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THE EMBEDDINGS OF THE HEISENBERG GROUP INTO THE
CREMONA GROUP

JULIE DESERTI

ABSTRACT. In this note we describe the embeddings of the Heisenberg group into
the Cremona group.

INTRODUCTION

The Heisenberg group is the non-abelian nilpotent group given by
H = (f, g|[f,g] =h, [f,h] = [g,h] = id).

It has two generators, f and g, and h is the generator of the center of # .
The Cremona group is the group Bir(]P’%) of birational maps of the projective
plane ]P’% into itself. Such maps can be written in the form

(x:y:2) == (Po(x,3,2) : Pi(x,,2) : Pa(x,y,2))
where Py, P;, P, € C|x,y,z] are homogeneous polynomials of the same degree, and
this degree is the degree of the map, if the polynomials have no common factor (of

positive degree). Recall that if ¢ is a birational self map of the complex projective
plane, then one of the following holds ([lGiz80, (Can01, [DFO1, BD13]):

o the sequence (deg(0")),en is bounded, and ¢ is said to be elliptic;

o the sequence (deg(¢"))nen grows linearly with n, and ¢ is said to be a Jon-
quiéres twist;

o the sequence (deg(0")),en grows quadratically with n, and ¢ is said to be a
Halphen twist;

o (deg(¢"))nen grows exponentially fast with n, and ¢ is said to be hyperbolic.

Proposition A. Let p be an embedding of H into the Cremona group. Then p(H)
does not contain hyperbolic birational maps.

More precisely p(f) and p(g) are either elliptic birational maps, or Jonquiéres
IWIsts.
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We describe the embeddings of A into the Cremona group. In [D06] we already
looked at such embeddings but with the following assumption: the images of f and g
are elliptic birational self maps. There are other embeddings of 4 into the Cremona

group:
Theorem B. Let p be an embedding of H into the Cremona group. Then up to
birational conjugacy

o either p(H) is a subgroup of PGL(3,C) and

p(f) = (x+ oy, y+B) p(g) = (x+w,y+9)
with a, B, v, 8 in C such that ad—By=1;
o or p(H) is a subgroup of the group of polynomial automorphisms of C* and
(p(f),p(g)) is one of the following pairs

((ax+0Q(),y+¢), (ax+P(y),y+7)),

b—1
((ar+o0nby+ =) (et PO Br-+)

with € C* {1}, a, o, binC* ¢, yin Cand P, Q in Cly];
o or p(f) is a Jonquiéres twist and (p(f),p(g)) is one of the following pairs

<(x, Sxﬂy), (Yx,ya(x)) ), <(x, Sxﬂy), (Yx,ya(x))) ,
((—x,8x""y), (v, yb(x))), ((Ax,ye(x)), (8x,yd(x)))
with o, ye C*, A€ C*~\ {1, —1} and a, b, ¢, d € C(x)* such that
o (B .
=) <& et < ¢

Remark C. Note that the two last families are not empty. For instance

((—X, (xxily)7 (BX,'Y)C2y)), ((M7 (X)pr),('Y.x, quy))
witho, B, y€ C*, A€ C* {1, —1}, p, g € N are such pairs.

1. SOME RECALLS

1.1. About birational maps of the complex projective plane. Let ¢ be a birational
self map of the complex projective plane. Then one of the following holds ([Giz80,
Can01, IDFO1, BD15]):

o ¢ is elliptic if and only if the sequence (deg(¢"))nen is bounded. In this
case there exist a birational map y: S --» ]P% and an integer k > 1 such that
v~ o ¢ oy belongs to the connected component of the identity of the group
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Aut(S). Either ¢ is of finite order, or ¢ is conjugate to an automorphism of P2,
which restricts to one of the following automorphisms on some open subset
isomorphic to C:

e (x,y) — (o, By) where the kernel of the group morphism

72— C? (i, j) — oip/

is generated by (k,0) for some k € Z;
o (x,y) — (ox,y+ 1) where o € C*.

o ¢ is parabolic if and only if the sequence (deg(¢"))nen grows linearly or
quadratically with n. If ¢ is parabolic, there exist a birational map y: S --» IP%
and a fibration ©: S — B onto a curve B such that y~! o ¢ o y permutes the
fibers of 7. If (deg(9")),en grows linearly, then the fibration T is rational and
¢ is said to be a Jonquiéres twist. If (deg(¢"))nen grows quadratically, then
the fibration 7 is elliptic and ¢ is said to be a Halphen twist.

o ¢ is hyperbolic if and only if (deg(0")),en grows exponentially fast with n:
there is a constant ¢(¢) such that deg(¢") = c(¢)A(9)" + O(1).

