ON REGULARIZABLE BIRATIONAL MAPS

JULIE DESERTI

ABSTRACT. Bedford asked if there exists a birational self map f of the complex projec-
tive plane such that for any automorphism A of the complex projective plane A o f is not
conjugate to an automorphism. In this article we give such an f of degree 5.

1. INTRODUCTION

Let us consider Bir(IP’f(‘j) the group of all birational self maps of P, also called the -
dimensional Cremona group. A birational map f € Bir(IP’fé) is regularizable if there there
lofog
is an automorphism of V. For instance any f € Aut(P%) = PGL(k+ 1,C) is regularizable

exist a smooth projective variety V and a birational map g: V --» P{é such that g~

but any f € Bir(P%) such that (deg f"), grows linearly is not regularizable ([6]). To any
element f of Bir(P%) we associate the set Reg(f) defined by

Reg(f):={A € Aut(PL) [Aof is regularizable }.

On the one hand Dolgachev asked! whether there exists a birational self map of P{é of
degree > 1 such that Reg(f) = Aut(PPX). In [4] we give a negative answer to this question;
more precisely we prove:

Theorem 1.1 ([4]). Let k be an uncountable, algebraically closed field. Let f be a bi-
rational self map of Py} of degree d > 2. The set of automorphisms A of Py’ such that
deg ((A of)") =+ (deg(A of))nfor some n > 0 is a countable union of proper Zariski closed
subsets of PGL(m+ 1,k).

Let k be a field of characteristic zero. Let f be a birational transformation of P™ which
is defined over the field k, i.e. the formulas defining f have coefficients in k. Then, there
exists an element A of PGL(m + 1,k) such that deg((Ao f)") = deg(f)" for alln > 1.

On the other hand Bedford asked: does there exist a birational map f of Pf& such that
Reg(f) = 0 ? We will focus on the case k = 2. According to [1, 5] if f € Bir(P%) and
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deg f = 2, then Reg(f) # 0. Furthermore Blanc proves that the set
{f €Bir(PY)| deg f =3, Reg(f) #0, lim (deg(s"))'/" > 1}
n oo

is dense in { f € Bir(P%) | deg f = 3} and that its complement has codimension 1 (see [2]).
Blanc also gives a positive answer to Bedford question in dimension 2: if y € Bir(IF’%) is
given by
x: (x1y:z) - (x4 (2 +x0)? 12+ 20)

then Reg(y) = 0. Note that y = (x+y?,y) o (x,y+x3) in the affine chart z = 1. Indeed Blanc
example can be generalized as follows: the birational map of degree np given in the affine
chart z =1 by

Anp = (x+Y"y) 0 (6, y+x") = (x+ (y+27)",y +xP)
satisfies Reg(Xn,p) = 0. Finally Blanc asked ([2, Question 1.6]): does there exists f €
Bir(IP%) such that deg f < 6 and Reg(f) = 0 ? In this article we give a positive answer:

Theorem A. If is the birational self map of ]P% given by
Y (x:y:iz)--» (xzyz2 — 2242 PPy =2 :xz(xzy—z3)),
then Reg(y) = 0.

Acknowledgements. I would like to thank Serge Cantat for many interesting discussions.
I am also grateful to the referee who has led me to considerably improve the drafting of the
article.

2. PROOF OF THEOREM A

Let S be a smooth projective surface. Let ¢: S --+ S be a birational map. This map
admits a resolution

VA
VX
S——--—--- + S,
o

where t; : Z — Sand 1, : Z — § are finite sequences of blow-ups. The resolution is minimal
if and only if no (—1)-curve of Z is contracted by both ®; and m,. Assume ¢ is minimal;
the base-points Base(0) of ¢ are the points blown-up by m;, which can be points of S or
infinitely near points. Finally we denote by Exc(¢) the set of curves contracted by 0.
Denote by b(¢) the number of base-points of ¢; note that b(¢) is equal to the difference
of the ranks of Pic(Z) and Pic(S) and thus equal to b(¢—"). Let us introduce the dynamical



ON REGULARIZABLE BIRATIONAL MAPS 3

number of the base-points of ¢

u(@) = tim 2@

k=t k

Since b(¢po @) < b(0) + b(@) for any birational self map @ of S, u(¢) is a non-negative real
number. As b(¢) = b(¢~") one gets u(0X) = |ku(¢)| for any k € Z. Furthermore if Z is a
smooth projective surface and @: S --» Z a birational map, then for all n € Z

~20b(9) +b(9") < b(po9"0@™") < 2b(¢) +b(¢");
hence u(¢) = u(@odo@~"). One can thus state the following result:

Lemma 2.1 ([3]). The dynamical number of base-points is an invariant of conjugation. In

particular if 0 is a regularizable birational self map of a smooth projective surface, then
u(9) =0.
A base-point p of ¢ is a persistent base-point if there exists an integer N such that for any
k>N
o p € Base(¢)
o and p ¢ Base(¢%).

