12], [5], and [2]). It occurs
precisely when each of the groups A;; maps injectively to G, and in this situa-
tion, the amalgamated union S maps injectively to G as well. The n-simplex of
groups arising from this data is called developable by Haefliger ([5]) in case of this
occurence.

However, if the groups A; are subgroups of a given group G and if we take
B;j to be A; N Aj and ¢;; the inclusion map within G, then clearly there exists
a homomorphism & : G — G restricting to the identity on each A;, which shows
that in this case the amalgamated union S maps injectively to G. The map ®
will be surjective precisely when G is generated by the subgroups Aq,..., A,. If
® is an isomorphism, then the structure of G arises from the action of G on an
n-dimensional simply connected simplicial complex, with a single simplex serving
as a fundamental domain.

Automorphism groups of various kinds can be realized as generalized amalga-
mations of groups. Some examples are given below.

Example 2. SLy(Z) ~ (Z/47Z) %727 (Z/67Z) acts on the upper half plane. The
generator of Z/47Z and Z /67 can be taken to be (% §) and (] '), respectively.
Here the translates of the circular arc z = % with m/3 <0 < 7/2 form a tree with
this arc as a fundamental domain, and this is the tree given by the Bass—Serre
theory.

Example 3 (Nagao’s Theorem [9]). For K a field we have the amalgamated
product GLy (K[X]) = GLo(K)*p, (k) B2(K[X]), with By denoting the lower trian-
gular group. (Here X represents a singly variable.) This structure can be realized
via the Bass—Serre theory by the action of GL2 (K [X]) on a tree whose vertices are
O-lattices in the rank two vector space over K (X), where O is the DVR of K (X)
with uniformizing parameter 1/X (see [10]). Here the fundamental domain is not
just a single edge, but an edge connected to a “directed geodesic.”

Example 4 (Jung—Van der Kulk Theorem [6],[7]). For K a field, the group
GA3(K) of polynomial automorphisms of the affine plane has the amalgamated
product structure GAy(K)) = Afy(K) *pg,(x) BA2(K). Here BA, is the group
of automorphisms of the form (aX; + v,8Xs + f(X1)), o, 8,7 € K, a8 # 0,
f(X1) € K[X1], and Bfy(K) = Afy(K) N BA2(K). Again, this structure arises
from the action of GA2(K) on a tree whose vertices are certain complete algebraic

surfaces realized as collections of local rings (“models”) inside the function field
K (X1, X2) (see [14]).

Remark 1. One might wonder if TA3(K) is the amalgamated product of Afs(K)
with the triangular group BA3(K), the latter consisting of automorphisms of the
form (aX; 4+, 8Xe + f(X1),c X5+ 9(X1, X2)), a, B, 5,7 € K, afk #0, f(X1) €
K[X1], g(X1,X5) € K[X1, X5]. This is known not to be the case.

Example 5. The full Cremona group Cra(K) over an algebraically closed field
K is the generalized amalgamation of three groups: the automorphism group of
P2 (which is PGLy(K)), the automorphism group of P} x Pk, and thirdly the
K-automorphism group of P} where L = K(t), with ¢ transcendental over K.
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There is a naturally realizable simplicial complex of triangles C on which Crq(K)
acts which yields this structure and also contains the tree of Example 4 with the
action of GAg(K) being the restriction of the action of Crg(K) on C. See [14] for
details.

Remark 2. Tt has been shown by Stéphane Lamy (unpublished) that the complex
C in Example 5 is not 2-connected.

3. Polynomial automorphisms in dimension three

A major breakthrough came in 2004 when Shestakov and Umirbaev showed that
the automorphism group GA3(K) properly contains the tame subgroup TA3(K)
when K is a field of characteristic zero ([11]). Specifically, they showed that the
automorphism

(X1 + X3(XaX5 + X7), X2 — 2X1 (X0 X3 + X7) — X1 (X2 X3 + X7)?, X3)

is not tame, resolving a conjecture of Nagata from 1972. The group GA3(K) re-
mains a mystery, as no describable set of generators has been given.