1.2. About distorted elements. If G is a group generated by a finite subset F C G
the F-length |g|r of an element g of G is defined as the least non-negative integer ¢
such that g admits an expression of the form g = f1 /... fr where each f; belongs to

k k
FUF~!. We say that g is distorted if lim w =0 (note that the limit lim w
k—r+oo k—>+oo

always exists and is a real number since the sequence k +— |g*|r is subadditive). This
notion actually does not depend on the chosen F, but only on the pair (g,G).

If G is any group, an element g € G is distorted if it is distorted in some finitely
generated subgroup of G.

The element h of

H = (f, g|[f,g] = h, [f,h] = [g,h] = id)
satisfies the following property:
VkeZ W =[f gH = figkf gk

b
k2

so ||h¥|| < 4k and klim = 0. Hence h is distorted.
— oo

An element ¢ € Bir(IP’%) is said to be algebraic if it is contained in an algebraic
subgroup of Bir(P%). By [BFI3| §2.6] the map ¢ € Bir(IP2) is algebraic if and only
if the sequence (deg(¢")),en is bounded. In other words elliptic elements and alge-
braic elements coincide. By [BD15, Proposition 2.3] this is also equivalent to say
that ¢ is of finite order or conjugate to an element of Aut(IP’%). A straightforward
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computation shows that every element of Aut(IP2) is distorted in Bir(P%) (see [BF19]
Lemma 4.40]). As a consequence every algebraic element of Bir(]P’é) is distorted.
The converse statement also holds:

Theorem 1.1 ([BF19,[CC19]). Any distorted element ofBir(]P%) is elliptic.
Corollary 1.2. Let p be an embedding of H into Bir(P%). Then p(h) is elliptic.

We will use this corollary and the following description of the centralizer of hyper-
bolic birational maps to prove Proposition [At

Proposition 1.3 ([BC16l). Let ¢ be a birational map of the complex projective plane.
If ¢ is hyperbolic, then the infinite cyclic group generated by ¢ is a finite index sub-
group of the centralizer of ¢ in Bir(P%).

Proof of the first part of Proposition[Al Assume that p(#{) contains an hyperbolic e-
lement ¢. Since p(h) is the generator of the center of p(H), p(h) commutes with ¢.
Proposition [L.3] implies that either p(h) is hyperbolic, or p(h) is of finite order. But
p(h) is not hyperbolic Corollary and by definition p(h) is of infinite order. As a
result p(#{) does not contain hyperbolic element. O

1.3. About centralizers of elliptic birational maps. Let us recall the description of
the centralizers of the elliptic birational self maps of infinite order of the complex
projective plane obtained in [BD15].

Consider ¢ an elliptic element of Bir(]P’é). Assume that ¢ is of infinite order. As
recalled in §I.1] the map ¢ is conjugate to an automorphism of ]P’% which restricts to
one of the following automorphisms on some open subset isomorphic to C:

(1) (owx,By) where a, B belong to C*;
(2) (ow,y+1) where a € C*.

In case (1) the centralizer of ¢ in Bir(P%) is

{((x),ya(¥"))|a € C(x),n € PGL(2,C), (o) = om(x) };
in particular the elements of the centralizer of ¢ are elliptic birational maps or Jon-
quieres twists. In case (2) the centralizer of ¢ in Bir(IP’%) is

{(n(x),y+a(x))|n € PGL(2,C), n(ow) = an(x), a € C(x), a(ow) = a(x) };
in particular the elements of the centralizer of ¢ are elliptic birational maps.

Corollary and the previous description imply:

Lemma 1.4. Let p be an embedding of H into Bir(PZ).
Then p(h) is elliptic and up to birational conjugacy
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o either p(h) = (o, By), where the kernel of the group morphism
72— C? (i, j) — oip/
is generated by (k,0) for some k € Z and both p(£), p(g) belong to
{(N(x),ya(¥"))|a € C(x),n € PGL(2,C), (o) = om(x) };
o orp(h) = (ow,y+ 1), and both p(f), p(g) belong to
{(n(x),y+a(x))In € PGL(2,C), n(ax) = an(x), a € C(x), a(ow) = a(x) }.

In particular p(f) and p(g) are elliptic birational maps or Jonquiéres twists.