Let p be a point of S or a point infinitely near S such that p ¢ Base(¢). Consider a minimal
resolution of ¢

Z
VN
S——-—---- +S.
¢

Because p is not a base-point of ¢ it corresponds via 7; to a point of Z or infinitely near;
using m, we view this point on § again maybe infinitely near and denote it ¢*(p). For
instance if S = IP’%:, p=1(1:0:0) and f is the birational self map of IP% given by

(z0:21:22) —— (1122 + 28 1 2022 : 23)

the point f*(p) is not equal to p = f(p) but is infinitely near to it. Note that if ¢ is a
birational self map of S and p is a point of S such that p ¢ Base(¢), ¢(p) & Base(), then
(9od)*(p) = 9*(¢°(p)). One can put an equivalence relation on the set of points of S or
infinitely near S: the point p is equivalent to the point g if there exists an integer k such that
(0%)*(p) = ¢; in particular p ¢ Base(¢*) and g ¢ Base(¢%). Remark that the equivalence
class is the generalization of set of orbits for birational maps.

Let us give the relationship between the dynamical number of base-points and the equi-
valence classes of persistent base-points:
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Proposition 2.2 ([3]). Let S be a smooth projective surface. Let ¢ be a birational self map
of S.

Then u(0) coincides with the number of equivalence classes of persistent base-points
of 0. In particular u(0) is an integer.

This interpretation of the dynamical number of base-points allows to prove the following
result that gives a characterization of regularizable birational maps:

Theorem 2.3 ([3]). Let ¢ be a birational self map of a smooth projective surface. Then ¢ is
regularizable if and only if u(¢) = 0.

2.1. Base-points of y. The birational map

Yo (xiyiz) - (PP =240 (P —2) taz(xfy — 20))
has only one base-point in IP%, namely p; = (0:1:0), and all its base-points are in tower
that is: the nine base-points of Y that we denote py, ps, ..., pg are such that p; is infinitely
near to p;_1 for 2 <i<9. We denote by n: § — IP’?C the blow up of the 9 base-points, and
still write L, (resp. () the strict transform of the line L, C IP% of equation x = 0 (resp. the
curve of equation x>y — z° = 0) which is contracted by y. We denote by E; C S the strict

transform of the curve obtained by blowing up p;. The configuration of the curves E;, E,
..., E9, Ly and Cis

L, E» E; E4 Es E¢ E; Eg Eg

E; C
FIGURE 1

Two curves are connected by an edge if their intersection is positive. Let us write Yy =
Aoy where A is an automorphism of ]P’é. Because 7 is the blow-up of the base-points of y,
which are also the base-points of Yy, the map N = Y4 o7 is a birational morphism § — IP’%
which is the blow-up of the base-points of ‘I’Xl- In fact this diagram
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is the minimal resolution of yy.

The morphism 1 contracts L, and C as well as the union of seven other irreducible curves
which are among the curves E, Ej, ..., Ey. The configuration of Figure 1 shows that
contracts the curves Ly, E», E3, Eu, E5, Eg, E7, Eg, C following this order.

We canseen: S — }P’é as a sequence of nine blow-ups in the same way as we did for 7.
We denote by g1, g2, - .., g9 the base-points of ng (or equivalently the points blown up
by M) so that ¢ € IP% and g; is infinitely near to g;—; for 2 <i < 9. We denote by D C }P’%
(resp. C' C IP%) the line contracted by le which is the image by A of the line y = 0 (resp.
of the conic z2 — xy = 0). We denote by F; C S the strict transform of the curve obtained by
blowing up g;. Because of the order of the curves contracted by 1 we get equalities between
Lx, C, El, Ez, Ceey Eg and D, C’, F], F2, Ceey F9 as follows

C=F E =(

Eg=1L, E;=F;3 Es =F;s E; =F; L.=Fy
FIGURE 2
In particular we see that the configuration of the points qi, ¢, ..., g9 is not the same
as that of the points py, pa, ..., pg. Saying that a point m is proximate to a point m’ if m

is infinitely near to m’ and that it belongs to the strict transform of the curve obtained by

blowing up m’ the configurations of the points p; and g; are

PLE P P4 ps Po p7 ps po
q1 9 g g4 gs g6 q7 gs 49

FIGURE 3.