However, the tame subgroup TA3(K) is (by definition) generated by the elemen-
tary and linear automorphisms, which are familiar. Moreover, a set of generating
relations has been given by Umirbaev in [13]. This paper will show that a general-
ized amalgamated product structure for TA5(K) results from Umirbaev’s relations.
We begin by presenting those results.

For ¢ = (Fy,...,F,) € GA,(K) and f € K" we write f(p) for f(Fy,...,F,).
This defines an action (on the right) of GA,,(K) on K.

Forie{l,....,n},a€ K,and f € K[X,?], consider the automorphism

Ui,a,f:(Xl,n-,Xi—l,OéXi+f7Xi+1,-~-,Xn)7 (1)
which is easily seen to be tame. (Note that, although o; o ¢ depends on n, the n
is suppressed in order to simplify notation, and will be understood by context.)
Given k, £ € {1,...,n}, k # £, we define a tame automorphism 74 ¢ by
Thi = 001,X,0k,1,—X,00,—1,X, (2)
A simple calculation shows that 73 ¢ is the transposition switching the X}, and X,
coordinates.
One can check directly that
Oi0.f0i.8.9 = Oiaf,f+ag- 3)
Also, ifi,j € {1,...,n}, i # j, and if f € K[X,i]NK[X,]], g € K[X,]], then
-1
Tisarf  05,8,9%0,0,f = 05.8,9(ci.0.f)" (4)

It follows that if g € K[X,7] N K[X,]] then 0 s and 0; 5 4, commute.

Let k,£ € {1,...,n}, k£ Foriec{l,...,n} let j be the image of ¢ under the
permutation which switches k and ¢; in other words, the element of {1,...,n} for
which X; = X;(7%,¢). Then we have

Tkt T i, f Thi = O, f (i) (5)

Theorem 4.1 of [13] asserts the following.
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Theorem 1 (Umirbaev). Let K be a field of characteristic zero. The relations
(3), (4), and (5) are defining relations for TAs(K) with respect to the generators
Oi,a,f defined in (1). Here 1y, ¢ in (5) is defined formally in terms of these generators
by (2).

This will be the key tool in the proof of Theorem 2, which is the main result of
this paper.

4. Subgroups of interest

For i € {1,...,n}, let V; be the sub-vector space of K[" generated by K and
the variables X1,..., X;, i.e.,

Vi=cKe KX, @& KX, (6)

Then H; is defined to be the stabilizer of V; in GA,,(K) via the action defined in
Section 3, i.e.,
H; = {p € GAL(K) | p(V;) = Vi}. (7)

Note that H,, is the affine group Af,, (K). More generally, the subgroup of H; that
fixes each of the variables X;;1,...,X, can be identified with Af;(K). In fact,
H; retracts onto Af;(K) via the map ¢ = (Fy,...,F,) — (F1,...,F;), and the
kernel of this retraction is the subgroup of H; consisting of the elements that fix
each of the variables X1, ..., X;, which is GA,,_;(K[X71,...,X;]). Thus H; has the
semidirect product structure

(where, for ¢ = n, we read this as H,, = Af,,(K)). These subgroups are defined in
[3, p. 23], where it is conjectured that together they generate GA,,(K) (Conjecture
14.1) and that (whether or not that conjecture is true) the subgroup generated by
H,, ..., H, is the generalized amalgamated product of these groups along pairwise
intersections (Conjecture 14.2). It should be noted that Freudenburg produced an
example (see [4, p.171]) of an automorphism in GA3(K') which has not been shown
to lie in this subgroup.? _
Furthermore, the groups H; are defined by

H; = H; N TA,,(K), (9)
which are easily seen to generate TA,, (K). We can surmise from (8) that
H; D Afy(K) x TAn_i(K[X1, ..., X,]). (10)

For i = n equality holds trivially and we have I;Tn = H,, both being equal to
Af,(K). For ¢ = n — 1 it is also easily seen that equality holds in (10) and

3This example is also of interest because it has not been shown to be stably tame.
(See [1] for the definition of this concept.)
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moreover we have I;Tn,l = H,,_; since TA; and GA; coincide over an integral
domain (even a reduced ring).