It ends the proof of Proposition [Al

2. PROOF OF THEOREM
2.1. Assume that all the generators of p(#) are elliptic. The group Aut(C?) of
polynomial automorphisms of C? is a subgroup of Bir(IP%). It is generated by the
group
A= {(aox+a1y+a2,box—|—b1y+ bz) |a,~, b; € C, aghy — a1bg 75 0}
and
E= {(ox+P(y),By+v) |0, p € C*,ye C, PeCpl}.
Let us recall the following result obtained when we study the embeddings of SL(n,Z)

into the Cremona group:
Lemma 2.1 ([DO6])). Let p be an embedding of H into Bir(]P’é).
If p(f), p(g) and p(h) are elliptic, then up to birational conjugacy
o either p(H) is a subgroup of PGL(3,C), and more precisely
p(f) = (x+ oy, y+B) p(g) = (x+w,y+9)
with o, B, v, 8 € C such that ad — By=1;
o or p(H) is a subgroup of E and p(h*) = (x+ P(y),y) for some P € C[y).

This statement implies the following one:

Proposition 2.2. Let p be an embedding from H into Bir(P%). Assume that p(f), p(g)
and p(h) are elliptic.
Then up to birational conjugacy

o either p(H) is a subgroup of PGL(3,C), more precisely
p(f) = (x+ay,y+h) p(g) = (x+w,y+9)
with a, B, v, 8 € C such that ad—By=1;
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o or p(H) is a subgroup of E and (p(f),p(g)) is one of the following pairs

( (ax+ 0(y),by + Yg:p) , (ocx+P(y),By+Y)>

witha, o, bin C*, ¢, yin C, B € C*~ {1} and P, Q in C[y].

Proof. The first assertion follows from Lemma[2.1l Let us focus on the second one.
If p(h) belongs to E and p(h?) = (x+ P(y),y), then p(h) = (ex+ Q(y).n(y))
with e =1, Q € C[y] and n(y) € { —y+7,y}. But p(f) and p(g) belong to E so

[p(f),p(g)] = p(h) implies that € = 1 and (y) = y, i.e. p(h) = (x+Q(y),y). Set
p(f) = (ax+R(y),by +¢), p(g) = (ax+P(y),By +7).

The second component of p(f)p(g) has to be equal to the second component of

p(h)p(g)p(f), that is
Bby + by+c = Bby +Pc+7;

in other words either B=b=1,0rc = % (]

2.2. Assume that p(f) is a Jonquiéres twist with trivial action on the basis of

the fibration. Since p(h) is elliptic, then up to birational conjugacy either p(h)
(o, By), or p(h) = (oux,y+ 1) (see §L.I)). But p(f) belongs to the centralizer of p(h
and is a Jonquieres twist; therefore according to one has: p(h) = (ow,By), p(f
can be written as (x,ya(x)) and p(g) as (u(x),yb(x)) with u € PGL(2,C) and a, b €
C(x)*.

Let us remark that if 4 = id, then [p(f),p(g)] = p(h) implies oo = P = 1 so u # id.

The relation [p(f),p(g)] = p(h) implies that o = 1, and a(u(x)) = Pa(x). Let us
first look at polynomials P such that P(u(x)) = BP(x):

~ ~—

Claim 2.3. If P is a non-zero polynomial such that P(u(x)) = A*P(x), A> # 1, then
one of the following holds:

o P(x)=9 (M—Yfl —|—x>, u(x) = y+Ax with a, § € C;
o P(x) = S(Fyl —x)z, u(x) =y—Axwithye C, and § € C*;
2
o P(x)=9 (rg +x) , u(x) =Y+ Ax withy € C, and & € C.
Proof. Let us consider the set Zp = {Z\P(Z) = O} of roots of P. It is a finite set

invariant by u. As a result /.l"’ZP = id for some integer n.
If #Zp > 3, then ,u‘"ZP =1id implies ¢" = id. Recall that

p(f) = (x,ya(x)), p(g) = (u(x),yb(x)), p(h) = (o, By)
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SO

P()" = (x,yA(x), P(2)" = (u'(x),¥B(x)) = (x,yB(x)), p(h)" = (" x,B"y).

Then [p(f)",p(g)"] = p(h)"”" implies o = B = 1, that is p(h) is of finite order:
contradiction.

