Degree growth of polynomial
automorphisms and birational maps: some
examples

Julie Déserti

European Journal of Mathematics

Volume 3 + Number 3

ISSN 2199-675X

European Journal of Mathematics
DOI 10.1007/s40879-017-0175-z

European Journal
of Maihematics

Editor-in-Chief
Fedor Bogomolov

@ Springer
40879+ ISSN 2199-675X

@ Springer



Your article is protected by copyright and

all rights are held exclusively by Springer
International Publishing AG. This e-offprint
is for personal use only and shall not be self-
archived in electronic repositories. If you wish
to self-archive your article, please use the
accepted manuscript version for posting on
your own website. You may further deposit
the accepted manuscript version in any
repository, provided it is only made publicly
available 12 months after official publication
or later and provided acknowledgement is
given to the original source of publication
and a link is inserted to the published article
on Springer's website. The link must be
accompanied by the following text: "The final
publication is available at link.springer.com”.

@ Springer



European Journal of Mathematics @ CrossMark
DOI 10.1007/540879-017-0175-z2

RESEARCH ARTICLE

Degree growth of polynomial automorphisms
and birational maps: some examples

Julie Déserti!

Received: 6 October 2016 / Revised: 18 April 2017 / Accepted: 5 August 2017
© Springer International Publishing AG 2017

Abstract We give examples of new degree growths for polynomial automorphisms
of CF and birational maps of ]P’(]é. Namely, if k is an integer > 3, then for any ¢ <
[(k — 1)/2] we provide polynomial automorphisms f of CX such that deg f* ~ n*,
and for all 0 < ¢ < k we provide birational maps ¢ of IP('& such that deg ¢” ~ n’.
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1 Introduction

Let f be a polynomial automorphism of C2 then either (deg f"),en is bounded
or (deg f™)nen grows exponentially. In higher dimensions there are intermediate
growths:

Theorem A Let k be an integer > 3. For any £ < [(k — 1) /2] there exist polynomial
automorphisms f of CF such that

deg f" ~ n".

The group of polynomial automorphisms of C? has a structure of amalgamated prod-
uct [6]. Using this rigidity a lot of properties of polynomial automorphisms of C2 have
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been established. All these properties show a dichotomy. Up to conjugacy there are
two types of polynomial automorphisms of C?: the Jonquiéres ones and the Hénon
ones. If f and g are two polynomial automorphisms of C? and He, denotes the line
at infinity (we view C2 in Pé), then

(Py1) if (deg ™), is not bounded, then f does not preserve a rational fibration;
(Pr) deg f> = (deg f)? if and only if deg f* = (deg f)" for any n € N (see [5,
Proposition 3]).

We give counter-examples to properties (1) and (P;) in dimension > 3. Nevertheless
one can prove a result similar to property (P;):

Proposition B Ler f be a polynomial automorphism of CK. Then deg f! = (deg f)"
for 1 <i < kifandonly if deg f* = (deg f)" foranyn > 1.

If ¢ is a birational self-map of P2, then (deg ¢")nen is either bounded, or grows
linearly, or grows quadratically, or grows exponentially [3]. In this context there exist
other types of growth in higher dimension. Lin has studied the degree growth of
monomial maps of IP(]{: (see [8]). He proved in particular that if A is a k x k integer
matrix with nonzero determinant, then there exist two constants « > 8 > 0 and a
unique integer 0 < £ < k — 1 such that forany n ¢ N

Bo(A)'n" < degply < ap(A)'n’

where p(A) denotes the spectral radius of A and ¢4 the monomial map associated to
A. This leads to the question: Do there exist in dimension k birational maps of IP’(’[‘:
with growth n, £ > k — 1?7 We will show that:

Theorem C Assume k > 3. For all 0 < £ < k there exist a birational self-map ¢ of
IP’(](‘: and two constants a = B > 0 such that for any n > 0

Bn' < deg¢" < an®.

Note that &k is not an upper bound, at least in dimension 3: there exists a birational
self-map f of IP’?C such that deg f" ~ n* (see [11]).

The Newman—Shanks—Williams primes were first described by Newman, Shanks
and Williams in 1981 during the study of finite simple groups with square order [9].
They often appear in the literature. We will give an example of a birational self-map
of IP’% whose degrees of iterates are Newman—Shanks—Williams primes.
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Degree growth of polynomial automorphisms and birational...