There is one other case where the containment of (10) is known to be an equality.
Namely, for n = 3 and K of characteristic zero we have

Hy = Afy(K) x TA(K[X1)). (11)

This follows from [11, Cor. 10], a very deep result asserting that in GA3(K) we
have
GA2(K[X1]) N TA3(K) = TA2(K[X1]).

This together with the known proper containment TAy(K[X1]) & GAo(K[X1])
tells us that fIl g H; for n = 3. It is not known whether ﬁl g H; when n > 3.
It is conjectured that TA, (K) is the generalized amalgamated product of the
subgroups H Tye-es H, along pairwise intersections ([3, Conj. 14.3]). The main re-
sult of this paper is that this conjecture is true for n = 3 and K a field of charac-

teristic zero. In light of the above observations, for n = 3 we have Hy = Ho and
H; = Hs (but not H; = Hy), so this can be stated as:

Theorem 2. For K a field of characteristic zero, TAs(K) is the generalized amal-
gamated product of the three groups Hi, Ho, Hs along their pairwise intersections.

This will be proved in the next section.

5. Proof of Theorem 2

The main tool in the proof is Theorem 1, which asserts that TA3(K) is generated
by the elements 0; «, as defined in (1) subject to the relations (3), (4), and (5).

Let F be the free group generated by the formal symbols [0 4, ], with i €
{1,2,3}, f € K[X,?], a € K. Accordingly, we rewrite the relations (3), (4), and
(5) replacing each o by its corresponding formal symbol [o]:

(0,0, £1[00.8,9] = 04,08, f+ag]; (R1)
[0i0,s] 105.8,6)[T00,8] = [0,8.9(05.0.)]; (R2)
(Tk,0) 10,0, £ [Tk 6] = [0, f (i) 5 (R3)

where, in (R2), i # j, f € K[X,i]NK[X,]], g € K[X,j], and, in (R3), k # £, j
is the image of ¢ under the permutation which switches £ and ¢, and

[k,e] = [oea,x ][Ok, x ][00, -1,x,] (12)
(after (2)). Let A/ be the normal subgroup of F generated by (R1), (R2), and (R3).

Theorem 1 says that the homomorphism from F to TA3(K) sending [0,q,f] to
Oia,f induces an isomorphism

FIN =5 TA5(K). (13)
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Let & be the generalized amalgamated product of H 1, H2, H3 along their pair-
wise intersections. The inclusions of Hy, Ha, Hs in TA3(K) induce a group homo-
morphism ® : & — TA3(K) which is surjective since the three subgroups generate
TA3(K) (in fact any two of them generate). We will define a group homomorphism
from TA3(K) to & using the isomorphism (13) and show that it is inverse to @,
thus proving the theorem.

We first define a homomorphism U:F - ®, which is accomplished by speci-

fying the images of the free generators [0; o, r]. We will then show that A lies in
the kernel of U, thus inducing a map ¥ : F/N = TA3(K) — & (identifying F /A
and TA3(K) via (13)), which will be shown to be the inverse of ®.
_ According to the discussion in Section 2, & contains the amalgamated union of
H,y, Hs, H3, as does T A3(K), with ® restricting to the identity map on this set.
Let us denote by .61, o, H3 the isomorphic copies of~ﬁ1, Hs, Hs, respectively, that
lie iNnSide &. It is important to keep in mind that $1 U $H2 U $H3 maps bijectively
to Hy U Hy U H3 via ®. _

Note that if i = 2 or ¢ = 3 then 0y, lies in Hy and if deg f < 1 then o4,
lies in H3, so in each of these cases ;4,7 can be viewed as an element of the
union .61 U $H2 U H3 C &. To avoid confusion, we will denote these elements of &
by §; o, r. Thus it makes sense to make the assignments

U([0i0.f]) = Sig € H1 fori =23, (14)
U([01.0.7]) = S1.0.5 € H3 for deg f < 1. (15)

Since the factors of (12) involve only polynomials of degree < 1, \TI([T;M]) is de-

fined by applying ¥ to those factors using (14) and(15) above. We will denote the
resulting element of & by t . Thus:

o~

U([7h,e]) = the = 50,1,x,5k,1,— X,5¢,-1,%,» (16)

and this is just the permutation in $)3 = Af3(K) that switches X} and X,. It
remains to define U([o o ¢]) for arbitrary f € K[Xs, X3]. This we do as follows:

~

VU ([01,0,f]) = t1,353.a,7 (x5, x1)t1,3- (17)

The reader will easily verify that this assignment coincides with (15) in the case
degf < 1, since both occur in $3.