Hence #Zp <2 so deg P < 2. A straightforward computation implies the statement.
(]

Let us come back to a(u(x)) = Pa(x). As B is of infinite order and a belongs

P(u(x)) _ AMP(x)

O(u(¥) — A30(x)

o Ai, Ay are two elements of C ~ {1} such that f = g;
2

o P, Q are two polynomials without common factor.

to C(x)* we can rewrite this equality as follows: where

As a result up to birational conjugacy (p(f),p(g)) is one of the following pairs
((6,89), (. y(x))) ((682), (x,yb()) )

(AN (5 2): (A 3())

with 6 € C*, A € C* of infinite order and b € C(x).
We can thus state

Proposition 2.4. Let p be an embedding of H into Bir(PZ.).
If p(f) is a Jonquiéres twist with trivial action on the basis of the fibration, then up
to birational conjugacy (p(f),p(g)) is one of the following pairs

((x, Sxy), (M,yb(x))) <(x, 5362)’), (kx,yb(x)))
() N (S

with & € C*, L € C* of infinite order and b € C(x).

2.3. Assume that p(f) is a Jonquieres twist with non-trivial action on the basis
of the fibration. Since p(h) is elliptic and of infinite order, then up to birational
conjugacy either p(h) = (o, By), or p(h) = (o, y+ 1) (see SL.1). But p(f) belongs
to the centralizer of p(h) and is a Jonquieres twist; therefore according to one

has: p(h) = (otx,By), p(f) can be written as (1(x),ya(x)) and p(g) as (u(x), ¥b(x))
with 1, u in PGL(2,C) and a, b in C(x).
Up to conjugacy by an element of { (?;iz,y) | ( ccz z > € PGL(2,(C)} one can

assume that either n(x) = x+ 1, or n(x) = Ax (remark that this conjugacy doesn’t

preserve the first component of p(h)).



THE EMBEDDINGS OF THE HEISENBERG GROUP INTO THE CREMONA GROUP 8

Note that a direct computation implies
PGL(2,C)ifa=1

{vePGL(2,C)|v(owx) =av(x)} =4 {px|peC}ifa=—1 2.1)
IBx|BeCr)ifa? #1
so when 1 is an homothety we will have to distinguish the cases A= —1 and A # —1.

2.3.1. Assume that n(x) = x+ 1. Since p(f) and p(h) commute, p(h) can be written
as (x+,By).

If y# 0, then [p(f),p(h)] = id leads to a(x+7Y) = a(x), that is a(x) = a € C: con-
tradiction with the fact that p(f) is a Jonquieres twist.

1y =0, then p(h) = (x,By) and [p(£),p(g)] = p(h) leads to p(g) = (x-+ 1, ¥b(x))
and b(x)a(x+u) = Pa(x)b(x+1). Let us write a as g and bas & with P, O, R, S € Cy]
then b(x)a(x+ u) = Pa(x)b(x+ 1) can be rewritten

P+ @) QRS (x+ 1) = BP()Q(x + wR(x+ 1)S(x) 22)

Denote by p; (resp. gy, resp. rj, resp. si) the coefficient of the highest term of P (resp.
O, resp. R, resp. S). The coefficient of the highest term of the left-hand side of (2.2])
has to be equal to the coefficient of the highest term of the right-hand side of (2.2)),
that is p;qer sk = Ppiqerjsk. So B =1, i.e. p(h) = (x,y): contradiction.

2.3.2. Suppose that (x) = —x, i.e. p(f) = (—x,ya(x)).

Remark 2.5. The map p(f)? = (x,ya(x)a(—x)) is a Jonquieres twist that preserves
fiberwise the rational fibration x = cst; consequently Proposition 2.4]says that p(f)? is
one of the following:

2 Y Y
(x,8xy), (x,8x7y), <x, 8;) , <x, 5;)
with § € C*. Let us try to determine p(f). If p(f)? = (x,8xy), then we have to consider
the equation a(x)a(—x) = dx. The right-hand side of this equation is invariant by
x — —x whereas the left-hand side not, so there is no solution. The same holds if
p(f)* = (x,82). Consequently p(f)? is one of the following:

8%y), (+.8%)
(x.52) .52
with 8 € C* and p(f) is thus one of the following:
Y
(_X7ny)7 (_X7C)_C>

with € C*.

Since f and h commute, then (2.I) implies that either p(h) = (%,By), or p(h) =
(awx, By). Let us consider these two cases.
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o Assume first that p(h) = (%,By). Note that (%, By) does not commute neither
o (—x,Cxy), nor to (—x,¥): contradiction with [p(f),p(h)] = id.

X

© Suppose now that p(h) = (O(x By).

o If o # 1, then [p(g),p(h)] = id and (Z.1)) imply that p(g) = (Yx yb(x)).
Then [p(f),p(g)] = p(h) leads to o = 1: contradiction with o> # 1.

e If o= —1, that is p(h) = (—x,By), then according to [p(g),p(h)] = id
and (2.I) we get that either p(g) = (yx,yb(x)), or p(g) = (¥,yb(x)). In
both cases the relation [p(f),p(g)] = p(h) leads to a contradiction.

o Ifau=1,ie p(h)=(x,By), then [p(f),p(g)] = p(h) implies that either
p(g) = (w,yb(x)) or p(g) = ({,yb(x)).