2 Recalls, definitions, notations
2.1 The group of polynomial automorphisms of C*
A polynomial automorphism f of C is a polynomial map of the type

f:Ck > ck
(20,215 -+ 2k=1) > (fo(zo. 210 ooy 2k=1)s f1(205 215 - o o0 Zh=1)s - -

fi—1(z0, 215 - - 2k=1))

that is bijective. The set of polynomial automorphisms of C* forms a group denoted

by Aut (CF).
The automorphisms of C* of the form ( fo, f1, ..., fi—1) where f; depends only on
Ziy Zi41, - - - sk—1 form a subgroup Ej of Aut((Ck). Moreover we have the inclusions

GL(CF) c Affy c Aut(Ch
where Aff; denotes the group of affine maps

oozt zk=1) = (f0(20, 214 -+ o 2k=1), f1(20: 200 ooy Th=1)s - - s
fi—1(20, 214 - -+, Zk—1))

with f; affine; Aff}, is the semi-direct product of GL(CK) with the commutative sub-
groups of translations. The subgroup Tame;, C Aut (Cy generated by E; and Affy is
called the group of tame automorphisms. If k = 2 one has:

Theorem 2.1 ([6]) In dimension 2 the group of tame automorphisms coincides with
the whole group of polynomial automorphism, more precisely

Aut(C?) = Affa*asr,ng, Ea.

But this is not the case in higher dimension: Tames C Aut(C3) (see [10]).
Another important result in dimension 2 is the following:

Theorem 2.2 ([4]) Let f be an element of Aut(C?). Then, up to conjugacy,

e cither f belongs to Ea,
e or f can be written as

PeroPe—10---0Q]
where @; : (20, 21) > (21, Pi(z1) — 8iz0), 8;i € C*, P; € Clz1], deg P; > 2.
We denote by I the set of polynomial automorphisms of C? that can be written up to

conjugacy as ggo@e—10 - - - oy, where ¢; : (20, 21) = (21, Pi(21) — 8i20), 6;i € C*,
P; € C[z1], deg P; > 2. The elements of I are of Hénon type.
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From now on we will write f = (fo, fi1, ..., fr—1) instead of
ozt zk=1) = (f0(20, 214 -+ o 2k=1)s f1(205 200 e vy Zh=D)s - - -
fi—1(z0. 215 - -+ 2k-1))-

The algebraic degree deg f of f = (fo, fi, ..., fi—1) € Aut(CK) is

max (deg fo, deg f1, ..., deg fr—1).

2.2 The Cremona group

A rational self-map f of IE”(IE can be written

(zo:z1: - :zk) == (f0(20s 215 -+ -2 ) f1(205 200 o2 207 o 2 k(205 20 - -2 20))

where f;’s are homogeneous polynomials of the same degree > 1 and without common
factor of positive degree. The degree of f is the degree of f;. If there exists a rational
self-map g of IF’(lé such that fog = gof = id we say that the rational self-map f
of IP’(](‘: is birational.

The set of birational self-maps of IP’(](‘: forms a group denoted by Bir (IF’(]E:) and is called
the Cremona group. Of course, Aut(C*) is a subgroup of Bir (IP’('{:). Another natural
subgroup of Bir(IP’é‘:) is the group Aut(IP’(’f:) ~ PGL(k+1; C) of automorphisms of
PE.

The indeterminacy set Ind(f) of f is the set of the common zeros of f;’s. The
exceptional set Exc(f) of f is the (finite) union of subvarieties M; of ]P’(kC such that f
is not injective on any open subset of M;.

2.3 A little bit of dynamics
Let f be a polynomial automorphism of C¥. One can see f as a birational self-map

of ]P’(’{: and we still denote it by f. We will say that f is algebraically stable if for any
n>0

S"({zx = 0}\Ind (f™))

is not contained in Ind(f). This is equivalent to the fact that (deg /)" = deg f" for
any n > 0. For instance, elements of J{ are algebraically stable.