Thus we have defined U:F— ®, and we must now show that the subgroup A/
lies in the kernel of U, i.e, that equations (R1), (R2), and (R3) hold, replacing o
by s and 7 by t. This gets a bit tedious because of the asymmetry in the definitions
of ¥ ([0,a,r]) depending on i.

We begin with (R1). Note that if i = 2 or 4 = 3, then according to (14), this
amounts to showing that

Si,a,f8i,8,9 = Si,af,f+ag fOr i =2,3. (18)
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But this is a relation that takes place in 51, so it holds in &. For ¢ = 1 we must
use (17). For f,g € K[X2, X3] we have

~

V(01,01 ([01,5.0]) = (41.385,0,5 x5, %) 11.3) (41,385,6,9 (x5, x1) 11.3)
= 11,353 0, f(X2,X1)53,8,9(X2,X) 11,3
(since £} 5 = 1 in $3)
= 11,353,08, f+agt1,3 by (18)
=U([o1,08.f+ag]) by (17)
completing the proof that the relation (R1) is respected by 0.

We now address (R2). Recall that i,5 € {1,2,3} and ¢ # j. If {i,5} = {2,3} we
must show, again appealing to (14), that

-1 .
Sia,f99,6,99,0,f = 9j8,9(0i a.r) for i = 2,3. (19)

But, again, this is a relation that holds in 5%1, hence in &.

We now consider the case i = 1, j = 3. We will use the following basic permu-
tation relation, which holds in the symmetric group &5 C $3 (hence it holds in
&) for {k,¢,m} ={1,2,3}:

teo = timtm otim. (20)

In the equations below the underbrace indicates what will be replaced in the
next line; the overbrace in the next line marks the equivalent expression that has
been substituted.

For f c K[XQ] and g c K[Xl,XQ],

o~

U ([01,0,p(x)) " [03,8,9(x1,x2))[01,0,7(x2)])

=T ([01,0,5x2))) " ¥ (0355060, 50)]) (01,05 (x2)])
= (t1,3 830,73 " 113 ) (83,8,0(x1,%)) ( 11,3 83,0,7(x2) t1,3 ) by (14), (17)
~— —~— - -

Applying (20) to t1 3:
A~ A~ = ~ ~

~ 17 ~ ~ - ~
= t1ota 341253 o r(x0) ti2t2,3t1,253 5g(x), x0)t 282,381 283 0 p () tr2t2 3t 2
~ ~ - ~ ~ -

USiIlg the relation t1,253,a,f(X2)t1,2 = 53701,]0()(1) from .62:
- -~ T N
=t ot 3830, 1(x1) 12,341,293 8 901, X0 2123583 4,5 (x)) t2,3t12
N~ -

~

Using the relation t1,253,,3,g(X1,X2)t1,2 = 53.8,9(X2,X1) from $o:

1 -~ -~ ~
=tiate 3830, 5(x1)  12,353,8,9(x2, 1) 12,3 53,0,7(x1)t2,301,2
N~ ~ 4
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USiIlg the relation 12’35375,9()(2,)(1){2’3 = 52”3,9()(3,)(1) from 512

1 -~ ~
=t 2123530, 7(X1)  52,8,0(Xs,X1) 53,0, f(X1) £2,381,2
. -~ -

Applying (19):

~ -~ ~
=t,28.352 8 g(aXs+£(X1),X1) 12312
. ~ -

Using the relation 2,352 8 g(axs+£(X1),x1) 12,3 = 3.8 g(aXat F(X1),X1) from $1:

~ -~ ~
= 11,253 8,g(aXo+£(X1),X1) 1,2
. ~ -
= 53,8,9(aX1+/(X2),X2) from 2
= U ([03,8,9(ax,+F(X2),x2)])
\I/([O—3a57g(01,a,f(x2))])v

which accomplishes our goal.
Now let ¢ =3, j = 1. For f € K[X5] and g € K[X2, X3],

o~

U ([03,0,7(x2)) " [01,8,9(x0,x)]178,0, £(x2)))
= V(030,17 x2)])  C([01,8.90x2.x)]) ¥ ([05,0,7(x2)])
=830, 7(Xa)  11,393,5,9(Xz,X1) 1,385, 0, F(X2) by (14) and (17)

= t1,341,3 53.0.7(Xa)  11,393.8,9(Xa.X1) 113 53.0,7(Xs) t1,3 t13 since b3 =1
~—~ ~—~ ~—~ ~—
Applying (20):

A~ SN IRV N
= tistiotosti o830 r(0) 2t st 283 5 90 X))
S ~ -
PN N
tioto st 283 o r(x,) tr2tostio s
- ~~ -

USiIlg the relation t1,253,a,f(X2)t1,2 = 53701,]0()(1) in .37)2 :

- -~ > A
1 - ~
=tistiotesssa px,)  t2,31,2838,9(x0,x1) 2123830, 7(x) t23t1 2013
~ ~ - ~ ~ —

USiIlg the relation t2,353,a,f(X1)t2,3 = 52701,]0()(1) in 51:

-~ -~ D A
-1 ~ ~
=tsti252a,7(x1)  11,2538,9(x0,x1) 1,2 52,0, 7(x1) t12t1,3
. ~ -
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USiIlg the relation 11’25375,9()(2,)(1){1’2 = 53”3,9()(1,)(2) in 522

A~

= t15t1,282,0,7(X1) " 83,6,0(X1,X2) 52,0,7(:) b2t
S ~ -~
Applying (19):
-
=tiztio E3,,3,9()(1,04)(24-f(xl);’£1,2 t13
- ~ -

USiIlg the relation t1,253,,8,g(X1,aX2+f(X1))t1,2 = 53”3,9()(2,@)(1_’_“)(2)) in 522

~ -~ ~
1,393,8,9(X2,0X1+f(X2)) 11,3

-~

= U ([01,8,9(Xs.0X1 1+ 7(X2))))
= qj([017ﬁag(03,a,f(X2))]) by (17)a

as desired.
The two cases {i,j} = {1, 2} will employ the equality

11,352, 8,9(x1, X5) 41,3 = 52,8,9(X3,X1)> (21)

which arises by conjugating the )2 identity t1253 5 9(x,, x)t1,.2 = 53,5,9(x2,x1) DY
t2 3, evoking the $; identity t2,353,,8,g(X1,X2)t2,3 = 52 3,9(X1,Xs) and the $3 identity
to 3ty ot 3 = t1 3.

For i =1,7 = 2 we have

~

U ([o1,0.p(x)] " 02,8001, x0)][01,0,1(x3)])
1~

= V(010 r0x))) C(1025.90x1.x0)]) U (101,05 (xa)])

= t1,383,0,7(x1)  £1,352,8,9(x,, %) 41,3 83,0, £ (x) 11,3 by (17)
N~ -

-
Y
= 41353.0.7(X1) | 92,8.9(X5.X0) S3.0f(x) b3 by (21)
S ~ -~
~ -~ ~
= 11,3528, g(aXs+f(X1),X1) 1,3 by (19)
- ~ -

=52 6.g(aX1+f(Xs),Xs) Dy (21)
= 52,8,9(01,0,7(x3))

= \/I\/ ([0-27:819(01,a,f(X3))]).