An arrow corresponds to the relation "is proximate to"

We will prove that for any integer i > 0 the point p3 belongs to Base(wj;) and does not
belong to Base(y ). It implies that u(y,4) > 0 and that yy is not regularizable.
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Denote by k the lowest positive integer such that p; belongs to Base(\lf;k). If no such
integer exists we write k = co. For any 1 <i < k the point p; does not belong to Base(w;i)
so Y4 and ‘I’Xl have no common base-point. As a consequence the set of base-points of the

i+1
map W,

1 < j <9. Since the map ;" is defined at p; the point (y,;)*(p;) is proximate to the point

=y, oy, is the union of the base-points of W, and of the points (y,*)*(p;) for

(qf;i)'(pk) if and only if p; is proximate to p;. Proceeding by induction on i we get the
following assertions:
o Base(W),) = {(y,")*(p))|1<j<9,0<m<i—1}forany 1 <i<k;
o for any 0 < —¢ < k the configuration of the points {(y})*(p;)|1 < j <9} is given
by

(WA (P1) s (W) (P2) e (W) (p3) = (W)*(Pa) = (W)*(ps) ¢ (W)" () ¢ (W)"(p7) = (WA)"(Ps) = (¥)" (po)

Hence the point p3 belongs to Base(y, ) for any 1 <i < k.

If k = oo, then p3 belongs to Base(lpi‘) for any i > 0 and by definition of k the point p;
does not belong to Base(w;i) for any i > 0, and so neither p3. We can thus assume that & is
a positive integer.

Assume that ¢; belongs to Base(y?,) for some 1 < i< k—1. Then g; is equal to
(y,")*(pj) for some 0 <m < k—2and 1 < j <9. This implies that p; belongs to
Base(wg’“) which is impossible because m 4+ 1 < k— 1. Hence ¢g; does not belong to
Base(y',) forany 1 <i<k—1.

We thus see that \ygl has no common base-point with y/, for 1 <i < k— 1. In particular
if B denotes Base(y, ') N Base(y¥ ), then

B={y; ) (p))1<j<9}n{g;1<j<9}.

Let us remark that p; belongs to Base(y,*) and p; does not belong to Base(y,
(k—1) )o(

(kfl)). as

aresult (y, p1), which is a base-point of wﬁ, is also a base-point of w;l. The set B
is thus not empty.
The configurations of the two sets of points {(qf;(kfl))'(pj) |1 <j<9}and {g;|1 <
. . ~(k=1)\e
j <9} imply that g1 = (; “"")*(p1).
Moreover either B = {q;}, or B = {q1, ¢2}. Indeed (qf;(kfl))'(pg) is proximate to
—(k—1
(\I’A(

The point (W;(k_l)y( p3) is thus a point infinitely near to ¢; in the second neighborhood

))°(p2) and (w;(k_l))'(pl) whereas ¢3 is proximate to g, but not to q;.

which is maybe infinitely near to g, but not equal to g3. Recalling that 1) is the blow up of
g1, 42, - - -, qo the point (n~! owg(kfl))’( p3) corresponds to a point that belongs, as a proper

or infinitely near point, to one of the curves Fy, F> C S. So (mon ! oqf;(k*l))‘( p3) is a point
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infinitely near to p3. For any 1 <i <k the point p3 does not belong to Base(y,"); therefore
there is no base-point of y,’ which is infinitely near to p3. As a result (y,;*)*(p3) does not
belong to Base (W}, ') and p3 does not belong to Base(wf(kﬂ)) kﬂ))‘( p3) is
infinitely near to (y,)*(p3). Choosing i = k we see that (y,**)*(p3) is infinitely near to

. Moreover (y,

(W X)*(p3) which is infinitely near to p3. Continuing like this we get

Vi>1 p3 & Base(y, ).

To get the result it remains to show that p3 belongs to Base(y,) for any i > 1. Reversing
the order of y,4 and 1|I;1 we prove as previously that

Vi>1 g3 ¢Base(y)).
Let us now see that
Vi>1 g3 §ZBase(l|12)) = (Vi>1 pse Base(\vf;x)).
For i = 1 it is obvious. Assume i > 1; let us decompose
oy, into oy,
om:S— }P’é Into Ty 0T39 Where Ty : Y — IP% is the blow up of py, pp and T39: S — Y
is the blow up of ps, p4, ..., po,

omn: S—>IP% into M2 0139 where 11y : Z—HP% isthe blow upof g1, g andnze: S— Z
is the blow up of g3, g4, .. ., 9.

Note that M9 contracts Fy, Fg, ..., F3 onto the point Z 5 g3 ¢ Base(\pf:l ompz). Consider
the system of conics of IP% passing through p;, p» and p3. Denote by A its lift on Y it
is a system of smooth curves passing through g3 with movable tangents and dimA = 2.
The strict transform of A on S is a system of curves intersecting E3 at a general movable
point. The map mM39 contracts the curves Ly, E>, E3, Es4, E5, Eg, E7. As the curve Ej3 is
contracted and is not the last one, the image of the system by 139 passes through ¢3 with a
fixed tangent corresponding to the point g4. Since g3 ¢ Base(wj{l oMi2) the image of ACY
by \|If4_] omno (m39) ! has a fixed tangent at the point (\pl’:l omMi2)(g3). As a consequence p3
belongs to Base(y’; ' omo (mt39) ") and thus to Base(y, ' ono (m39) ' o (m12) ).

A
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