Remark 2.3 Note that in dimension 2 the map f is algebraically stable if and only if
foranyn > 0

f"({z2 = 0)\Ind(f") NInd(f) = 2.
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Be careful, this is not the case in higher dimension. Consider for instance
f = (52§ + 23 + 62022 + 21, 25 + 20, 22).

then
e on the one hand, (—1:0:1:0) belongs to {z3 = 0} \Ind(f) and

f(—=1:0:1:0) = (0:1:0:0) € Ind(f) = {(0:1:0:0)},

ie. f({z2=0}N\Ind(f)) NInd(f) # &,
e on the other hand, for any n > 1, deg f" = (deg /)"

The algebraic degree of a birational map f of IP’(’[‘: (resp. a polynomial automorphism
of CK) is not a dynamical invariant so we introduce the dynamical degree

A(f) = lim_(deg f")""

which is a dynamical invariant, that is for any g € Bir (P(]{:) (resp. g € Aut(CF)) one
has (/) = A(gfg ™).

For any element f in J the algebraic and dynamical degrees coincide, more pre-
cisely if

f =@popp_10---0¢

where ¢; = (z1, P;(z1) — 8;20), 8; € C*, P; € C[z1], deg P; > 2, one has [4]

4
A(f) =[] deggi >2.
i=1

A polynomial automorphism f is conjugate to an element of E; ifand only if A( f) = 1.
A polynomial automorphism f of C? belongs to J if and only if A(f) > 1. There is
another characterization of the automorphisms of Hénon type:

Theorem 2.4 ([7]) The centralizer of f in Aut(C?), thatis {g € Aut(C?) : fg = gf},
is countable if and only if f belongs to H.

3 Birational maps and automorphisms with polynomial growths
3.1 The growths of a birational self-map and its inverse

If f is a birational self-map of P(]é, then (deg f, deg 1) is called the bidegree of f.
There is the following relationship between deg f and deg ! (see [1]):

deg f~1 < (deg fHF,
deg f < (deg fH*1.
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As a result, if f is a birational self-map of PX, the degree growths of f and f~! are
linked:

Proposition 3.1 Let f be a birational self-map of IP’{&.

o The sequence (deg "), eN is bounded if and only if the sequence (deg f™"),eN
is bounded.

o The sequence (deg f"),eN grows exponentially if and only if (deg f "), eN grows
exponentially.

e [fdeg f" >~ nP and deg f~" =~ n for some integers p, q > 1, then

1
(p,q) € {([%},q)m,(kq,q)}-

Remark 3.2 When we write “the sequence (deg f"),en grows exponentially if and
only if (deg f~"),en grows exponentially”, it does not mean that (deg f"),cn and
(deg f~")nen have exactly the same behavior, e.g. the polynomial automorphism of
C? given by

f=(z§+z1 +22. 25 +21,20)

satisfies foralln > 1

deg " = 2",
deg f—n — 2[(n+1)/2]_

3.2 Examples of polynomial automorphisms with new polynomial growths

Let us now give examples of polynomial automorphisms with polynomial growths.
Consider the polynomial automorphism of C* given by

f=(z1+ 2024, 20, 22)

where d > 1. Assume n > 1. Set f" = (fo.n, fi.n.22) and §,, = deg f". Note that
61 =d + 1 and since

= £ = (frami+ fona124s fon—t. 22).
one has
8, = max (deg fi,,—1, deg fon—1+d, deg fon—1,1).
But fi,-1 = fon—2andd > 1506, =deg fo,—1 +d = §,—1 + d. In other words,

deg f" =dn + 1.
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One can also prove that deg " = deg f~" foranyn > 1. From f one can construct an
example of a polynomial automorphism g of C> such that deg g" ~ n° For instance,
if

d P
¢ = (2142025, 20, 22, 24+2( 23, 23)

where p > d > 1, then forany n > 1

d 2—d
degg”:%n2+¥n+l

and deg ¢g" = deg ¢g™" for any n > 1. From g one can construct a polynomial auto-
morphism £ of C7 such that deg ™" ~ n3. Indeed, let us consider

h = (21+2023. 20. 22. 24425 23, 23, 26+ 2525, Z5)
where { > p>d > 1. Foranyn > 1

Lpd
tpd

d p(1 —d
P)n+ D )n2+

P
degh” =1+¢(1-2 4 P4
& +< 273 2

and deg h"" = deg h™". By repeating this process one gets the following statement:

Proposition 3.3 There exist polynomial automorphisms f of C2*+1 k > 2, such that
deg f" ~ n*

Theorem A follows from Proposition 3.3.