The case i = 2,j = 1 follows similarly:

~

U ([02,0,7(x)] " [01.8.9(x0.x0)) (02,0, £(x5)])
1~

=V ([02,0.x))) " C(101,5.9(xa.x0)]) U ([02,0 £ (xa)])
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=520, f(Xs) 11,3538.900.x)1,352.0, 7(x5) Dy (17)
= ’t1,3’£1,352,a,f(X3)_1 t1,353,8,9(X2,x1) 11,3 52,0, f (x5) t1,3t1,3  since t13% =1
N~ ~ 4

A~

= 413500, 7(X1)  93,8.9(X2.X,) S2,0,f(x) b3 by (21)
- ~ -~
~ -~ ~
= 11353 8, g(aXot f(X1),X1) £1,3 by (19)
~ -

.
=V ([01,8,g(axa+f(x2),x0)]) by (17),

completing the proof that the relation (R2) is respected by .
Lastly we come to (R3). Here, recall that k # ¢ and j is the image of ¢ under the
permutation that switches k and ¢. If {k, ¢, i} = {2, 3} then we also have j € {2, 3}

and we must show that ti ¢5; o, rtxe = S 0, f(Thoe)" But this relation holds in $;.
Also, if i = 3 and {k, ¢} = {1,2}, then j = 3 and the relation holds in $)5. Thus
for i = 3 the only remaining case is {k,¢} = {1,3}, which follows quickly from
(17). To wit:
U ([r1,3][03,0,7(x1,x2)][T1,3])

= U([11,3])¥([03,0, £ (1. x2)) ¥ ([71,3])

= t1,353,a,f(X1,X2)t1,3 by (14) and (16)

= U([01,0,5(x5,x2)]) by (17)

= U ([o1,0,f(r1,0)])-

For ¢ = 2 the remaining cases are {k, ¢} = {1,2} and {k, ¢} = {1, 3}. For the first:

U([71,2)[09,0,7(x1, %3] [71.,2])

= V([r12))¥([02,0,r(x:,x5) ) ¥ ([T1,2])
= t1,252,a,f(X1,X3) t12 by (14) and (16)
N~ ~ 4

USiIlg the relation 52,a,f(X1,X3) = t2,353,o¢,f(X1,X2)t2,3 in 512

~ -~ ~
= t1,912.383 o, F (X1, x0) t2,3t1 2
N~ ~ - N~ ~ -

A~ A~ .
=t1,3t1283 o, r(x1,x0) 12t 3 using (20)
N~ ~ -

USiIlg the relation t1,253,a,f(X1,X2)t1,2 = 53,a,f(X2,X1) in 522

~ -~ ~
$3,0,f(X2, ) 41,3

[01,a,f(X2,X3)]) by (17)

:tl

)

~—~~ —~ W

[Ulya,f(Tl,Z)]) :
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For the second:

o~

V([r18][02,0,7(x1,x3)][T1,3])
= U ([r1,8]) U ([02,0. 131500 ) W ([71,3])
= 11,3520, f(x1,X5)t1,3 by (14) and (16)
= 52,a,f(X3,X1) by (21)
= \I/([JQ,wf(X&Xl)])

~

= \I/([O—Q,ll7f(7'1,3)])'

Thus we have verified all the cases when ¢ =2 or ¢ = 3.
Finally we consider ¢ = 1. If {k, ¢} = {2,3}, (R3) is a consequence of (17):

~

o~

V([r2,3][01 0, (X2, %)) [T2,3])
= U([r2,3) W ([01,0, 7 (X2, x0)) U ([72,3])

= t273’£1,3 53,a,f(X2,X1) f1,3’£2,3 b (16) and (17)
N~ 7 N~~~ 7
N A~ .
=1t1341,283 o, r(x0,x) tr2t1 3 using (20)
~ ~ -

Using the relation 1,283, f (X2, x1) 11,2 = 83,0, 7(x1, X5) 1D Ha:

~ PN
:383,0,f(X1,X2) tl »3

(01 0,5 (xs,x2))) by (17)
[Jl,a,f(Tzwa)]) .