First let us assume that p(g) = (yx,yb(x)). If p(f) = (—x,lxy), then

[p(f),p(g)] = p(h) leads to Yb(x) = Bb(—x), that is (( )) belongs to C*.

If p(f) = (—x.£2). then [p(f), p(2)] = p(h) implies b(x) = Byb(—x). that

is b(( >) belongs to C*.

Finally suppose that p(g) = (¥, yb(x)). If p(f)
p(h) leads to yb(x) = Px*b(—x). Write b as
Yb(x) = Bx*b(—x) is equivalent to

YP(x)Q(—x) = Bx*P(—x)Q(x)

and the degree of the left-hand side is degP + deg Q whereas the de-
gree of the right-hand side is deg P+ deg Q + 2: contradiction. If p(f) =
(—x, C)y;) then a straightforward computation implies similarly a contra-

(=x,Cxy), then [p(f),p(g)] =
with P, Q in Clx]; then

Qv ||

diction.

Proposition 2.6. Let p be an embedding of H into Bir(PZ.).
If p(f) is a Jonquiéres twist with a order 2 action on the basis of the fibration, then
up to birational conjugacy (p(f),p(g)) is one of the following pairs

((—x.0), (Bx.ya(x)), ((=x.02). (Brya())

with a, B € C* and a € C(x)* such that (( )) eC.

2.3.3. Assume that n(x) = Ax, A> # 1. Recall that

p(f) = (Ax,ya(x)), p(g) = (u(x),yb(x)), p(h) = (v(x), By)

with A in C* ~ {1, —1}, B in C*, g, v in PGL(2,C), and a, b in C(x)*.
First note that since p(f) and p(h) commute, v(Ax) = Av(x). According to (2.1]),
the homography v is an homothety (recall that A% # 1): v(x) = yx with y € C*.



THE EMBEDDINGS OF THE HEISENBERG GROUP INTO THE CREMONA GROUP 10

The relations [p(f),p(g)] = p(h), [p(f),p(h)] = [p(g),p(h)] = id imply the follo-
wing ones

a(x) = a(yx) 2.3)

b(x) = b(yx) 2.4)

() = yu(x) (2.5)
Ma(x) = yu(A) 2.6)
b(x)a(u(x)) = Ba(x)b(Ax) 2.7

We will distinguish the cases y=1,y= —1,y # 1.
o Assume that y* # 1. Then ([2.1)) and (2.3)) lead to u(x) = ux with u € C*.
Equation (2.6)) can be rewritten Aux = yuAx, that is Y = 1: contradiction with
the assumption y> # 1.
o Suppose that Y= 1. Then A? # 1, (Z1)) and (2.6) lead to u(x) = wux with
u € C*. In other words

p(f) = (Ax,ya(x)), P(g) = (ux,yb(x))
with A in C*~ {1, —1}, uin C*, @, b in C(x) such that ZE;‘;ZE’&% belongs to C*.

o Assume that Y= —1. Then (2] and (2.3) imply that u(x) = ux*! with
u € C* If u(x) = wx, then ([2.6]) can be rewritten Aux = —Aux: contradic-
tion. If u(x) = £, then (2.6]) can be rewritten % = —£: hence A = —1.

e If L =i, then p(f) = (ix,ya(x)) and p(f)* = (x,ya(x)a(ix)a(—x)a(—ix))
preserves fiberwise the fibration x = cst. According to Proposition 2.4
p(f)* can be written as (x,8xy), or (x,8x%y), or (x,&), or (x,55). If
p(f)* = (x,8xy), then &x = a(x)a(ix)a(—x)a(—ix); but the right-hand side
of this equality is invariant by x — ix whereas the left-hand side is not.
As a consequence p(f)* can not be written (x,8xy). Similarly one sees
that p(f)* can not be written (x,8x%y), (x, <), and (x, £). Thus A # .

e Similarly one gets that the case A = —i does not happen.

Proposition 2.7. Let p be an embedding of H into Bir(PZ).

If p(f) is a Jonquiéres twist with an action on the basis of the fibration that
is neither trivial, nor of order 2, then up to birational conjugacy (p(f),p(g))
is one of the following pairs

((Ax, ya(x)), (e, yb(x)))

with h € C*~ {1, —1}, u € C*, a, b € C(x)* such that ZEQL)XIZ??(»)S e C.
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