3.3 Birational maps with new polynomial growths

Let us first recall the following example [3]. If  is the birational map of PZ, given in
the affine chart z, = 1 by

2 7z —1/3
90(20,21)—(21-'-3,10 E—— )

then there exist two constants 8 > « > 0 such that forany n > 0

an® < deg " < Bn’.

Using this example we will construct birational self-maps ¢ of IP’(](‘: satisfying deg ¢" ~
k
n”.

One can write ¢" as (P,/Qn, R,/S,) where P,, Q,, R, and S, denote some

elements of C[zg, z1] without common factor. Set p, = degP,, g, = deg Q,,

r, = deg R, and s, = deg S,,. The following equalities hold (by iteration):
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Pn = Sp—1 + 1,
qu :sn—lv
rm=s,+1,

deg¢" =sp—1 + s, + 1.

Let us now consider the birational self-map of ng given in the affine chart z3 = 1 by

" V(24 2R
3(20,<21,22) = | 21 3,ZO L+ , 2022 |-

One can check that

wr_ (P Ba U
3 Qn Sn Vn

where U,, = zozoP1P>... P,_1and V, = Q1 Q> ... Q,—1 have no common factor.
Since 5; ~ i there exist two constants > « > 0 such that for any n > 0 the
following inequalities hold:

an’ < deg W3 < ,6n3.

Let us now consider the birational self-map of IP’% defined in the affine chart z4 = 1
by

Wi Y= (a4 200212
420, 21,22,23) = | 21 3aZO Z]+1

» 2022, ZZZ3> .
One has “I}Z = (Pu/Qn, Ru/Sn, Un/Vy, W,/ X,) where
W, =W U Uy... U1 and X, =X1ViVa...V,q

have no common factor. Since deg U,, ~ n> and deg V,, ~ n?, there exist two constants
B > o > 0 such that forany n > 0

an* < deg W) < Bn*
By repeating this process one gets:

Theorem 3.4 Let k be an integer > 3. There exist birational self-maps ¢ of IP’{{: with
the following property: there exist two constants B > « > 0 such that for any n > 0

anf < deg ¢" < ,Bnk.
This statement and Lin’s result mentioned just before Theorem C imply Theorem C.
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4 Properties (P;)

Note that Theorem 2.4 can be also stated as follows: the centralizer of a polyonomial
automorphism f of C? is countable if and only if (deg f"),en grows exponentially.
This property is not true in higher dimension: there exist polynomial automorphisms
of C® with uncountable centralizer and exponential degree growth [2]. Let us now
show that this is also the case for other properties, and in particular for (Py), (P7).

4.1 Property (Pq)

Property (1) does not hold in higher dimension:

Proposition 4.1 The polynomial automorphism f of C3, given by
(z3+2z1, 20, 22+ 1),

preserves the fibration zo = const and for all n > 1 the equality deg " = 2" holds.
The polynomial automorphism g of C3, given by

(Z%+ZoZ1+Z2,Z1+1,Z0),

preserves the fibration 71 = const and for alln > 1 the equality deg g" = n+ 1 holds.

4.2 Property (P2)

In [5], Furter proved that if f is a polynomial automorphism of C? then deg f> =
(deg f)? if and only if deg f = (deg f)" for all n € N. This property does not hold
in higher dimension. Consider for instance the polynomial automorphism f given by

f = (z}+z5 23424, 22, 21, 20, 23+ 23).

One can check that deg f = 2, deg f> = 4, deg f> = 8 but deg f* = 8.
Let f be a polynomial automorphism of C¥. For any integer n > 0 set

Q= f"((z—1=0)\Ind(f")).

Note that 2, C (zx—1 = 0) for any n. We say that f is not algebraically stable after
£ steps if £ is the smallest integer such that 2, C Ind(f).

Let us first remark that if Q21 N Ind(f) = &, then 2y = f(RQ1) € Q150 2 N
Ind(f) = <. By induction one gets for any n > 1 that 2, N Ind(f) = < and
deg f" = (deg f)", i.e. f is algebraically stable.