-~
=
w

o~ o~

If {k, ¢} = {1,3} we have

~

U([r1,3][01,0,£(x0,x5)][T1,3])

= U([rs)V([01,0,7 (x5, x5) ) ¥ ([71,3])
= t1,3t1,353,a,f(X2,Xl)t1,3t1,3 by (16) and (17)

=53 o, f(X2,X1) since t1,32 =1
= U([03.0.50x2x0))) by (17)
=V ([03,0.7(r1.5)])-

If {k, ¢} = {1,2} we have

~

U([r12][01,0,r(x0,x5)][T1,2])

= U([r1,2])V([01,0,7 (x5, x5) )W ([71,2])
= t172’£1,3 53,a,f(X2,X1) f1,3’£1,2 by (16) and (17)
N~ o~ 7 N~ 7
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SN SN .
= t1,3t2,383 o, r(x0,x1) 2,301 3 using (20)
N~ ~ 4

Using the relation t2 353 o, r(x,,x1)t2,3 = 92,0, (X3, %x1) 1D N1

~ -~ ~
=135 0, r(xs,x)) t1,3

o, f(X1,X3) by (21)

52
U ([02,0, £(x1,%5)))
\I/([Ulaaf(ﬁa)])'

We have now shown that A lies in the kernel of @7 and therefore there is an
induced map ¥ : TA3(K) — & identifying via the isomorphism of (13), which
we will now show is inverse to the map ® : & — TA3(K). This follows from the
following easy fact: Each of the groups ﬁl,Hg, and Hs are generated by the
elements o0; q ¢ that lie within it. For H, and H3 this is straightforward, and for
f[l it follows from (11). Therefore the elements o, ¢ that lie in ﬁl U Hy U Hj
generate TA3(K'), and the corresponding elements s; , ; in 5%1 U $s U H3 generate
$ as well. These are the elements for which ¢ € {2,3}, or ¢ = 1 and deg f < 1.
The assignments (14) and (15) show that U(0; q,f) = §i,q,f in these cases, and it
is clear that ®(s; 4, r) = 04.q,7 by the definition of ®. This shows that ¥ and ® are
inverses, completing the proof of Theorem 2.

6. Concluding remarks and questions

The combinatoric upshot of Theorem 2 is that TA3(K) is the colimit of a “tri-
angle of groups” in Stallings’ sense (see [12]), comprising ﬁl, H,, and Hj, their
pairwise intersections, and the intersection of all three. These groups form the
stabilizers of the three vertices, three edges, and face, respectively, of a simplex f
in a 2-dimensional simply connected simplicial complex D on which TA3(K) acts,
and for which f serves as a fundamental domain. There are unanswered questions
about D. For example, is it 2-connected (i.e., is m2(D) = 0), and does it have
infinite diameter (i.e., does the 1-skeleton of D have infinite diameter as a graph)?

The 3-dimensional simplicial complex D can be realized as follows: More gene-
rally we construct an n-dimensional simplicial complex &, whose vertices are rank
(i + 1) vector spaces V in K[Xy,...,X,] containing K, where 1 < i < n such
that K[X1,...,X,] = K[V]I"=9. (Here K[V] is the subalgebra generated by V.)
Vertices Vi, ..., V, of strictly ascending rank form an r-simplex if V3 C --- C V..
There is an obvious action of GA,,(K) on &,. Note that &, contains the n-simplex
Y, determined by the n vertices V;, 1 < i < n, defined by (6) in Section 4. This is
a fundamental domain for the action, and the subgroup H; is the stabilizer of V;,
by its definition (7). For n = 2 this is the tree which gives the structure Theorem
for GA3(K) (Example 4).

For n > 3 we do not know if &, is connected, or simply connected. The
connectivity of &, is equivalent to the generation of GA,,(K) by the subgroups
Hq,...,H,, an unsolved question.
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By restriction, TA,, (K) also acts on &,,. The stabilizer of V; in TA,,(K) is I;TZ-, by

(9).
S

Let D,, be the subcomplex consisting of the TA,, (K )-translates of the simplex
(For n = 3, this is the complex D mentioned above.) The fact that TA,,(K)

is generated by the stabilizers ﬁl implies D,, is connected. Simple connectivity of
D,, is equivalent to the assertion that TA, (K) is the generalized amalgamated

product of fI ..., H, along pairwise intersections. For n = 3 this is true by the
main result of this paper; for n > 4 it is unknown.
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