Let us now assume that 1 N Ind(f) # @. Then:

e Either Q1 C Ind(f), thatis f is not algebraically stable after one step.
e Or Q1 ¢ Ind(f) hence 22 = f(21\Ind(f)) C ;.
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— Either dim 2, = dim @1, so Q> = Qp and then ©,, = ; for any n. In
particular, 2, ¢ Ind(f) for any n and f is algebraically stable.

— Or dim 27 < dim €21, then either 2, C Ind(f) and f is not algebraically
stable after two steps or 22 ¢ Ind(f) and we come back to the previous
alternative, that is either dim 23 = dim 2, or dim 23 < dim £2,. Since for
any n one has 0 < dim ,, < k — 1, one gets that either f is algebraically
stable, or f is not algebraically stable after at most k — 1 steps.

Hence one can state:
Proposition 4.2 Let f be a polynomial automorphism of CX. Either f is algebraically

stable, or f is not algebraically stable after € steps, with £ < k — 1. In other words,
deg f' = (deg f)' for 1 <i < k ifand only ifdeg f" = (deg f)" for anyn > 1.

5 Newman-Shanks—Williams primes

We mentioned at the beginning of Sect. 4 that there exist polynomial automorphisms
of C? with exponential growth and uncountable centralizer; we will see in this section
that it also holds for birational maps of IP?C that are not conjugate to polynomial
automorphisms of C?.

A Newman—Shanks—Williams prime is a prime number p which can be written as

(1+ V2 4 (1 = V2!
5 :

2m+1 =

They were first described by Newman, Shanks and Williams in 1981 during the study
of finite simple groups with square order [9]. Let us briefly explain their result. Call
a finite simple group G a special group if G has square order, and call the numbers
S2m+1 special numbers. They proved that
e if a special number s2,,41 is a prime, then the symplectic group Sp(4, s2,,+1) of
dimension 4 over Fy,, | is a special group of order

2
5 , . (1 + \/E)Zm-i-l . (1 . \/E)Zm-i-l -
Sam41(S2m41 — 1) 22 ;

e conversely, if a symplectic group is special, then it is Sp(4, p) with p = s9,,41 a
prime, for some m.

The sequence of Newman—Shanks—Williams numbers can be described by the follow-
ing recurrence relation:

forall n>2, s, =28,_1+ Sn_>
with s = 51 = 1.
Letus study the behavior of the birational self-map ¢ of IP’?C given by (zOz%, 2021, 22)»

or in homogeneous coordinates by (z()z%:z()z]zyzgz%:z%). We look at the degree
growth of ¢, and the Newman—Shanks—Williams primes reappear:
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Proposition 5.1 For any n > 1 one has

¢n — Zgn*(an‘I’an)(Zgn ?bn Zgnzlllnzl;l.Zzz‘;n“‘an_l:Z§r1+2br1)
where
1 V2
mo=14+v2, po=1-v2, an=§(u’f+ug), bn = == (M} = 1),

For all n > 1 one has deg $*" = 5,11, and so A(¢) =

Proof By iteration one gets that

¢n _ 3n_(an +Cn)( an Cn. _bu _dy Zan +cp—(by +dn) 2Zan +cp—1 .Zan +Cn)

=23 20'21"120' 21" 23 3 43

with

Aap+1 1020 a,

buy1 | | 0102 || by

Cn+1 - 1010 Cp

dpy1 0101 || d,
But on the one hand,
1020 20 2 0 2000 20 2 o 7"
0102 |0 2 0 2 0Arx 00 02 0 2
1010 | V20 =2 0 0 0x0 V2 0 =2 0
0101 02 0 =200 0 0v2 0 —V2

with u; =1+ V2, ur=1-— /2 and, on the other hand, a; = ¢; =d; = 1,b; =2
hence

dy M, 2,
2 4
It follows that for any n > 1 one has
deg " = a, + 2b, = sp11
and lim,,_s o0 (50) /" = 1. o

In the context of birational maps of IP’(/(‘:, k > 3, we also get that uncountable centralizers
and exponential degree growth can cohabit:

Proposition 5.2 The centralizer of ¢ is uncountable. Indeed it contains

{(zg Z1 ,2027,22) 1 p.q € ZYU{(20, 21, 22+a) : o € C}
U{(z0, 21, 22) @ € C*} =~ Z> UC U C*
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